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EXISTENCE OF CRITICAL POINTS
IN A PRESCRIBED SET

BY

D. MOTREANU

0. Introduction. The critical point theory is a powerful tool in
studying the topological properties of the space (sec, cg., Chang 1],
Palaisand T erng{10f) as well as for proving the solvability of various
nonlincar problems ( sce, e, Chang[l,Palais and Tern g [10],
Rabinowitz[12],St1ruwe([13]). A basic method to establish the
exisience of critical points iy the use of deformation theoremns {(ef Chang
{1}, Du [2,Palais and Ter ng(l0,Rabinowitzi2),Ssru-
weild), Szulkin (14]). A natural question which is related to the
existence results is to locate the critical points. In this respect we refer to
the papersof Du {2],Ghoussoubl5),Ghoussoub and Prejys
[6]. The aiin of this paper is two-fold: {a) to obtain a deformation theorem
by means of a given flow; (b} to provide critical pomts in a prescribed set
Our main resnlts are stated in Theorems 11,21, 2.2 and 3.1. In addition to
the eritical point methods the approach relics on fow invariauce properties
(sce Motreanu and Pavel[9. Pavel [11]), W a n g [13]) and
minimization arguments (sce Ekeland (3], [4]. Jon gen and Weber

[Tl Motreanulg).

1. A deformation result, This Section is devoted to the deforma-
tion of level sets of a smooth function along the integral eurves of a given
locally Lipschitz vector field. In particular, the vector field can e the gra-
dieut field on a Riemannian manifold or a pseuco-gradient field on a Finsler
nianifold. In these specific cases one obtains the classical deformation the-
orems. The advantage of our general approach lies in the fact that one can
make use of special propertics of a suitable vector feld. For instance, in the
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ons w -1 jance properties.
:t Sections we employ the flow-iuvariance pr . .
et SLet. M be a connected C''' manifold whose model is a Banach space.

i i tinuous function || - || : TM — &
W ose that M is endowed with a con : :
de?ixslzgin the tangent bundle TM such that the mapping d : M x M — R

expressed by

d(l‘,y) = 1nf{[ol "“f’(t)ndf Y€ C‘([O,l],M), 'Y(O) = m:'?’(l) = y}:

(1.1) o

determines a metric on M compatible with.the mani'fold topo]og}-'. ‘fi(l):l
example, M can be a Finsler manifold, in particular a Rlexnamnm]l madll
(see C h1a ng(l,Palais and Terng[l0,Struwe [13,1).' ol
We consider a function f € C'(M,R), a m_nnber ce R anf a loeally
Lipschitz vector field V on M whose global ﬂcfw is denoted n(t', ;r,) ‘
Throughout the paper we use the following standa1-d notatiois

far={zeM: f(z)<a} foreachac€ R,

K.:={z € M: f(z) = cand Df(z) =0},
Ns(K.}:={x € M :d(z,K.) < §} for any number § > 0.

The hypotheses below are imposed
(i) There is an €o > 0 such that 5(t,z) is defined and f(n(t,z}) is
non-increasing for ¢ € [0,1] whenever 2 € foe,-

il n} i i f( '!) anc
i) If {z 15 a sequence in M such that f(z,.}) — ¢ d' d -
< DfE:t:) ) i/{(sc 1}) >— 0, then it contains a subsequence which converges to
ni ¥ L]

a critical point of f.
Our deformation theorem is formulated in the result below.

Theorem 1.1. Under assumptions (i), (ii), carrespovgling to each
neighborhood U of K. there ezists € > 0 such that n(1, foxe \U) C fome-

Proof. It is straightforward to check that hypothesis (i1) implies thacti
K, is a compact subset of M. Then one can find constants 0 < § < & an
[

Co > 0 provided

(1.2) K. C Ns(K.) C Ngo(Kc)CU
and
(1.3) NV(z)|| € Co, = € Nggl(Iie).
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Hypotheses (i) and (ii) ensure the existence of numbers < & < gg and
C > 0 for which one has

(1.4} < Df(x),V(z) >< -C, ze€ flic- g1, ¢+ &3] \ Ns(R,).

We show that the conclusion of Theorem 1.1 holds for every ¢ with
(1.5) 0 <2 <min{C,CC; (6 ~ 6),2:1 ).
To justify this Jet us fix z € foye \ U. Then we may assumic
(1.6) wt,z) € f i e—c,c4e] for each t € [0,1)
because otherwise the result follows by (i).Furthermore, if one has
(1.7) n(t,x) ¢ Ns(K.) foreacht e [0, 1],
then relations (1.4)-(1.7) allow us to write

b d
fr(t,2) = f@) + [ Zfn(ea))ae <
1
Sc+te +/{; < Df(n(t,2)),Vn(t,z)) > dt < ¢ —e.

This represents just the desired conclusion.

In the case where (1.7) is not true, iet us take according to (1.2) the
first time ¢, € (0,1) satisfying
(1.8) d(n{ty,z),K,) =6
and the last moment #4 € (0,¢;) with
(1.9) d(n(to, ), K¢) = bo.
From (1.1)-(1.3), (1.8) and (1.9) we see that

L3 d
(1.10) T f | St 2)ldt < Cots — to).
to
By hypothesis (i) and relations (1.4), (1.5), (1.10} we derive

1
f(n(1,2)) = flz) + / < Df(alt,2)), V(n(t,z)) > dt <
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L3
<c+£+/ é—i{ (n(t,z)¥dt <c+e~C(ty —to) Sc—¢&
< . |

This completes the proof of Theorem 1.1.

H 3 3 Ay )
2. Critical points and flow-invariant sets. A usual ])10;.: (1\;;
to prove the existence of critical points is to construct minimax values by

é is and
means of deformation results (sse Chang (1, Du (2], P al flll & {1:]1;
Terng[lO],Rabinowitz[l?],Struwe[13],57,11-1}\11.1- D-
The deformation constructed in Theorem 1.1 yields the following minmax

principle.

Theorem 2.1. Let the manifold M, the function f : M — I a?;'llrin';z
vector field V on M with the global flow n(t, z) be as in Section 1. Let L0
a family of compact subsets of M such that

(2.1) Gel = 3(1,G) euists and n(1,G)€T.

Assume that

et o= S S0 >

and for this real number ¢ the conditions (i) qnd (ii) tn Secti?n 1 are vabid.
Then ¢ is a critical value of f, that is, there is a pont z € K.

Proof. Arguing by contradiction suppose that ¢ is not a critical vali}le‘
of f. Then one can apply Theorem 1.1 with U = 8. It eusures that, for

some £ > 0, one has
(2.3) 71, fete) C fome-
By (2.2) there exists G € ' with
(2.4) G C fete-
Combining (2.3) and (2.4) one finds
M1, G) C fe-es

which contradicts (2.2). This contradiction completes the proof of Theorem
2.2,

1
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According to Theorem 2.1, in order to obtain critical points of f it
suffices to take a family T' of subsets of M satisfying {2.1). We show that
this can be done by using the tangeney properties of the vector field V on
M.

The vector field V on the manifold M is said to be tangent to a sibset
S of M if the below equality holds at cach point z € §

}E}& { lrli.st(é(:r-) +t < Dg(x}, V() >;d(den ¢ N 5) =o.

where ¢ : dom¢d — E is a chart of M with 2 € dom¢. The notation dist
designates the distance in the Banach space E which is the model of the
manifold M. The above definition of tangent (to a set) vector field does not
depend on the local chart ¢. It reduces to the ordinary notion of tangent
vector field if the set S is a smooth submanifold of 3, so Vie) e T.S for
each z € §. For more details we referto Motreanu and Pavel [91,
Pavel[ll], Wan g[15].

The next result discusses the relationship between the eritical values
of a function f € CY AL, R) and the How-invariant sets of a locally Lipschitz
vector field V' on the manifold M. We recall that a set S ¢ Af is flow-
invariant with respect to V if the global flow 1(t, ) of V has the property
that n(t,z} € S whenever §(0,z) = z € § and n{t, ) is defined. A basic
property assures that a closed subset § of M is flow-invariant with respect
to the vector field V if and only if V is tangent to S at cach point x € §
(. Motreanu and Pavell9orPavel[ll]).

Theorem 2.2. Assume that S is o closed subset of M such that
f € CY{M, R} is bounded from below on S and the locally Lipschitz vector
field V' on M is tangent to S. If hypotheses (i), (31) are verified with

(2.5) c =igf £,

then ¢ i3 a critical valye of f.

Proof. Let us choose the family T of compact subsets of M entering
Theorem 2.1 as follows

(2.6) I' = {GCSNfeyey: Gis acompact set}.

Since, by the tangency of V to S, the set § is flow-invariant with respect to
V', it follows that the trajectory n(-, ) of V remains in $ as long as it exists
if z € S. Taking into account hypothesis (i) with ¢ introduced in (2.5) we
see that property (2.1) is true.
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On the other hand from (2.5) and (2.6) it is clear that

(2.7) c = cl,%f[ Lt flz).
By hypothesis we have that (2.2) is satisfied. Theorem 2.1 allows then to
conclude that ¢ in (2.7) (or (2.5)) is a critical value of f.

Corollary 2.3. (Palais Minimization Theorem [10], [12], [13].] Let
the function f € CY(M,R) be bounded from below and satisfy the Palas
Smale condition on a complete CY' Finsler manifold M. Then f alteins

i3 infimum on M.

Proof. It is sufficient to apply Theorem 2.2 with § = M and V a
locally Lipshitz vector field on M with —V equal to a bounded pseudo-
gradient vector field of f on the set of regular points of f and vanishing
otherwise (seee.g, Chang[l,Rabinowitz{l12,Struwe [13]).
With ¢ given by {2.5) for § = M, Corollary 2.3 follows from Theorein 2.2.

3. Minimization on flow-invariant sets. This Section is devoted
to solving the minimization problem (2.5) on the set S. Notice that Theorem
9.2 ensures only that ¢ n (2.5) is a critical value of the function F. We
show that with further hypotheses the minimum value ¢ is attained ou S
The argument to establish this is completely different from the preceding
one, namely using instead of the deformation in Theorem 1.1 the Ekcland’s
variational principle [3],[4]. The result below offers also a location of critical
points. Results of this type have been obtained by different methods by
Duf2,Ghoussoub(5,Ghoussoub and Preiss|[6].

Theorem 3.1. In addition to the assumptions of Theerem 2.2 we
suppose that the subset S of M 1s complete with respect to the mctric d
on M given by (1.1) und the vector field V on M 1s bounded on 5. Then
problem (2.5) edmits a solution, i.e., there extsts T € S unth

(3.1) f(z) = inf f.

Moreover, each such point x is a critical point of f on M.

Proof. The stated hypotheses allow us to apply Ekeland’s variational
principle (cf. [3], [4]) to the functional f on the complete metric space S.
This determines a sequence z, € S such that

(32) floa) < inff + -
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and

(3.3) Hy) = flan) - i1/n)dy,z,), yeSs.

The invartance of the set § witl
1r . )
property (3.3) yield respect to the global flow 5{-,.} of V and

(34) f(n(tvmn)) —-f(.'l,'") > —(1/11)51(7]“,13“),.’!:,1)

for # near 0 and n > 1. Using (1.1) and {3.4) one obtains

(3.5) Tt en)) = flza) > —i—|f0 ||V(17(5,I,,)||(131',

If we divide by ¢ > S .
. Y 0 and then pass to the limit for  — 0 in (3.5) we derive

(3.6) < Df(x,),V(zn) >> =-(1/n)|V(z)ll, n>1.

Proceeding similarly for ¢t < 0 we infer that
(3.7) < Df(zn),V(z,) >< (A/m)Viel, n>1.

Letting n — oo in (3.6), (3.7} ing i
i T (3.6), (3.7) and taking into account the boundedness of

(3.8) <Df(z,),V(zn) >> 0 as n — oo.

Then (3.2) and (3.8) show that z,, is a sequence in S satisfying the require-

ments in hypothesis (ii) with ¢ gi
S given by (2.5). We deduce that z al
& convergent subsequence denoted again by z,. If we seCtL it g containe

(3.9) z= lim z,,

n—o0

we see from (3.2) that (3.1) is verified. Finally, we note from (3.2}, (3.8)

and assumption (ii) that z € § in (3
: ; 9)m : : criti i
of f. This completes the proof of 'Igheolemag.;).e rhosen o be ertical pomt
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FRACTIONAL STEP SCHEME
APPLIED TO A CONTROL PROBLEM

BY

CATALINA DAVIDEANU

In this paper a control probl i i
In th problem governed by a multivalued i
equation is studied. ! e differrentia

Tl'le basi(.: fe:ature of the approach consists in approximating the cor-
responding variational equation by means of a fractional step schemie.

_ Using %he above scheme, the errors between the exact and approxi-
mation solution, for two examples, are evaluated.
We consider
Problem (P) Minimize

T
/0 (9(u(t)) + h(u(t)))dt + 0o (y(T)), 0 < T < oo,

over the set of all functions (y,u) € Wi2(0,T; R" i i
_ : , (0, T x U wh
multivalued differential equation | ) el satishy the

(E) v (1) + (F+ B)y(1)) > Bu(t) ae. t€)0,T],
with the initial condition
(Ic) ¥(0) = o € D(B).

The clements in the above equation have the following properties:

(i) F: R" o R™ 13 @ local Lipschitz function which satisfies the condition:
there exist the constants Dy, D, € R% such that '

(1) < Fy,y >> ~Di|ly||* = Dy for every y € R™;



