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ITERATED DEFECT CORRE
‘ CTION MLETHODS
FOR NON-LINEAR DIFFERENTIAL-ALGEBRAIC
SYSTEMS OF INDEX 2

BY

SENNUR SOMALI

corre('{il:)t:‘(:rclle‘:ftl?nl') \?’e study the hehaviour of the iterated defect
1ds bas i T ) . -
the forin ased on Imearly implicit Euler method for DAE’s of

(#:2) ¥(0) =y
y) z(0) = zy

where t € [0,T). y € R* and z € IR,
We assume that f and g are sufficiently differentiabic and that

(1.1) y'=f
0

{1.2) 9y{y) - f:(y,z) is non — singular

m: rllmg}lbourhood of the solution, so that the problem has index 2. The
1 re T 11 M : . )
mtial values iy, z¢ are required to be consistent, what meanns that

(1.3) 9(ya} =0, gy(yo) - flyo.z0) = 0.

Whenever an initial value yo satislying g(ye) = 0 has been specified, the
second equation of (1.3) dctermines a locally unique value for = Thi‘; 15 l_
consequence of (1.2} and the implicit function theorem, Then t](j( ‘ (111;1ti('31‘1
(1.1) possesses a unique solution. Problems of the formn (1, 1) are frequently
encounter?d in practice. An important class of such probiumq are multibody
systems with constraints on the velocity level (sec e.g., {4]). In th-:— last voars}
;nuch resta-arch h_as been dc.voted to the development of numerical mc‘th(:(I!s:
or the differential-algebraic problem (1.1). Convergence results for BDF
methods has been given in [9).[1]. Implicit Runge-Kutta methods have been
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considered in [2],[5]. Lubich [8] has recently proposed an extrapolation
method based on an half-explicit midpoint rule. The aim of this paper is
to search another efficient method for (1.1). In Section 2, the application
of IDeC methods on DAE's of insex 2 will be presented. The asymptotic
expansions of the global error for the implicit Euler method is given n
Section 3. In Section 4, a theorem for DAE's of index 2 is given, concerning
the convergence order of IDeC steps, their dependence on the degree of the
interpolation polynomial used in defect correction. It turns out that the
convergence order of the differential and algebraic components is inereased
by one at each defect correction step and the maxiinum convergence order
is limited by the degree m of the interpolating polynomial. The last section
presents the numerical results which are obtained from the test problein.

2. Formulation of the IDeC method for DAE’s of index 2. For
the numerical solution of the original problem (OP) (1.1) on the uniform grid
G={t,=vh, v=01,..,n-m nm € IN} with the stepsize h=T/n-1n,
we consider the linearly implicit Euler method:

I—hAa, _'hA2] [Uu+1 "7IU] [f(”u Eu)
2.1 =1 '
( ) { —hd; 0 Evr — &u ' g(m)
where the Jacobian is evaluated at the initial step and held constant in the
whole integration interval so that

2 0 d
0D A= L) de= g o) =g (0)

We get the following numerical solutions

7 1= (00 eorTreoen Trem) T € = (€0 sy ey Enemm) -
Interpolating of n and £ by the vector-valued polynomials P () and QY1)
respectively, yields the defect d[,?](t)
1) = PV (1) - £(P (1), Q4 ()
di? () = ~g(PY(1))-

By adding the defect d[lt)']h(t) and d[;lh(t) to the right hand side of the (OP)
(1.1), we construct the neighbouring problem (NP) whose exact solutions

are PI(t) and QY ().
v = fp,2) + (B w(®) =y (NP)
0=g(y) + dlgoilh(t) zp{0) = zp

(2.3)

(2.4)

3 "ERATFE S
ITERATED DEFECT CORRECTION METHODS =

Solving the (NP) (2.4) | implici
2.4) by the implicit Eu] > st 1
the following numerical solution e L

1 ] i
Tl"[‘] = (WE'U]’ R NE’O]! J005 RE?-!m)l w[U] = (w([)U]a --.,ULG}. ooag wER]n!)I‘

whore 719 L0, N
Ty wy o are the approximations to the exact solutions P,[:’](t) and

Qiﬂ](t of (2.4) ¢ i .
gif'on )by (2:4) at the point ¢,. Then the improved solutions of {(OP) is

) = - P
& =& - (el - e,

In the next ste (n, ..

Q[l] and a ’ (p:\;’” Tnd £u' are interpolated by the functions P,[lll and

“h o -new (NP) will be constructed. This (NP) is solved by the same

nuplicit Euler method on the same grid G, which leads to the solutionsw(!]

and wll from which nl? [2
. h pl*l and £ I'are comput . .
Jth IDeC-step is recursively defined by ST R s

(2.5a) 7]{,3] = ],1'[}05 _ (WLJ—I] _ P’[l,]-l](t)))
2.5b - -
(2.5b) gDl = ¢lo) _ (L= QE 1](”})

for j =1,.,5 O (v :
£ F =1, fmax, where 337 = 7, € = ¢, The interpolants PJ[J](t) and

Qg,j](t) are plecewise pol ni ]
se polynomials of fixed degree m. We de .
number of subintervals and by n: the de i sl

: . ree of the interpoiati . .,
in each subintervals. Then ¢ ¢ nterpolation polynomials

L=t i=1,.,n, witht'=:-m-}
and the piecewise interpolating polynomials are
PU1) = PVe)
) =QV ), tel, i=1,m j=0,.

According to the above definiti P} i
-I g Ife above definitions, the (NP) is defined piccewise as an initial
value problemn in the subintervals; .

'-jmax - l

(2.6) y’rf';,}”(y,z,t) I
OZGiJ (yt: j=0!"'1]max - 1.
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i Yu =1

(2.7a) vt = {P}i‘.(t‘-‘; i=2, .0

2.7b F =4 0 !

(2.76) ‘ - Q[ij_]l{t‘_l) P=2,.0,

with the exact solutions Pl»[j](t) and QP‘(!‘). We consider (2.6) as an IVP in
a piecewise fashion with the solutions Pt-[J](t) and QE-J](t). These solutions
have jumps in the first derivatives at the end points t* of the subintervals.
This is not contradictory to the assumption that the (OP) and (NP} are
problems of the same kind [3), since a smooth original problem is of course

a special case of (2.6).

3. Assymptotic expansion of the global error. In this scetion,
we will give the asymptotic expansion of the global error of the lmcarly
implicit Euler method developed in [6], because the traditional analysis
of IDeC nethods depends on the asymptotic expansion of the global error.
The asymptotic expansion of the global error of (NP) is derived for constant
stepsize h using the same technique in {6]. According to these, we have the
following expansions:

ne

(3.10) i) = y(t) + 3 hladts) + Ry
=\

(3.1b) €0 = (8, )+ > hbi(t,) + Ry
=1

where a;(t} and bi(t) are smooth functions and all coefficients vauish for
v = 0, e, @(0) = 0, b{0) = 0 with |[R,]] < const.h™*!. IR, <
const.h™t €0, T], v =0,...n- .

ar(t) and by(t) are defined as follows:

a(t) = fuly, )a(t) + fo(y, 2)bi(t)+

1+1 !
o + Hiyo s U Va2,
2a)
a,,a'l,....a(l‘”)....‘(q ;.a',_l,....agi'l"]
(ki)

k
b]'-b']""!b(l 1)3"‘!1‘” |1b;...|n-"\b]_1 }a

-l
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0= g,(y)ar(t)+

{3.24)
. - ' !
FRy oy )_.m,url.....a(lm)_ Pl t 562z ”(m—'))
o et i + oo Uy
where -0 sp b g
1. :.---‘A-I—1~P1--—--1H-1 (<1 - 1) denote the order of the

dertvatives with resnoc . -
tions. Stuee (g lfl )“’{l“f't 't“’. t_I‘““l_ H,. ]\_! are sufficiently differentiable func-
nuplicit funrti(f :ﬂ S L neighbourhood of the solution. by the
on theorem and using some backward substituting I)I‘(‘)C("‘ss
Ty

wWe ¢ LpvTarre \ At &
¢ can rewrite the equations (3.2a) and (3.2b) as follows:
- <L Dy

! '
(3‘3(‘[) al(t) == Ah(.?la!j 12’)(”(i) + .4[(.71’11‘““1!1“4“1}, :’;’ 2(”)
= Qylay(f), 8) '
(3.35) bilt) = Nily o' dan(t) + Bily, yf oyl o oSt

= Wilwt). 1)

with the initial conditions ar(0) -
and B are smooth functions,

for the (NP)

0. 0{0) = 0,1 = 1. ... where My, A Ny

We consider . i
¢ consider now the asympltotic CXPAnsion

Lz

(3-4a) m =P+ 3wt + RY),
P )

pY L . T ‘ .
(3 I ’) u..f}-"] = (JLf](f") + Z h-tbgigl(t,,) + R{;}]’
=1 "

with JJRUL || < const hm+t ) pli
: vall S econsth MR < st pmEl T
T 170 < const.hm ™ and the variational equa-

(4] ‘ : -
o (t) = ”H(f), ,’H‘t(t) = b%‘!(t), tel, i=1,..n

are given by

(3.54) o (1) = bl 1)

(3.5b) W) = wPl(allie) 1)
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with the initial conditions

. 0 i=1
(3.60) e = { ey o

g 0 ‘ =1
(3.65) b[{:}-(t' Y= {1,5{],_1(#'—1) i=2,..,1

where the smooth functions (I)EJE, \I’[IJ} satisfy the same cquations (3.3a,b}

substituting P,[J](t), ng](t) instead of y(t) and =z{t).

4. Error analysis.

Theorem. Let f and g be sufficiently smooth. For an IDeC method
based on the Linearly Implicit Euler method and on piecewnse inlerpolation
with polynomial of degrec m, for non-linear indezr 2 problemn, we have:

Al — y(t,) = O(W*1)
ELj] —y(t,) = ORI+, j=0,1....,m—1.

In this situation further iteration steps do not increase the asymptotic order

of the approzimation.

Proof. Substracting (3.4a,b) from (3.1a,b), we get

Il — it < i-’ILO] —y(t I + ||q[f"] P,[,"_l](fu)n

< 3 Blai(ts) = oy Sl + 1R — RV
=1

and
m

e — =t )l < 30 AlleCts) — 87 e IR~ RO

=1

with
IR, — R[‘f’,—‘]] | < const.h™H!

HI-?,, — f\’[j;l]“ < const. K™, v =0,1,..,n-m

7 ERATED DEFEC
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", "
Ia;(:)weto:s!.t b(lcn.otcs la constant which depends on the (OP) and (NP)
:ctively, but is Independent of & and ‘omn the relations ,
PSR i v From the relations (4.9a,b) of

me—j
Gl _ e 3 < =
2 = glt)ll < 3 Wllats) — o, )14
=1

m
— ! o R

t L Wty ) - “Eh I](tu I+ const ™T <

I=m—j41 -

mej
J "

‘ i+5
< Z const.h'tI 4 Z const. W + const. h™T! <
= {=m-;41 .
Sconst. B 4 consth™ 4 const.h™ L

If: is seen that the maximum attain
00 Jmax = m ~ 1 for j = 0,1,.
can be proved similarly.

_uble correction step j satisfies the rela-
«»Jmax- For the algebraic component z, it

Lemma 4.1. For the non-linear ; 9
t€[0,T) =1 one has ur indez 2 problem (1.1) und

(4.1} max d* P[U](t) d* const.h k=01
. R = (e <{ . v=0,1,...,m
tel || dtk " dt* wt)|| < const. k=m+1
k 3
(4.2) max ﬁ_ Qm](t) d const.h k=01
-Z Ll < : =01,...,m
tel || dtk “h dtk ( | < {const. Ek=m+1

where P(4) and QU ' .
P‘l"Operti:,s( } an Q' (t) are the m degree polynomials which satisfies the

o],y _ plo
Pl[ioi(t) = P ](f)» Qﬁgl(t) = Q[D](t), tel, and
Pty =n. Q% =¢, i=1,2,..n

Proof. For the proof of this | ]
. emma, we follow similar considerat;
as in [3] and (10]. Let us define the functions ar considerations

RY(t):[0,T) > R* with Ry =%, i=1, . »



196 SENNUR SOMALI b

where REol(t) is a polynomial of degree m which interpolates the [, vidnes
in the equation (3.1a)

RE-U](#‘.,,) = Ry v=(i= 1m0 i= 120

and let us define the piecewise auxiliary funetion

m

(4.3) S0 = oty + Y Hansit) + RO

=1

with L,DEJ](t) = g::[io](t), i=1,..,00
From || IR, || < const. h™+!, it follows after some simple considerations,

Vi and € (#171,1)
il R[la](t)“ < const.mTi=k,

(4.4) [[4ex _
L=01,.,m+1, te(t ) i=12,.,n

As a consequence, we get

| d* (0] d* const.h k=01 m
4.5) Gy — ——y(t <{ o P
(4:3) l|dt" v () i vt < const.  k=m+1

At the points ¢, where the L derivative does not exist. (4.4) and (4.5} hold
fo‘r the left and right k™" derivatives. Since Lp[,:]](f,) = 1;!,01, P,[l”](t) interpolates
cp':]{t) at the points #,. Therefore we are able to apply a result due to {7].
Forte (#71,t)and k=0,...,m+1

dk

B P[U](i)

atk

¥
dt®

'\,;['Ul(t) } < const. hmHIF

which together with {4.5) leads 1o our assertion (4.1). The inequalities (4.2)

can be proved similarly.
Lemma 4.2. Let f ¢ : R* — R" be arbitrary functions defined

on a region [a,b) x G with G C R and let v,w: R — R be continnous
functions on [a,b]. where (¢, u(t)), (1, 20(8)) € {{w, 8] x &) for t € la,b] with

v(t) being the solution of v' = f(t,v)v(a) = vo and w(t) s the solution of

following piecewise prablem defined on the partition of [a,b] in subintervals
L=,

i-1 w =1
wh = gi(t,wi), t€ L, wilt = { “’?—1(fi_1) i>2

ITERATED DEFECT CORRECTION METIODS -

i 13 d(fﬁ”’(l on I x G a 3 vfr'm.’ 7 I TLRET ssurnie that
[ ne i nd Wy s d d

3 : . : A on I;. el us Jurihie L

T are conbinuons and b!)’lt?l,(lt,'ﬂ! ‘ e fu B o

[F(t ) = flt 0] € Ly — |
Ity gt <o for (ty)e [, x G i=1...,n

where o 48 independent of ;. Then

. C itieay 8 .
ljv(t) w(t)| < Jfog wu“r.”r '+-L((:I'“ =1V for t € [a, b,

Proof. T R
P 'f '(Sc.t,.[S}) Th.(, vatlational equations of the (NP)'s (3.54) are
to mfinity, dSli)Iltf (-‘-;thc fashion. For t — 0 the mumber of the points ¢¥ tends
¥. oince Lemma 4.2 holds for an arbitrary number of intervals f;
¥

1t may be applied ininediatelv .
¥ be applied immediately to the variational cquations for a(¢), ugj} (t)
g (1)

Lemma 4.3. bl ;
a4.3. Let q(t), ay it} bi(t), bm(t) satisfy the variational equa-

tzoms (3.3a). (3.5a - . . : )
. (3.5a), (3.3b), (3.5h) respectively, with their witial conditions,

(446) ”(J[(t) o ”'EU}‘(t)“ S { C()n‘bt.n’l I = 1,2, I E 1
const. I =m

(4.7) l[bil2) - bﬂ:t) < {const.h =12 ..,m-1
const. I=m

for t € [0,T).

) ,mmi[}‘]o?f. S_lll(i(? .”(I’((Ef.t_,l. Plar Ol < UMy, v, 2 W] flar = @l and AL s
:I,.( t:‘ .'%111c.tn.)n,.1.('. h.ﬂ\f;?_;;,y’._z)l_f L, t £(0,T] where L is a ::oustn'ur
t{aq.t) 18 a Lipschitz function on a closed domain. Consider ¢ € (£t )

], : '
18(ar,1) = SN w1 < IMiiy, v 2) = MEPO, PV QI g
il Ay, s gD 2 LDy AE?}:P,[O],---,P,-[U]”H",()E”]_ -“’Q[l_o](r)”

nce ﬂ' i A I &1l ] < ¥ (9 s g 2 b a=
y Fl 1 . It ire Sineoth LITET101T EL311L 1 SHESRE OUSIeTra
Slv C ’ ’ ,.] 1 4 + rl f] ‘10 5 3 t ' ©oe 3 Ay
tl()Il.) 1L 10 , we lld»(

1My, o, 2) — PP POT QI < const fly(1) - PPt
+econst.||y'(¢) — Pl-[ojl(t)ll - const. lz(t) — Q[lol(t)“
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o [o](t+1} [0] (D) )
(Ar(y, oyt 2y 2) = AP, Pl QW Q)<
WYy . (141) - p[[)l{"l'll:(t)-.l
< const.|ly(t) = PPID|| + -+ + const g TH(¢) L
_ - ol
< const.fz(t) — QO + -+ const [20() - Q7 ()]

from the relations (4.1),(4.2) in Lemma 4.1, it follows that

[0] const.h||ai|| + const.h I=1,..,m—1
| @(art) — (I)f."(a"t)“ = const.hllall + const.h 1 =m

tel;, 1=1,.,n _ L
o Si;l’ce all s,olu,tions a;(t) are in a certain finite region

lar(t)) < S
in our assertion (4.6).
i i a 4.2 holds and we obtain our assertion (
e ’ N (0] Bl are sinooth differentiable,
Since b;(t) depends on 'a;(t) and Ny, B, Ny, By
it follows that, t € I, i =1,...,n
0] Al0]
lbi(2) — B < Ny, v's2) = NET’.MP!“‘,P[{]]] L QN Yadll+
+HINCE, PGP flar - a3+
1 l )
"B ( (f-!'l) P Z(I+]}) _ BEO](PIO], ---,Pl'[O](’+l), QE—O], - (250]( +1 )”
HUBi(ys 0y 2y g
< const.fly(t) - PPN + -+
+ const.ly (1) - PYEH(@)]
+ const.flz(t) ~ QU(B)l + - -
+ const.fl20(t) - QO (2)]
ik

+ const.|lar — GE,:
So the relations (4.6), (4.1) and (4.2) yields (4.7}).

Lemma 4.4. For the same problem of Lemma 4.1, with j = 0,1,...
m—1, I =[0,T], one has

d i d* ”

a- t)— ——y(t)] £

i P

(4.80) {const.hj+1 k=0,1,....,m— 3
<

const.h™t1—% k=m-—j3+1,.,m+1

11 ITERATED DEFECT CORRECTION METHODS 199

dk ; clk
e || R 0) - s z(t)“ <
(4.8h) const. it L =g 1,.,om—j-1
< Jeonsthmh oy Fyeym—1
| const.h k=m
const, k=m +1
4, | b < Jeonst ¥l 112 i1
(4.9a) lau(t) ~ apy () < {Co.r'zst,h"‘ b i i
4.9h bi(t) — oW (4l < 4 consth I=1,2,...,1n—
S LGRS HUTES By i

where P,[ji(t) and Q!,f](t‘. are the piccewise polynomials of fized degree m,
ar(t),al’} (1), bu(e), 801 (1) satisfy the equations (3.3a), (3.54), (3.3b), (3.5b)

with the associated initial conditiona,

Proof. They will be proved by induction. When j = 0, all inequalities
are proved in Lemma 4.1 and 4.2, respectively. Suppose these inequalities
are true for j < m — 1. Similar idea will be used, but the auxiliary function
defined in Lemuna 4.1 is arranged as:

PN =90+ 3 () — d )+ B, e

=]
where

REm_l](tU) = Ru - R!:"_”1 Vo= (1 - I)T?]’,..,m’ l = 112’ S

k
o By

i Sconst.h™ =k k=01 . m+1.
[{

By differentiation with respect to ¢ of the variational equations (3.3a) and
(3.5a) for j = m —~ 2, we get (the derivatives at the e puints of I, are
considered as the left and right derivatives):

a(8) = My, v', a(t) + Aily, o'y 2, . ey 2R
(‘!5:?—2](H(t) - A?'['r?—zj(];.'[m—z}’ P'[m- 7] , QEm-Z])uET?—'Z](t)_f_
+ fiEr:a-?](PI[m—ﬂ, . P![m '3](H-k)’ QEm-—Z], . QE”‘~2]L!+k~]3'
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i i l M axi (11‘111.‘1' uf
Since the effective term is the functions defined with the maxiimm
inc . :
2 S e 5 e MICC W "Ct:
the derivative, as a conscquence we g

3 m=2j({+k)
[P () = dmTAE )] < constlfyt TR - r! (4]

iti =~ 2, we write
so from the inequalities (4.8a) for j = m — 2, we wr

k
d* fm—1] d <
—_— ) — =yl =
e Ao = gw v
: m . I+A) )
Kby o plm 2108 )
< Zcoust.h |y (t) ; |
= 2—k m .
—k .
(410) —k . ’l+m—1 4 Z “()”ﬁ"hm-i-l-i-
wst IR N constlh
e ; i=3--k -
+eonst. WMHVTE < const W™ - + const ™M <
const.h™ L=10.1
const. hmHvh =2 m+ 1

m—- m—1 o a )
It is obvious that L,:Ji]-"‘—]](t,,) = 1]!, 1) S P.'[ }{iu), o= (i —=1hn it
i = 1.....n. Then from [7]. we have again. f € f;

k H - N
d* ‘P['m_l](f) _ -}% P}“‘F'](t)“ < const TR
' G

Jdik T

W
o for k=0,1,. .,m+1.

4.10) and (4.11} give (4.8a) for j = m - 1. The other :155(\1'ti(:.1151€ﬁll.8h)‘,
%4.9'1) (.4 9h) -('au be proved similarly using the same technigues in Lemma
4.1 an’d 4.3 by induction for j == 0,1,....n — L.

5. Numerical results. We consider the following test examuple of

index 2: ¥y =g+ 20+ ys i) =0

vy = Ya — Y2Us y2(0) =1
Yz = =¥s¥i Y30y = —1
Ya = —Ysye yal0) =0
0=1-yi-yi ys(0) = ~1
0= y1ys + yali yi(0) =0
with the exact solution y; = sint, yy = cost, y3 = —cost. yg = sinf,

ys = —1. yg = 2tant.
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The global connection strate
m = dare used. The predicte
derived using Theorem. H
and 1.DC, 2.DC, 3.DC, the

solutions respectively.

gy and piccewise polynomials of degree
:d orders of convergencee {or test problein can be
ere LIE denotes linearly implicit Euler solutions
: first, the sceond and the third defect correction
The numerical rosults using constant stepsize and
observed orders which are computed by p = log(e, /e,.41)/ log(h w/tnar ) are
listed for each coulponent in the following tables at t = (.4, (€. nre the
global errors depending on the stepsize Pws kg respeciively). The observed
orders are in good agreement with the predicted oves. All computations
are performed on a 80486 Computer in NDP486 FORTRAN in DOUBLE
PRECISION.

Table 1. Global ervor and observed orders for y,.

m LIE 1.BbC 2.DC 3.DC
A5 278D-01 162D-02 133D-03 .300D-04
025 137D-01  .380D-03 162104 233D-05
N25 | 683D-02 .924D-04 190D-05 A45D-06
00625 | .340D-02  .228D-04 245D-06 917D-08
Observed Orders
1.020 2.091 3.087 4.065
1.004 2.040 3.025 4.006
1.006 2.018 3.021 3.082
Table 2. Global error and observed or(lm':.s for yy.
i LIE 1.DC 2.DC 3.DC
05 J101D-0:  .998D-03 285104 .183D-04
025 495D-02  .244D-03 479D-05 582D-0¢
0125 | .245D-02  .604D-04 .645D-06 304D-07
00625 | .121D-02  .150D-04 .831D-07 .165D-08
Observed Orders
1.028 2.032 2,572 4.974
1.014 2.014 2.892 4.258
1.017 2.009 2.956 4.203
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Table 3. Global error and observed orders for ys.

h LIE  1DC 2.0C 3DC__
—.Uf) 137D-01 . 106D-02 420D-03 fl?()D-(]-f
025 .531D-02  .287D-03 .622D-65 .f}S(jD-U-‘J
0125 2320-02  .783D-04 .102D-08 .?lUD--U(j
00625 .109D-02  .207D-04 1393D-06 .159D-07%
Observed Orders
1.3G7 1.884 6.077 5.483
1.154 1.804 2.608 4.143
1.089 1.928 . 2.875 3.758
Table 4. Clobal error and observed orders for ys.
h LIE 1.DC 2.DC 3.DC
.05 .428D-01  .187D-02 J751D-04 .SS?D-[}f
025 221D-01 .373D-03 127D-04 .3?[1:)—0'0.
0125 | .112D-01  .825D-04 .142D-05 1 J?D-()(:
00625 .564D-02  .194D-04 .173D-06 A07D-07
Observed Orders
0.953 2.325 2.563 3.434
0.980 2.176 3.160 4.317
0.989 2.088 3.037 4.064

i ar ifferentia
Since y3 and yg are the differenti

| eomponents of DAE. the results are

similar to the results for gy and yo.
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