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solutions create sets with special interest in the Theory of Languages and
Automata.
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ON ALGEBRAS OF BOL-MOUFANG TYPE

BY

A.R.T. SOLARIN

Introduction. Loops and algebras satisfying the Bol-Moufang type
identities have received attention from numerous authors in various direc-
tions. These identities include Moufang identities., Extra identities, Bol
identities to mention but a few [2], {3], (4], {3], [7]. [8], [9], [10].

Inn this paper we shall study algebras satisfying the following identities

(la,b,c) ay-zo=(z-y2dr;(xy-2)y = 2(y - zy)i oy - z2) = {2y - 2)z

(22,b,c) (zy - 2)z=2(y-zz)yz - 27 = (y - 22)z; 22 - 2y = 2{22 - ¥)
(3) (vy - 2y = a{yz - y)
(4) y(z - yz) = (y - zy)e.

Identities in (1) are called Moufang identities, and any loop satisfying
one of them satisfies the others.

Identities in (2) are called Extra identities and loop satisfying any one
of them satisfies the others.

Identities in (3) and (4) are called Bol identity and left Bol identi-
ty respectively, there is duality between the two identitics. We study the
properties of algebras generated hy the loops satisfying the above identities.

HPflugfelder [7] calls aloop Q{) an M-loop provided there
is a mapping A of Q(-) into ((-) such that

(5) zy -2z = (z - yz)z

forall z,y,z € Q(). Chein and Robinson(3, Sharma [§
have established the connection between the identity (5) and the following
identities

(6) (ay - 2)2% = aly - 22°)

(7 (yx - z)z* = y(z - 22™).
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We shall obtain similar results for certain algebras some of the resalts
in Chein and Robinson[3], Sharma [§ are obtained ns
consequences of our results on these algebras.

Associated with a (local) Lie loop 7 is a tangent algebra L{a) =T, («)
which carries a bilincar anticommutative multiplication {x,y) — [x,yf, !
called the commuttor brackei and a trilinear operation (i, y,z) — (&, y,2)
called associator bracket vanishing identically in the case of a (local) Lie
group. The two operations are linked by the Aktivis identity

Z{sgn(o) -o(r.y.z): 0 € S3} = [[a,y). 2] + [y, 2}y 7] + [[z. 2], v].

We call an algebra with a binary and a ternary multiplication satisfies the
Aktivis identity and Aktivis Algebra. In particular the tangent algebra of
a (local) Lic loop is an Aktivis Algebra.

In this paper we define a quadrilinear operation (r,y, 2z, w) =< 2.y, 2, w0 >
called extra bracket and give an identity linking it with the commutator
bracket. This identity vanishes identically in case of algebias satisfies the
extra identity and other Bol-Moufang identities.

2. Definitions. In what follows Q(:) 15 » loop whose identity elemnent
is denoted by 1 and whose left nucleus, middle nucleus, right nucleus and
nucleus are denoted by Ny, Ny N, and NV, respectively. For each & € Q let
a.J be that unique element in @ with the property that 2-2.J = 1. Clearly, J
is a one-to-one mapping of @ onto Q so the inverse mapping J~! exists. For
each z € (0, zJ 7! is that unique element in €@ so that 2J~' -z = 1. For the
most part we have employed notation and terminology consistent with that |
of RH.Bruck [2]. Aisan algebra (non-associative) over a ficld F with
an identity element 1. It will often be required that A satisfy identities of
Bol-Moufang type, that is some generalization of the associativity identity.

3. Main results.
Theorem 1. Let A be an algebra over F, then

(1) A is a Bol algebra if and only if

(8)  (aw- =)y + (o 20w — 2wz y) — a(ys - w) = 0

(i) A i3 ¢« Moufang algebra +f and only if
(9) Ty 2wt wy-w—(z yz)w~(w yz)z =0 or
(10) (zy - z)w — z(y - zw) + (zw - 2)y ~ 2(w - 2y) =0 or

(11)

(iii) A is an Ezira algebra if and only if

a{y - wz) — (zy - w)z + w(y 72z) ~ (wy - 2)z =0

(12} (y-ezyw—yx zw+(y-w:slr —yw-z2 =0 or
{13) (xy - Jw + (wy - 2)r —a(y - zw) — w(y - z2) =0 or
(14) w(ze - y)—wz - zy+ o{zw - y)— 2z wy =0

for all v y. -, w e A.

Proof. (i) Let A be a Bol algebra, that is A satisfies (3} for all
4.~ € A A satisfies (3) if and only if
(15) (z.y,2)y +(r.yz,y) =0 forall r,y,z¢ A.

Linearizing (15) by substituting y = y+w, we obtain (r, w, z)y+{z,y, 2w+
@, yr,w) + (&, w2, y) = 0. This implies that

(1G) (zw-2)y + (vy - 2w = a{yz - w) — af{wz - y) = 0.
Now let A be an algebra satisfics (8}, substituting w = y in (8), we obtain

{17)

This implis that {2y - z)y = «(yz - y) for all »,7, 2 € 4.

(zy-zly +{ey - z)y —x(yz y) —z(yz - y) = 0.

Following similar procedures as in (i) and linearizing identities in
(la,l.c) and (2a,b,c), we obtain the results in (i) and (1), respectively.
['liis completes thie proof of the Theoren.

Theorem 2. Let A be the loop algebra generated by o Dol loop L,
then A 13 Bol algebra. {Respectively, Moufang, Ertra, Left Bol Loops).

Proof. Let A be the loop algebra generated by the Bol loop L. Theu
4,2 € A are of the formn

n fig ns
T = E T, y=Zﬂjyj, 3=Z‘Ykzk; Ti Y2k € L,
t=} j=1 k=1
and ai:ﬁjy?k EF,

(18) (xy - 2)y = ZoafivaBelay; 24 Jutg
for all wi,v;, 24,9y, € L and ouB3.07%, 3, € F.
(19 Yz - y) = SoifinBeri(y;ze - yg)

for all oy, y;, 2k, g € L and i, B, v, By € F.
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Now (18) can be written as

> aiBiv(aiy; - 20y, + Y aiBimnBal(ziys - zk)ye + (Tive - 2k)ys)-
j=q j#q

Also {19) can be written as

S wiBlvwdyizeyi) + L ciBiveBaleiyize - ya) + wilyeze - v
=y FE]

Now by (3) and (8), (ziy; - 21 )y; = xily; 2k - y5 )
(ziyj - 26 )y + (Tiyq - 20)y; — Tilyjze - yo) — TilYeze - y5) = 0.

This implies that (ziy; - z6)yg + (%ivg - 26 )y5 = Tilyjze - ¥g) + Tilveze - v5)-
Therefore (18} = (19). That is (zy - z)y = z(yz - y) for z,y,2z € A. Hence A
is a Bol algebra. This completes the proof of the theorem.

The above theorem holds for Moufang and Extra identities since they
are special types of Bol loops.

Theorem 3. In an Ezire Algebra A the following are true

(20) (i} RyR:Ry+ Liy.— Ryyery—L:LyL, =0, forall z,y,z € A.
(21) (i) RyR:Ry-» =R, forally.ze A",
(22) (iii) L:LyL.-v =Ly for all y,2 € A*.

(iv) A* isa G — —loop.

(v) z*€ N forallae A

(v} A satisfies the My — ~law.

where A* i3 the loop of units in A.

Proof. (i) Let 4 be an Extra algebra. From (13) we obtain
tRyR, Ry + 2Ly ~cRy ;0 —TL:LyLy =0
that implies that (20) holds for all z,y,2 € A,

(ii) Let z = y~! in (20), we obtain Ry R, Ry-1 = Ly-1,.. = Ry.y—1 —
~L,LyL,~1 =0 {we observe that A* is an extra loop). This implies that
RyR.Ry-» — L, — R, — L. =0 that is (21).

(iii) Similarly, let z = 27! in (20), we obtain Ry, R, + L1y, —
—R(y 2z-1y — L. LyL,-1 = 0. This implies that L, LyL,- = L..

(iv) The results in (ii} and (iii) imply that A* is conjugacy closed.
Goodaire and Robinson [6] has proved that cvery conjugacy
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loop is a G-loop, that is, it is isomorphic to all its loop .isotopes. Therefore
A" 1s a G-loop.
~ {v) Substituting w = z in (13), we obtain (zy - 2)z + (2y - z)z — z(y -
zz)—z{y-zz) = 0. This implies that zy-2* +(2y-2)r —z-y2* —z(y-22) = 0.
Applying (1), we obtain 2y-2z* —z-yz? = 0. This implies that zy-2? = z.yz?
for all z,y,z € A. Thus 2 € N, = N.
(vi) Let A be an Extra algebra.

(2 y2)r’ = [(x - ya)ele? = (zy - 2a)2® = ay(er - 2%) (2 € N}

=1y - 227,

Thus 2y - za® = (z - yz)o® for all 2,y,2 € A, implies that 4 satisfies the
Wy law. )

Corollary 1. Let Q be an eztra loop, then

(i) Q w9 a G-loop; (i) x* € N for all x € Q; (iii) Q satisfies the My-law.

Proof. Let @ be an extra loop. By Theorem 2 Q C A4* for some
extra algebra A. The result follows from Theoremn 3. The results in this
corollary are well known Feryves [4).

Theorem 4. Let 4 be an ecira algebra. The following identities hold
i A%, for allx,y,z € A*.

(i) (xy- -zl =w(y 2z (ii)  (zy-2)y~! = zz (WRIP);
i) (zy-2)z7' =2y (iv) sz May-z)=yr -z~ 'z

) oy Mey-n)=yleegr (W) e ey-s) = o'z eys = oy
(vii) (z-yz)al=wy 2zl =yz (viil) (2-yz)y~! =ay-ayh

(ix) (x-y2)z7'=zz7!. 2y {x) a2 Yz yz)=yz

(xi} y~ Yz yz) ==xz (WLIP) (xit) 27N yz)=(z"'z-y)z;

‘ Proof. It should be observed that Extra identities imply the Moufang
identitics, while the Moufang identities = Bol identity. (Extra identity
= Moufang identitics = Bol identity)

(i) Substituting w = =1 in (10), we obtain
(zy-2)a™! ~a(y-227") + (22~ - zy ~z(z™ - 2y) =0

that is (zy-z)z " —a(y-22™") = 0. This implies that (zy-2)z~! = a(y-zz~1),
This result also holds for Moufang algebra.

Similarly, following the above procedure by substituting w =y~ in
(13} w =271 in (14); w = ¢y~ in (14); w = y~! in (12);0 = y~ 1 in (9);
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w=2z"1in{12); w =z""in (18); w = 27" in {11); we obtain (i); (iv); (vi):
(vil); (vili); (ix); (xi}; (xi1); respectively for all @, y,s € A™.

We may call (i) weak right inverse property {WRIP).

(vii) linplies that every extra loop satisfics the Afy-law where b = -~ 1.

(ii1) Follows from the right inverse property (RIP).

{v) This result is dual to result number (viil.

{x) Follows from the left inverse property (LIP).

Sharma [9 studied the algebraic properties of loops satisfying the
tdentical relation

(22 (y-zz)= (2" -ya)z

called half-Bol loops, the dual of (22

o (zy- o)y’ =wlyr - y")

is called generalized Bol identity (or By -law).
Loops satisfying (23] are calied generalized Bol loops. Here we show
that Extra loops are generalized Bol loops.

Theorem 5. Let A be an extra algebra. Then {13) holda.
Proof. Substituting w = y% in {13) we obtain

(zy -2y +{y "y 2)e —aly-2y”) —y"(y 22) = 0.
This implies that

(24) (zy - 2)y" <+ 47y 2l - 2(yz %) — 9y - 22 =0.

If A satisfies (23; then (24) becomes (47 y-2)z—y7y-zr = O for all =, y._ z e A,
This tmplies that 7y € Na, Suppose y%y € Ny then {7y - 22 = y%y - 2z,
Substituting this in (24) we obtain {2y« 2)y” = zf{yz ") kr all o, y,2 € A,
This completes the proof of the theorem.

Corollary 2. Let A be an cxtra algebra. Then A sarsfivs the By-Law.

Proof. Let A be an extra algebra. By Theoremn 3 (v). y* € N for all
y € A, this implies that 4* € N for all y € A. By Theorem 5, A satisfies
By-Law,

Corollary 3. Every cxira loop satisfies By-law.

-4
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Corollary 4. Every extra loop satisfics D_| law.

Proof. Substituting o = —1 in (24} gives {2y - 2)y™' = z(yz -y~ !).

Theorem 6 Let A be o Bol algebra. A satisfies By -low if and only
if (o7 - 2)y = 23"z - y) for all r,y,z € A
Proof. i.et A be a Bol algebra. Then (8) holds. Substituting w = y°

in (8) we obtain

{25) (ey” 2y + (zy - 2)y" —2(y"z-y) —x(yz-y") = 0.

Now if 4 satisfies the B,—law, then substituting (23} in (25) implies that
(xy? Z)J = x(y“z-y). Also bubstltutmg {zy?  2)y =z(y°z-y) in (‘)o) gives
(zy - z)y° = .T(Uz. y?) for all «,y,z € A. Therefore A satisfies the B, -law.
Theorem 7. Let A be an algebra. The following are equivalent
(i) A satisfies the My-law
(i) A satisfies the By-low and v - yz* = zy - 2 for all z,y € A.
Proof. (i) = (ii). Let A be an algebra satisfying the My-law, then

(5Y (g - 2)* = y(o - 22)
Let y = 1in (5'), we obtain
(25) z-z* =zz-2) forall 2,z € A

Now, applying (25)" to (5) we get (yz - 2)z* = y(zz
wlnch implies that A satisfies the By-law.
(ii) == (i). Let A be an algebra satisfying the By-law and z - y2*

= zy - z*. Then (yz - z)2* = y(zz - z*) = y(z - zz*) which implies that 4
satisfies the My -law.

M) for all z,y,z € 4,

Theorem 8. Let A be a Moufang algebra. The following identities
hold in A* for all x,y,z € A*.
() oy 2ot = aly - z2)
(i} (a} (zy - 2)y™" +(2y™" - 2)y = 222
() (wy-2)y™' +(2y - 2)y™ =z 422
(ii) (zy-2)z7! = ay
(V) 27 zy 2) 27z yz) = yz — 2y



ox€*L

52 ART. SOLARIN

(@) y(ay ) =y~ lr oy

(vi) 27 ay - z) =2y
(vil) {(z-yz)z~ ! =yz
(vili) {(x-yz)y!
(ix) (x-yz)z~
(x) 27z yz) =yz

(xi) (a) y='(z - y2) + 9@ y~'2) = 2u2
(b) y='{z - yz) +y Yz ya) =az+

(xii) 271z yz) = (272 - y)z
(i) y~(a - y2) = y(z - y=0) = (ay - o)y~

=ay- 2y

Ve Hyz ) +yz — 2y =0

1 2

! ~r)y = z°.

= (zy~

Proof. {i) The same as proof of Theorem 4 (1). Snumilarty, following
the procedures in the proof of Theorem 4, by substituting w = y~' in (10);
=y 'in{(1)jw=rtin(@w=z2"'in(9);r=2""in (10); w=a""
in (11); we obtain (ii)(a); (i1)(b); (vii); (ix); (xi)(a) and (xi)(b), respectively,
for all z,y,z € 4™,

(ii1) Follows from the right inverse property (RIP).

(v) This result is the same as in Theorem 4 (v).

{viii) This result is the same as in Theorem 4 (viii).

(x) Follows from left inverse property (LIP).

(xi1) Follows by substituting z = z~! in (i) above.

(iv) Subsiituting 2 = w™! in (8), we obtain

(w w2y +(w Yy 2w —w Hwz y) —wH (yz - w) = 0.

This implies that zy+ (w™ 'y 2 w—w H{wz-y)—yz = 0. By applying (1) we
obtain w ™ (y-zw)—w N (wzy) = yz—zy. Therefore 2= (zz-y)—ax N yz2) =
=zy~yzoraz N zy-z)—z Yz -yz) = yz — 2y

(vi) Substituting = y~! in (8), gives

(y w2y + Ty dw -y (we e y) ~ 5T (yz o w) = 0,

This implies that (y w2}y + zw -y~ Hwz y)—y " {yz-w) = 0. Applying
Theorem 8 (i) and (v) we obtain y~!(wz - y) =wz for all z.y,z € A*.

(xiii) Substituting = = = in (xi){a) and (b) we obtain

y " Me yr)+y(z oy ) =227, v (@ ye) +y T (- yx) = 227

9 ON ALGEBRAS OF BOL-MOUFANG 'TYPE 53

These imply that y~!(z - yz) = 2% = y(= -y~ 'x). Also substituting z = z in
(i1)(a) and {b) we obtain

(ry -2y~ + (ay™! -2y = 207, (ay syt 4 (zy - z)y T = 227

These imply that (zy - )y~ = 2% = (ay~* - z)y.

Theorem 9. Let A be a Moufang algebra. A satisfies My -law if and
only of

]

2y zz = (2 yz)z forall z,y,z € A

Proof. Let A be a Moufang algebra. Then (9) holds. Substituting
w =z in (9) we obtain

A

(26) zy -2zt + oty -2z~ (o y2)ed — (2 - y2)z = 0.

Now if A satisfy the My-law, then substituting (5) in (26), we get

2ty - 2w = (2

-yz)z forall x,y,z € A
Also substituting a2y - zz = (2 - y2)z in (26), gives
oy -zzt = (¢ -yl forall z,y,2 € A

Theorem 10. Let A be o Moufang algebra. The following are equi-
velent:

(i) A* satisfies B_y-law.

(i) (zy-2)y~ ! = (zy~! 2)y for all z,y,z € A*.
(i) (zy- 2y ' =z for all z,y,z € A"
(iv) (g 2y~

Proof, Let 4 be a Moufang algebra.
(1) = (i1). Let A* satisfy B_,-law, then

=zz for all z,y,z€ A",

(27 (xy-2)y™" = 2(yz-y™") forall z,y,z € 4"
Apply cross-inverse property in (27) gives:

(28) (zy -2}y ! =z

Substituting (28) in Theorem 6 (ii)(a) gives (zy™' - 2)y = z=.

(i) = (i1}, Let (zy - z}y~! = (zy~! - 2)y, substituting in Theorem

6 (ii)(a) gives (zy - z)y~! = az.
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(ili) = (iv). Let (zy-z)y~"' = zz, substituting in Theorem 6 (ii}b)
gives (zy - o)y~ = zz for all 2,3,z € A*.
(iv) == (i). (zy - a)y™! = za = z(yz - y~') therefore (zy - 2)y~' =
2yx -y~ ) forall z,y,z € A%,

4. In this section, we consider an algebra A with associated tungent al-
gebra which carries a bilinear anti-cormutative multiplication (z, ¥} — [z, y]
called the commutator bracket and a trilinear operation (z,y,2) — (2,4, %)
called the associator bracket. Also a quadrilinear operation (which we call
extra bracket) (z,y,z,w) =< 2,y,z,w > are studied. .

Theorem 13. Let A be an algebra suech that zy -z = zz -y and
T-yz =y xz for all 2,y,2 € A, then the tangent algebra of A 1y an Altivis
Algebra and o Lie algebra.

Proof, Let A be an algebra such that zy-z = zz-yand x-yz = y-z2
for all ,y,z € A. Consider

T(z,y,2z) = L{sgn{o) - o(z,y,z) : 0 € 53} =
(29) =({zy-z—zz-y+yz-z—yx-z+zx-y— sy -r}t
+{(-z yz+z-zy—y-zx+y-cz—2z-TY+ 2 yr)

Sincezy -z =zz-yandz-yz =y-zz forall z,y,z € A, then T(z,y,z) = 0.
Similarly,

J(z,y,2) = [z, 4], 2) + [ly, 2], 2] + {[z, 2}, v} = T(2, 9, 2).
Therefore, J(z,y,2) = T(z,y,z) = 0. Hence 4 is an Aktivis algebra. Since
T(z,y,2) =0, then A is also a Lie algebra.

Let < z,y,2,w >={zy - z)w — z{y - zw). We call < z,y,z,w > extra
bracket because when w = z, < z,y,2,2 >= (zy - z)z — z(y - zz) which
vanishes in case of extra algebra. We shall obtain an identity linking this
bracket to the commutator bracket.

Theorem 12. The ezire end commutator brackets are linked by the
wdentity:

T(z,y,z,w)=E{sgn(o) o < r,y,z,w >:0 € S4} =
(30)  =Zy{-sgn(7) (w(sgn (o) o(zly, z])+
+ (Sgn ((1) ' a([z, y]z))w) S A3) a € 53 - A3}EJ(‘T1y1 Zalw)

w}l‘ere 'T e D = {(w1 m’ y’ z)?(a:’ w‘l y) z)’ (y3 :ri w’ z)! (21 x! yl w)} aﬂ‘d ‘D C 54' [
!

Proof. By routine expansion and manipulation, we obtain
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Lisgn(o)-0 < z,y,2,w >: 0 € S4} =

= {w(aly, 2] + ylz, =] + £l 5]) = (2, y)2 + 5, 2l + fy, 2] )} -

~ {e(w0ly, 2] + ylz.w] + =fw, y]) — (2, ylw + [, 2]y + [y, w]z)e) -

~ {lalw, 2] + wlz, =] + <l w]) — ([z,wje + [z, 2w + [w, 2])y} -
— {x{ely, 0] + yjw, 2] + wl,yl) - (w9 + (o, wly + [y, 7o)z =
= D _{~sen(7) - v(w(sgn () - olaly, )+

+ (sgn (o) - a[z, y]z))w) 1 0 € 4y, o € 53 — A3}

where v € D = {(w,z,y,2);(z,w,y,2), (y,%,w,2),(z,z,y,w)}. This comn-
pletes the proof.

Corollary 5. Let A be an extra algebra, then
(i) T(z,y,2,2) = Ef{sgn(o) o < z,y,z,x >0 € 541=0
(i) J(z,y,z,2)=0.

Proof. T(zr,y,z,z) = Z{sgn(o) -0 < z,y,2,¢ >: 0 € S4}. Each
bra.cket o < zy.z,x > in the expansion of T(x,y,z,2) is equal to zero
{using the ic.icntit,ies (1)} and (2), alternative propecty and the fact that
z* € Ny = N, = N, = N). Therefore T(z,y, z,z) = 0. Since T{z,y, z.w)
= J(x.t,z,w), then J(z,y,2,z) = 0. This compleles the proof. .

Corollary 6. Let 4 be @ Moufang eloelre. Then
(i) T(x,y,2.9) =E{sgn(o) v <2,y 2,y >0 € S4} =0
(i) J(z,y,z,4) =0,

Proof. Let A be a Moufang algebra. Then in the expansion of
T(z,y.2.y). 8 terms are equal to zero using the Meufang identities and
the 16 items which are not equal to zero occur in pairs with opposite sigps,
thercfore cancelling each other. Hence T(z,y. z,y) = 0. Since T(rv.z,w)=
= J(2,y,z.w). then J{(z.y,2,y) = 0. o

Corcllary 7. T{r,y,2.7) = T(x.y,2.y) = T(z,y.2,7) = 0.
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EXISTENCE OF CRITICAL POINTS
IN A PRESCRIBED SET

BY

D. MOTREANU

0. Introduction. The critical point theory is a powerful tool in
studying the topological properties of the space (see, ecg, Chang [1],
Palais and T erng(10]) as well as for proving the solvability of various
nonlinar problems ( see, eg, Chang[l,Palais and Tern g (10],
Rabinowitz[12,Straweli3]). A busic method to establish the
existence of critical points is the use of deformation theorems (ef Chaag
(i}, Du 2,Palais and Ter nglo, Rabinowits{12},S¢ru-
we 3, Szulkin[14]). A natural question which is related to the
existence results is to locate the critical points. In this respect we refer to
the papersof Du [2],Ghoussoub[5),Ghoussoub and Preiss
[6]. The aitn of this paper is two-foid: (a} to obtain a deformation theorem
by means of a given flow: (b} to provide critical points in a prescribed sof,

Diur main results are stated in Theorems 1.1, 2.1, 2.2 and 3.1, Tu addition to
the critical point methods the approach relics on fBow invariance propertics
(sce Motreanu and Pavel[9, Pavel [11), W an g [13]) an-l
minimization arguments (see Ekelan BL.[4.Jougen and Webe:

b Motreanu|8).

1. A deformation result. This Section is devoted to {he deforma-
tion of level sets of a smooth function along the integral enrves of a given
locaily Lipschitz vector field. In particular, the vector field can be the gra-
dieut ficld on a Riemannian manifold or & pseudo-gradient field on a Finsler
manifold. In these specific cases one obtains the clascical detormation the-
orems. The advantage of our general approach lies in the fact that one can
mzke use of special properties of a suitable vector Seld. For uistance, in the



