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T m m
or a+ Zasir;a + Z atifia + Z asEF,-a =
Zas Ti a+Zut,J, +Za3 i a+Zat Fia [by(5)]
ora-{—Zas ra+Zat r,a+Zas r,a+Zatra—
= Z as;fia + Z at;ria + Zas;ria + Z at;7;a [by (6)]
1 1 i=1 i=1

=1 -
or a + ara = aya, (say)

Where1 n nm m n
= Z siri + Ztiﬁ + Z s + Zii’”i € R and
i=1 =1 t=1 i=1

m n n m
Y= Z 3;1"‘,' + Ztﬂ": + Z 3iT; + Zi,‘ﬁ € R.
i=1 i=1 =1 i=1

Hence R is regular.
The author is grateful to his guide Dr. M.K. Sen for suggesting this problem.
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FORTIFIED JOIN HYPERGROUPS
AND JOIN HYPERRINGS

BY

GERASIMOS G. MASSOUROS

I. Introduction. The Fortified Join Hypergroup (FJH) is a hyper
group which derived from the introduction of the Theory of Hypercompo-
sitional Structures into the Theory of Automata and Languages (4], [3]
The Join Hypergroup, as it is known, [9], [2], is a commutative hypergroup
(H,+) in which the join axiom is also valid:

()

where

(a:0)N(c:d)#0 = a+dnNb+c#0
7. is the induced hypercomposition,i.e. a:b={z € H |a € b+ z}.
In the theory of languages the expression z+y is used, with z, y being
words over an alphabet A, to state "either z or y”. Thus, beginning with the
fact that  + y is basically a biset, the set of the words A* over an alphabet
A, endowed with the hypercomposition w; 4 we = {w),w;} becomes a join
hypergroup [4], [5]. The special join hypergroup which derives in this way
from the theory of languages, is named B-hypergroup. Furthermore, 4* is
a semigroup with regard to the concatenation of the words and beyond that
it has been proved [5] that this operation is bilaterally distributive as for
the hyperoperation defined in the set of the words. Thus in a natural way,
there derived the multiplicative-hyperadditive structure which was named
kyperringoid.
A hyperringoid is a non void set Y with an operation
peroperation "+" that satisfy the axioms:

”on

and a hy-

(Y,+) ts a hypergroup
(Y,-) is a semigroup

iii. the operation is bilaterally distributive to the hyperoperation.
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If (¥,+) is a join hypergroup, then the hyperringoid is called join hyper-
ringotd. The hyperringoid of all the words is o special join hyperringoid,
which was named B-hyperringoid.

Next, starting with the notion of the emnpty set of words frem the
theory of languages, the join hypergroup is being enriched with axioms.
Actually, the use of the "null word” has led to the introduction of a non
scalar neutral element in the join hypergroup with regard to which, every
element has a unique opposite. Thys the fortified join hypergroup was de-
fined. This new hypercomposttional structure (H,+) is a join hypergroup
which also satisfies the axioms:

wniqgue neulral elemeni, denoted by 0, the zero
and 049=10

FJ:, There ezists a
element of H, such that for everyz e H: x €0 + 0

Fl, For every x € H \ {0} there exists one and only one element &’ €
H\ {0}. the opposite or symmetrical of x, denoted by —x, such that
0Oez+z.

Especially for the case of languages, the fortified join hypergroup which

corresponds to them and which motivated the development of this new

structure is the dilated B-hypergroup. In this hypergroup very element is
selfopposite. More precisely the hypercomposition of this structure has been
defined in the following way:

m+y={{x’y} if“c?(:y

{0.z} fz=y"

Now, if in the definition of the hyperringoid the additive part is a fortified
join hypergroup, then the hyperringoidis called fortified join hyperringoid
or join hyperring. Yet, if this additive part is a dilated B-hypergroup we
have the dilated B-hyperringoid [5].

2. Fortified join hypergroup. For the following let (H,+) be a
FJH. Then:

Theorem 2.1. For every z € H holds: 04+ 2z C {0,z}.

Proof. Obviously this holds for z = 0. Let @ # 0 and y € 0+ 2, then
z€y:0(1). Also0€a—z,s0z €0:(—z)(2). From (1) and (2) it
derives that {y : 0)N[0 : (—z)] # 0, from which, according to the join axion,
(y~2)N(0+0)# 0, andso0 €y —z. Hy #0, then y = x and if this

were valid for every £ € H, i.e. 0 + x = 7, then 0 would have been a scalar |

element of H and therefore H would have been a canonical nypergroup {7],
[2]. So there exist x € H, such that 0 € 0+ and thercfore # 40 = {z,0}.
Consequently, in a FJH, it holds 0 + z C {0, z}.
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According to the above thecrem, there are two kinds of elenents in
every Fortified Join Hypergroup:

. Definition 2.1. An element z € H is called ¢ element if § + 2 is the
singleton {z}, while it is called attractive or z-element if § + 7 is the biset
{0,x}.

A FJH has at leas: one c-element, the 0 element, since 0+ 0 = Q.
Al t‘he (?—elements of a FJH consist its subset C, while all the a-elements
consists its subset A. Obviously, these two sets forin a partition in H.

Example 2.1. Let H be aset totally ordered and syminetrical around
a center denoted by 0 € H. as for which a partition H = H, U {0} U Hy =
= H~ U {0} U H* can be dehned, such that z < 0 < y for every « € H~
andy € HY, z <y = —y < -z for every @,y € H (where —zx is the
symmetrical of = as for 0). )

Enriching A% U {0} with the hypercomposition:

_ fmax{r,y) if a4y
“y‘{[o,xl if =y

we get a canonical hypergroup [6], [8].
Also H~ U {0} with the hypercomposition:

+ 4 = {r,y} if 2#y
S {[.’E.O] if z=y

becomes a fortified join hypergroup.
The hypercomposition "+” defined in the following way:

max{r.y} if z#y and z€ H* or ye H*

{z,y} if 2#y and 2,y e H™
i +y= {z,0} if y=0 and z€ H~

z if y=0 and re Ht

[2,0] if z=yeH"U{0}

(0,2lUH" if t=ye H*

makes (H,+) a fortified join hypergroup with selfopposite elements. The
clements of H that belong to H¥ U {0} are c-clements, while all the elements
that belong to H~ are a-elements.

- Proposition 2.1. Every canonical hypergroup can be embedded in

For the canonical and the attractive elements we have the properties:
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Proposition 2.2,

i, €A => —z€ A

. Ifz,yeA, then {z,y}Cz+y

i, Ifz,y€ A, then z+yC AU{0}

iv. 0:0=4u {0}
Proposition 2.3.

i zeC= —z€l

u IfzeC\{0}, then ACa—=z

ii. Ifz,yeC, with y# —z, then z+y CC.
Proposition 2.4. Ify € C\ {0} and x € 4, theny =z + y.
Corollary 2.1.

i. If z,y€ A, then z:yC AU{0}

i: If2z€eC, then ACz:z

In this point let’s sce again Example 2.1, where z,y € ¢ + y for every
x,y from H™, with 2 # y. Heee s € 2+ y = 2 € 2 -y = ¢ + y, while
y¢az—2=1z+z=[z,0] except the case that z < y in whichy € z — .
Therefore the reversibility, i.e. the property z ¢ 2 4+y = y € z — z, for
every three elements z,y,2 € H, is not generally valid. In a FJH it holds:

Proposition 2.5. For every z,y,z € H with z € 2 + y, the revers:-
bility 1s generally valid, ezcept for the cases:

o z=y=0, €A and
H z=zx7y with z,y € A,

for which respectively it holds:
0ez+0=>0c0—z,whilez¢0-0
TE€Ex+y = xz€x—y, whileyd x—x in general,

Thus in the FJHs the reversibility can be viewed as a property that
is "partially” valid and so:

Proposition 2.6. Every FIH (H,+) is partially reversible, that is,
for every z,y,z € H it holds: € a+y = eitheryEz—zorz €2~y
(without the one always rulling out the other).

Corollary 2.2, z €24+ y = y € z—z, for everyz,y € C.
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Another aspect worth mentioning for the "partial” revessibility is its
relation to the property: —(z 4+ y) = —r — y. In a canonical hypergroup
(I, +), the above property is true for every z,y € K and it is equivalent to
the reversibility [7]. In a FJH though, it holds:

Proposition 2.7. The partial reversibility in the FIHs is equivalent
to the property: —(z +y) = —z —y, for every x,y € H with y # ~x.

When y = —=z this property is not generally valid, i.e. in the general
case —(T —x) # z — z, as it can be seen in the Example:

Example 2.2. Let again H be a set totally ordered and dense as
for the order relation and also symmetrical around a center denoted by
0 € H. Using the same unotation as in Example 2.1, let’s introduce the
hypercompositions:

sry={zy}, if y#-2 and z4+(-2)=(0,]z]]U{—|z}}.

‘The deriving structure is a FJH in which for every z # 0 it holds
x—z # —( ~ ), since —(z ~z) = [—|z|,0] U {|z]}.

Relatively we also have the Proposition:

Proposition 2.8. If z is a c-element of « FJH, then —(z—2)=z—.u.

Definition 2.2. An element # € H such that —(z —z) = 2 — z is
called normal. Otherwise it is called abnormal. A FJH having only normal
elements is called nermal FJH, while if it contains at least one abnormal
element it is called abnormel FIH.

In the following , a few elements on the subhypergroups of a FJH are
being presented. Since a FJH is a join hypergroup, in accordance to the
theory of the join hypergroups [9], (1}, [2], (5], there will exists subhyper-
groups that are join and others that are not join, that is subhypergroups
that satisfy the join axiom inside them and others that don’t.

Proposition 2.9. A subhypergroup of a join hypergroup is join if and
only if it s elosed.

Yet, since every closed subhypergroup of a hypergroup contains all
the neutral elements (7], every join subhypergroup k of a FJH contains the
zero element. Moreover —z € 0 : x and since in a closed subhypergroup h
0:2 C hfor every = € k {3], it derives that —z € k. So:

Proposition 2.10. Buvery join subhypergroup of FIH is o FJH itself
with the same zero.

Proposition 2.11. A non void subset b of H is a join subhypergroup
of Hif and only if 1y C h and z — y C h, for every z,y € h.
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In the FJHs there exists another kind of subhypergroups. the sym-
metrical ones. Symmetrical is a subhypergroup of o FJH for which —z € A
for every & € h. From Proposition 2.11 it derives that every join hypa group
is a symmetrical one. The opposite is not valid thongl:. Therefore there
exist three kinds of subhypergroups in a FJH:

i, the join subhypergroups,
. the symmeirical subhypergroups that are not joun and
i, subhypergroups that are noi symumetrical (end 30 not join).

The study of these sublypergroups is extensive and it is worth mentioning,
that the minimum, in the sense of inclusion, join subhypergroup i of H
is the sct A" of the attractive clements and the zero element. Also it has
been proved [5] that A= 0 : 0. Morcover if a4 symmetrical subhypergroup
contains a ¢ element different than 0, then it is a join one.

3. Join hyperrings. Let (Y, +,) be a Join Hyperring (JH}. The
distinction of the elements of the additive hypergroup of ¥ into ¢ and a-
elements endows its multiplication with certain properties:

Proposition 3.1. The product of twe c-clement, while the result of
the product of a ¢ element with an a-clement 1s the element (.

Corollary 3.1. If a proper JH has no zere divisors then it docs not
contain any c-elements other than (. i

Proposition 3.2. /n a JH which containe n c-element different from
zero, the product of two a-clements cquals fo 0.

As it is kuown, in a hyperring hold the "elassical” algebra properties: |
ioa{—u)=(-z)y=—=y

i (—)—y) = 2y
111, w‘(&' — y) =Wz — wy. (3- - y)w = rw — Yuw.

(that are beiug proved with the help of the addition). These proportios |
are not generally valid though in a JH as it can be seen in the following |
Example: :

Example 3.1. Let § be a multiplicative semigroup having a bilater-§

ally asborbing element 0. Consider the set: P = ({0} x S)U (S x {0}). In}
- . a0 " ¥
this set introduce a hypercomposition "+ as follows:
(z,0) + (¥,0) = {(2,0),(y,0)}
(0,2) +(0,) = {(0,2),(0, )}

(.0) + (0,y) = (0,4} + (2,0) = {{2.0), (0.} for = £ y and

(,0) +{0,z) = (0.2) + (£,0) = {{£,0),{0,.£),(0,6}}.
The structure {P,+) which derives in this way is a FIH Laving neutral
element the (0.0}, Also for every element (z. 0) the oppusite 1s the clement
(0, z). For this multiplication we observe that

(@, 0)(y,0) = (2y,0)

while (2,0)(0,y) = (0,) and (0,2)(y,0) = (0,0). That is. if ' = (2,0) and
v = (y,0), it is 2’y # 0", and so —a'y’ # ¢/ while &' (—y"} = (—2')y = 0".
Moreover {0, 2)(0.y) = (0,2y), which is the opposite of {(2y,0], i.e.,

(—z')—y") = 2y

It derives therefore that fiom the above properties neither the first nor the
the second (and consequently nor the third one] is valid in this example.
The following proposition gives conditions under which these properties ave

valid in a JH (Y, +,-).
Proposition 3.3. The properties under consideration ere nalid:
vodf

1. if at least one of the purticipating elements is o ¢ clement.

—x.—y,r,w are not dimsors of (1.

The consideration of the corresponding properties of the FIH, wiich
is the additive part of the JH and the interaction of the hypercomposition on
the operation leads to a great ammount of interesting results and properties
of the JH. Among them it is worth mentioning thet every JH having no
divisers of zero, coutains only normal clements.

In the FJHs certain types of subhypergroups appearcd . In an ana-
logous way they appear here the join subhyperrings, and the symmetrical
subhyperrings as well as the semi-subhyperrings. Among the resulis that
have been proved are the vnes concerning the ¢ and a-elements. Indeed,
the set A" coutaining all the a elements and the zero element is a bitaterally
join hyperideal of ¥ and furthermore it is the minimum one, in the sense
of inclusion. Moreover every syminetrical subliyperring 1s a subsct of the
minimuin join subhyperring. Also a symmetrical subhyperring containing a
nou zero c-element 18 a join one.

The study that has been carried out up to this point is deep and
extensive. For example, concerning the characteristic of the hyperringoids it
has been proved that every proper normal join hyperringoid without divisors
of 0 is of characteristic 1 and therefore every dilated B-hyperringoid is of
characteristic 1. Also systems and inequalities are being solved and their
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solutions create sets with special interest in the Theory of Languages and
Automata.
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ON ALGEBRAS OF BOL-MOUFANG TYPE

BY

A.R.T. SOLARIN

Introduction. Loops and algebras satisfying the Bol-Moufang type
identities have received attention from numerous authors in various direc-
tions. These identities include Moufang identities, Extra identities, Bol
identities to mention but a few [2], {3], [4], [5], (7). [8], [9], [10].

Ini this paper we shall study algebras satisfying the following identities

la,byc) zy-2z =(z-y2da; {2y z)y = a(y - 2y); 2y - z2) = (2y - )z
2a,b,c)  (zy-z)z =z(y - z2)yx - 2z = (y - 22)z522 - 2y = z(2x - y)
3) (2y - z)y = 2(yz - y)
4) y(z - yz) = (y - 2y)z.

Identities in (1) are called Moufang identitics, and any loop satisfying
one of them satisfies the others,

Identities in (2) are called Extra identities and loop satisfying any one
of them satisfies the others.

Identities in (3) and (4) are called Bol identity and left Bol identi-
ty respectively, there is duality between the two identitics. We study the
properties of algebras generated by the loops satisfying the above identities.

H.Pflugfelder [7] calls aloop Q(-) an M-loop provided there
1s a mapping A of Q(+) into Q(-) such that

(5) Ty -2z = (z - yz)ct

forall z,y,z € Q(-). Chein and Robinson (3, Sharma [
have established the connection between the identity (5) and the following
identities

(6) (zy-z)x® = z(y - zz%)
(M) (yz - 2)z* = y(z - 22).



