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by convolution [1], we obtain

1 ftee

Yooy, x2) = \/—2_” ) P (u)f(ry —u,zp)du =

1 =+ G _.‘12
== / P (u)e Tz du.
—cc

2./7x,

(3.11)

Having 1o we can find 4 ; at L and then, from (3.5) and (3.6), one obtains |

£3(z) and w'(z).With these functions and (3.11) we obtain the stress state
throughout the plate by means of (2.6).

We note that in (3.11) appears only the Fourier image of #4(¢) which

is supposed to exist.
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A CHARACTERIZATION OF REGULAR SEMIRINGS

BY

P. MUKHOPADHYAY

1. Introduction. A semiriug is a non-empty set R equipped with
two binary operations, called addition, +, and multiplication (denoted by
juxtaposition), such that R is multiplicatively a semigroup and additively
a comnutative semigroup and that the multiplication is distributed accross
the addition both from the ieft and from the right. An element denoted by
0 is called the zeroof Rif a4+ 0=c¢and a0 =0c = Q forall e € R A
semiring is said to be regular in the senseof Von Neumann {¢f. [1])if
for every element @ € R there exist some =,y € R such that a + aza = aya.
A k-ideal T of a semiring R is an ideal such that, if a € [ and z € R and

I‘ | a+ze€lthenz el
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In this paper our aim is to establish some necessary and sufficient

conditions for a semiring to be regular, in terms of its k-ideals.

2. Regular semirings.

Definition 2.1. Let I be an idea! of a semiring R. Then T={a€ Rj

rrer I} for some x € I is called a k-closure of 1.

It is easy to check that T iz a k-ideal. In fact, it is the smallest k-ideal
containing J and I = I iff I is a k-ideal. Also, it is known that, for any two
ideals 4, B with 4 C B implies that 4 € B. We now prove the following
necessary and sufficient condition for regularity of a semiring,

Theorem 2.2. 4 sermaring R s regular if and only if ANDB = AB
holds for every right k-ideal A and left k-ideal B of R.

Proof. Let R be a regular semiring, that is, for any a € R there exist

¥ z,v € R such that, « + aza = aya.
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To prove tht AN B = AB with A4, B as given in the statement of|
theorem we proceed as follows. ]

Obviously, AB C A and AB C B, so that AB C A=A und AB C|
B = B. Conversely, let ¢ € AN B, therefore, a + ara = aya, for some|
z,y € R. Now, aya € AB (x a € A implies ay € A and a € B uinplies
aya € AB). Similarly, aza € AB also. Hence, by definition of A-closure we
get, a € AB that is, AN B C AB. Consequently, AN B = AB.

To prove the converse part, let us assume that R is a semiring such
that AN B = AB holds for any left k-ideal B and right k-ideal A of R. Wel
are to prove that R is regular. '

Let 0 # a € R be arbitrary. We are to prove that there exist «,y € R
such that, a + ara = aya holds. Now right k-ideal generated by a is
aR + Z+a and similarly left k-ideal generated by a is Ru 4+ Z¥a. We sce
that, -

(o) aR+Z+*aNR=(aR+Z*a)RC aR

In fact, we sec that, aR + Z*aR C @R, so that (a) follows immediately.

Indeed, let b € (eR+ Zta)R € aRR + Z%a. Therefore, b + t;r = 138 forj.
some r,s € R. That is b+ (ar; + na)r = (er2 + ma)s where

ty =ar; +na € aR + Z%a¢ and |

ty = ary + ma € alR+ Z%a, for some 71,1, € R and some m,n € Z+|
ot, b+ ary + nar = arqy + mas where, r3 = ryr (say), rq = 123
or, b+ ars = arg rs = r3 + nr (say), r¢ = ry + ms (say)
and r3,7r5,7¢ € R.
Therefore, b € aR.

Hence, (aR + ZTa)R C aR [+ A is the smallest k-ideal containing AJ.

Therefore we get a € aR. In a similar way we can prove that ¢ € Ra.
Combining these two we get,

! or
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and again g,82 € Ez', we get

(3)
(4)

to +x30 = y3a for some z3,y3 € R

82 + x4a = ysa for some z4,y4 € R

Now, from (1) we get t11; + az;t; = ayt,. Hence, from (), we write
a1ty + aryte = 8189 + axy i

or a+ ayily = s183 + axity
or a+ ayity + ayrrza = 8182 + avity + aypraa
or a+ayjysa = 182 + arily + ay 30

[ from (3) ayits + ayiw3a = ay yaa)

or o+ QYi1yYs3ad + ar;rza = 8;3; +‘a:c1tg +urirza + ayicza

or a4 ayfac+ aryrza = $;8, + ariysa + ay1za2a

[ from {3) azyty + axy T30 = ax)y34]

or a+tayiyaa+t ar1T3a+ 51240 = 5157 + $124a + ariyaa + ay;xza
or a+alyiya+ziT3)a+ s z4a = s1y4a + a(x1ys + y173)a

[ from (4) s182 + s124a = 5144

- or a+a(yiys + 2 123)a + s 14a + azezia =

=s1yaa+ ez 1y3 + y123)a + arzzqa
[+ from (2) s1z4a + azox4a = aya T4
or
or

ata(yiys+ei1z3)ataypasa=siysata(ziys +yiz3+7274)a
a+a(yiya + 2123 + y274)a + azoysa =

= 81y1a + azayse + a(Z1y3 + y123 + 2914 )a

ata(ynys+21z3+ Yoy +T2y4 )a = aysysa+a(z,ys+y1 73 +xow4)a
ata(yiys+z123 +yaxs +T294)a=a(yr v, +r1ys+y1xs+Toze)a,

or

[: from (2) s;ysa + azqysa = ay2y4al.
| Hence the regularity of a follows.

But as a was choosen arbitrarily we

(8) e c aRftha=al-Ra conclude that R is regular.
! Now let R be a semiring and F(R) be the set of all k-ideals of R. In
So, F(R) we define the following operations of "addition” denoted by ® and

"multiplication” denoted by -, for any I T+7 T7
L . ; yIL,LJeF(R),I®J=T+7,1.J=1J,
a + t1ty = s;52 for some 1,5, € aR and some 3,5, € Ra. (#) j_ AT =17,

()

| where 1] is the set consisting of all finite sums of the form Z abi,ne NV,

Now, since t;,s; € aR, we get | - I=1

) “thhkai € fand b; € J. Tl'lrough a lengthy but routine calculation it can be
j chec ed that (F(R),®,) is a semiring. If R will be taken as multiplicatively
commutative semiring then so will be F(R).

We now prove the following theoren:

(1)
(2)

ti + ary = ay; for some z;,y; € R

81 + axy = ay; for some z4,y2 € R




a
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Theorem 2.3. A multiplicatively commutative scmiring with zero,
0 # 1 is reqular if and only if F(R) as defined above is regular.

Proof. Let B be a multiplicatively conunutative regular serniring,
Then for any two k—ideals I and J we can write from Theorem 2.2 that
mJd=1IJ.

Henee I-J =17 =1InNJ.

To prove that F(R) is regular, let (0) # I € F(R), we see that,

holds.

I+ R-IT=1I-R-1

Infact, Il - R-I=Ig¢InNRNI=1&I: I+l =1=1and

I-R-I=InRnI=I, proving the regularity of F{R). Conversely. let |

F(R) be regular. We want to prove that R is so.

Let 0 # ¢ € R. We consider the principal k-ideal generated by aie,]

Ra (since R is commutative and 1 € R).
By regularity of F(I?), we get that there exist A, B € F(R) such that,|

@ Ra-A Ra=Ra-DB-Ra Ii
|

Ra,

weseethacaemel?d-fl-m.Henceaem-B- fe,ag

ow, fla B

lﬂ
S
&

Ra

2

[-:ma c ﬁ":m]

i
)
3
a
5

[by conunutativity].

m ;
E pogi where ©,pi € R} u,nd

i=1 ]
n or m, as the case may be. We have,

Hence, a € all aR, so that a + Z:ﬂ,y,

v, € Raforall e = 1,2, ...,

T, + at; = as;
pi + at’ = as!

(e)

yi +ria =rla
gi + T = fa

for some ti, 51,4, 8, i, vl 7, RER with 2 =1,2,...,n or 1 as the case may

be.
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From the above relations (@) we may have,
T n N
(1) Z:v,-z, + Z aty, = Z(rs i
1:.1.11 1:] lr-;;]
(2) D opait Y atig = asiy,
l=l :—1 i=1
3) >_4(:3 yi + Za.s,r,a = Zrts ra
:_'*I =
ml
(4) Z atiqi + Zatir,a = Z atiria
i o L
(5) Z as,q; + Z asira = Z as.tia
=1 =] .1—1
T Is
(6) Z atiiy, + Z at;r,a Z atirla
1= =1 =1
Now, we see that, a + Z I, + Z at;y; = Lp,q[ + y at,y
i=1 . =1 i=1
or -+ Zm,y, + Zat g = Zp,q, + Zat,_;l + Zat i [by(1)]
H
or a+ Zas yi + Zat i e Zas q, 4 Z atiy; |by(2)]
z"-l t"‘ :—
n
or a4 Z as;y; + Z at,q, + Z Q8T = Z aa,qz -+ Z atiy; + Z as;ria
:—1 1—1 |H1 =1
or a+ Za.s T+ Z atliq, = Z asiq; + Zatiyi + Zas,-r,u [by (3)]
i=1 =1 t=1
n
Ora-rZas ra+Zat q,+Zat T =
i=1
= T‘aq i4i +Zat Yi +Zaa11 u+Z(u‘ Fiu
=1 . =1
or (t+Lus r u+Zat T =
=1 =1

—Zas q,+2a1,y.+2a31 a+Zat Fia [by{4)]

i=1
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n m m
or a + Z asirya -+ L at;fia + z asifia =
=1 =1 f=1 o
m n ki3 "
- Zasiﬁ-a + Z at;y; + Z as;ria + Z at;ﬂa [by(5)]
=1 i=1 i=1 =1
n e m n
or a + Z as;ria + Z at,fia + E as;Fia + Z atiria =
=1 i1 =1 =1

= Z: asifia + Z atiria + Zasir;a + Z at;r;a [by (6)]
i=1 i=1 =1 i=1

or a + ara = aya, (say)
where,
n m m n
z = ZS;T:- + Zt:ﬁ +Zs;ﬂ +zt,‘1‘,‘ € R and
i=1 i=1 i=1 =1

m n n m
y= Sifi+ Y tri+ Y s+ Yy il €R.
i=1 =1 i=1

=1

Hence R is regular.
The author is grateful to his guide Dr. M.K. Sen for suggesting this problem.
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FORTIFIED JOIN HYPERGROUPS
AND JOIN HYPERRINGS

BY

GERASIMOS G. MASSOUROS

1. Introduction. The Foriified Join Hypergroup (FJH) is a hyper-
group which derived from the introduction of the Theory of Hypercompo-
sitional Structures into the Theory of Automata and Languages (4], [5].
The Join Hypergroup, as it is known, [9], [2], is a commutative hypergroup
(H,+) in which the join axiom is also valid:

(J) (2:0)N(e:d)#0 => a+dnNb+c#0

where ”:” is the induced hypercomposition,i.e. a:b={z € H|a € b+z}.

In the theory of languages the expression #+v is used, with z, y being
words over an alphabet A, to state "either z or . Thus, beginning with the
fact that z +y is basically a biset, the set of the words A* over an alphabet
A, endowed with the hypercomposition wy + wp = {wy,w;} becomes a join
hypergroup [4], {5]. The special join hypergroup which derives in this way
from the theory of languages, is named B-hypergroup. Furthermore, A* is
a semigroup with regard to the concatenation of the words and beyond that
it has been proved {5] that this operation is bilaterally distributive as for
the hyperoperation defined in the set of the words. Thus in a natural way,
there derived the multiplicative-hyperadditive structure which was named
hyperringoid.

A hyperringoid is a non void set ¥ with an operation
peroperation "+ that satisfy the axioms:

n N

and a hy-

i (Y,+) is a hypergroup
. (Y,-) 1s a semigroup

Wi. the operation is bilaterally distributive to the hyperoperation.



