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Integrals (9), (10) are the integrals of the model studied in [1],[2] and there-
fore our problem is solved.

Remarks:
e the variational problem (4) is equivalent with

i [ fANE Nt L d8 diNT
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where the parametrization is natural.

o By a carcfull analysis it may arrive to think about an equivalence
between the relativity and the Newtonian theory of gravitation (7!).

o The integrals {9) and {19} hold even for w function of time.

o There scems to be some difficuity in the explanation of the advance
of perihelion for a planet by using Schwarzschild’s model: the corres-
ponding non-inertial frame of this model has a rotation depending on
the motion of planct (7!}
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RELATIVISTIC MODELS FOR TWO BGDY PROBLEM

BY

C.I. BORS

After Einstein, it is possible to describe gravitational effects either
in terms of a flat space with a gravitational field present, or in terms of
a curved four dimnensional space without a gravitational fleld. The second
alternative brings geometry back to an experimental science for which the
problem is to determine the geometry of the physical world {1].

The fundamental assumption of the theory of relativity is that a free
particle will move along a geodesic in four-dimensional space-time.

From the multitude of metrics used in order to solve the two body
problem we mention the metric of Schwarzschild

ds? = [v2 _ 2 at? dr? 20 142 2 2
5% = t 1- 2% +—r(d(9 + cos® 8de®)

r s
and the metric of de Sitter
2u 1t dr®
ds? = (172 S —) dt? — — .. 1"2(076’2 + sin? 9d(,92).
FTR) T

In the above formulae V, i, R are constants which characterize the models,
V being the speed of light [4].

In the following we will agree that the selection of allowed Rieman-
nian geomctries, from among merely conceivable Riemannian geometries,
demands that the niotion so obtained will reduce to the Newtonian predic-
tions [6]. For the problem in discussion, we will build up some models.

Let us consider ds? defined by

1) ds? = B (H - ’T—‘) (V2dt? — dr? — r2(d6? + cos® Bdy?)),
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where B, H, 1,V are constants.
The geodesics of this linear element are given by

(2) 6/ Vv dt =0,
where
y=B (H - ’:) [v? — 5 2(§? 4 cos? 94:2)] .

Since the function 4 does not involve 7, from the Extler-Lagrange equations
we have

1 7] P
3 g .B H — 2 cos? =
(3) ¥ ( T)r cos” §p = M,

where M is a constant.

From {3) it results ¢ = const. and consequently the trajectory remains
in the plane determined by the initial conditions [3].[4]. But in this case
¢ = 0 and the function ¥ does not involve §; evidently, the function v does
not depend on t.

Consequently, from (2) we get also the integrals

L (H-£)r26=w,

(4) v =

(5) VT + %B(H—g)(:ﬂ+r292)=¢4,

where N and A are constants determined by initial conditions.
Equation (5) can be written as

1 2 it
— H-Z)=
(6) BV ( r) A
and using (4) we obtain the integral of angular momentum
(M) r? = C.

Equation (6) gives us the integral of energy which may be written in the
form

(8) 24 r28? = 21 + 2k
r

: (12)

|
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A
if we choose B = 2W, i being a constant.
Further on, let us also consider the case when ds? is of the form

(9)  ds* =B (H - L) [V — & r*(df + wdt}? — 17 cos? bdp?)

where V, B, H,p,w are constants defining another relativistic model; the
rotation w could play an important role in connection with Mach’s principle
[3].

The geodesics of (9) are given by

{10}

6/ V dt =0,
where ’

7= B(H=-E) VI 2030 4 u) - cos? 05%)]

T

As well as in the case (2) the trajectory is plane and we have the following
integrals

(11) %B(H—— Tﬁ) r2(6 +w) = N,
% B (H - ;) [V2 - rzw(é + w) -"-:.A.

From these integrals we get

r!d+w) N

V? — r2w(8 + w) A
and hence we obtain
(13) r2(é +uw)=C,

The integral (12) is equivalent to

. ; 2
P20 +w) = £ + 2h,
r

4
(V2 _Cuw)?

(14)
B=
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Integrals (7), (8) are the equations of the theory of motion in a Ncwtonigm
field in a frame of reference with fixed directions with respect to an inertial
frame of reference.

Integrals (13), (14) are the equations of the theory of motion for a
Newtonian field in a non—inertial frame of reference {2].

On the other hand, let us consider the model of the general theory of
motion in a central field depending upon » only:

(15) ds* = B(H — f(r)) [V?dt* — dr? — r?(d6* + cos® Bdio™)]
and we have )

8 =C,

2+ 726% = 2f(r) 4 24,

F=—f'(r.

In a non-inertial frame of reference
(16} ds® = B(H — f(r)) {V?dt? ~ dr? — +(d8 + wdt)® ~ r? cos® Bdy?] .

The equations of motion for a particle in a conservative field, and in
a inertial frame of reference, are

o0
dz;

m:'i,- =
and they are the equations of the geodesics of
9
ds* = B (H —— U) (V2dt? — dz? — dz3 — dz?).
m

From the variational problem

6/\/3(}'{ —U)(mV?—2E) dt =0, 2F = g;,¢"¢’,
we obtain the equations of Lagrange
4 (omy
dt \ 9¢"

for a scleronomic conservative system with n degrees of freedom and mass
m.

_w
oA

on
dqg*
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Some remarks:

s Oune may say. in our problem we have models and we can look to them
from the Newtonian world and from a relativistic point of view.

» Usually, in two body problem, the results of the Newtonian theory are
considered as the first approximation of the theory of relativity. Ac-
cording to our result, it seems to be a question of comnparison between
different models.

2 A lot of Newtonian models have their correspondents among rela-
tivistic models and vice versa. Perhaps this is the way to establish
an equivalence between the theory of relativity and the Newtonian
mechanies (71),

¢ Metries used in this paper may be uscful for an unified theory of
sravitation snd electrodynamics. The case fir) = 0 has (for (15) and
L16)} & specific significance.
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