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FRACTIONAL STEP SCHEME
APPLIED TO A CONTROL PROBLEM

BY

CATALINA DAVIDEANU

.In t.his paper a control problem governed by a multivalued differrential
equation is studied.

Tl'le basit': fcjature of the approach consists in approximating the cor-
responding variational equation by means of a fractional step scheme.

' Using t‘:he above scheme, the errors between the exact and approxi-
mation solution, for two examples, are evaluated.
We consider

Problem (P} Minimize

T
fo (9(¥(®)) + h(u()))dt + po(y(T)), 0 < T < oo,

over the set of all functions (y,u) € WH(0,T; R") x U whi .
: . , T which s:
multivalued differential equation ) s BRI G

(E) Y'(t) + (F + 8)(y(2)) 3 Bu(t) ae. t€l0,T],
with the initial condition
(1C) y(0) = yo € D(B).

The elements in the above equation have the following properties:

(i) F: R" o It™ 15 @ local Lipschitz function which satisfies the condition:
there exist the constants Dy, Dy € RY such that .

(1) < Fy.y >> ~Dilly||* ~ D for every y € R™;



66 CATALINA DAVIDEANU 2

(i) B:D(B)C R" — R"isa mazimal monotone operator, with ) € D(B):

(i) B: R™ — R" 18 a anear confinous operator;

(ivi U = {ne W20, T, R™), ||Blt(t)“igwﬂ.;“,,} < A} represents the set
of admissible controls;

(v} the functions g : R" — Ry and po : R — Ry sutisfy the condition:
for every & > 0 there exisis Lg > 0 such that

(2) lg(y) = g()] + looly) — pol=)] < Lally = <l

for every y,z € R™ wnth ||yl + liz|l < &

1 R ¢ z o semacontinons function which satesfios
{vi) h: R™ — R 1s ¢ conves, lower sn.‘nur.uw.t:.nuu‘}?fmu_.]: ;;:”t |
the condition: there exist ay € Ry and ay € I sweh ihal

(3) hv) 2 allvit, = az for cvery v € R™.

3 M g Setive E] : |.~..:;
We make the supplementary, nonrestrictive, hypothest

(H) $(0.C) ¢ int D(A),

where SIIENTYE 14
“= ((hy”“2 +2D,T + A) 200 ) '

*

Thus, we take the initial data yo € D(3#). the C()H‘-:;f.nl_t.‘a Dy, D, é Iy
and the set of admissible controls U such that the t'c‘lnt}on (1) ?).e f\}lﬁt!c(l.

We associate to the initial problem (D) the following partial diffcren
tial cquation of Hamilton-Jacobi type

h — h*¥(=B*(w — AyY. ey lbui) -+ yly) =10
weltoy) — (=B, (1)) — (F + .
{4) f for every t € 0,T]. y € R,

with the final condition
() BTy} = woly), forevery y € 1",

where iy and 3, represent the partial derivatives of the function i with
respect to t and y, respectively.
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The feedback optimal control is given by the relation
(6) u(t) € Oh" (=B (y(t,y)))
where 1* is the conjugate function of h, i.e.
(7) h™(p) = sup{{p.u) — h{u), v € U}.

If the function 1 is replaced by ¢, o(t,y) = (T — t,y), the equation
{4) becomes

(8) Pty y) + R (=L (et y)) — ((F + B)y), 2yt 0)) = gly),
for every t € [0,T), y € R*,

with the nitial condition

{9) (0 y) = woly), forevery y € R™.

In order to approximate the solution of the variational equation (8)
with the initial condition (9), we use the following approximate scheine (sec
(1}, p.127) '

wilt,y) + (=B {eylt,u))) + (Fy. it y)) =0
for every (t,y) €)ic, (i + 1)z[x R",

Pilie,y) = oo lie,e Py} +egly), y € R,
©3(0,y) = wo(y), y € R",

(10)

for : = 0.n — 1, ne = T, where ¢4, represent the right and left hand
side limits of the function ¢ — (¢, ), respectively.
The function w(t) = e=#'z is the solution of the Cauchy problem

(11) w'(t) + J(w(t)) 30 ac t €0, T
with the initial condition
{12) w(0) =z € D(f).
We recognize in the approximation scherne (10) a product formula of

Lie-Trotter type associated to the Hamilton-Jacobi equation (9} with the
initial condition (10).
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For the beginning, let us construct the approximate scheme

{y;(t) + F(yel)) = Bluc(t)) ae t €lie, (i + 1),

(59 gt (ie) = e~ Py (ie),

for i = 1,m — 1, ne = T, with the particular case (1 = 0)

UL(8) + F(ye(t) = Blue(t) ace. t €0,el,
(S0) {;:'(0) — g0 € D(B),

where {u,}es0 C UL

Theorem 1. If {u.}eso C U is a weakly convergent scquence to v’
in L}(0,T; R™) then

(13) ye(t) = ¥y (1), for every t € [0,T7,

where y* is the solution to equation (E), corresponding to u”.

Proof. Multiplying the cquation of (S;) with y. and taking nto
account the properties of the clements which appear, after some calculation,
we gel

llyz GeMl < (he™Pys (¢ = De)lI” + 2Dac+

b IR < (7 (G = DI+
{

i—1}e

(14) |
+2Dge + / 1B(ue(s))|2ds)e*

(i—1)¢

fort=2,n—-1, D=2D; +1.
Analogously, we have

15) Iyl < (vl +2Dse + j “Bua(s))Pds)eP.

Adding the inequalities from the relations (14) and (15) we get
(16) lys (ie)ll < C, i =Tn,
where C? = (||lyo]|® + 2D2T + |Bu.||2.) ePT. Also, we can show that

(17) ly¥Ge)l < C, i=0n -1,
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and the sequence {y}.>0 is bounded in C([0, T]; R"). We can calculate the
variation of the function y, on [0, 7] and we obtain

T .

V v Zuye (i) —y} ’C)”—Z”Je (ie) ~ e~ P*y; (i) <
(18) 1] =1

<e Z 18°(ve GGl

i=1

we have used Lemma 2.1, p.121 from [2).

Relation (6) and hypothesis (H) imply y, (i€} € int D(3). Since 3 is
bounded on every compact subset of int D{3), it result that

(19) I18°(y; )| < M.

Thus, there exists a constant such that

T
\/ye < (.
0

Helly’s Theorem assures the existence of a subsequence (e, Jnen, with
€r — 0, and a function y*, with bounded variation on [0, 7] so that

(20) Yea (t) = y7(2), (V)i €(0,T].

Using the above assumptions, we can prove that y* is the solution of
equation (E) with (IC) (for the proof see [1}]).

Theorem 2. For ¢ — 0 we have the convergence
(21) e (ty) —~ olty), (V)E€(0,T], y € R,

where @ 13 the solution of the variational equation (8).

Proof is similar with that presented in {1], p.127 and Theorem 1 is
used as a partial result.

Remark 1. Theorem 2 permits us to approximate equation (8) by a
sequence of more simple equations with solutions easily calculated.

T
Example 1. Maximize / y(t)dt over the set of all the functions
0
(y,u) € W12(0,T) x U that satisfy the scalar variational inequality

y'(t) — y(t) + 0Tk (y(t)) 3 u(t) ae. t€)0,T|,
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with the initial condition ]
y(0) =y € Iv,

where

K ={:€R; |z <a a€RLY,
U={ueL*0,T) [u(t) <+, y€R;, (V) €[0T}

The above problem is a particular case of the problem (P) for m = n‘:= },
F = ~1dg, 8 = Oly, ¢(y) = —y, h = Iy, 9o = 0; here Idn_ and Ty stands
for the ide;ltity function and the indicator function, respectively.

We have .
W (u”) = y|u*i.

The multivalued function § : [-a,a] € R — 2% is defined by the

relations [

B{r) = 0Ix(r) = {0 for —a <r <a
Rt forr=a.

Let 3 be the solution of Hamilton-Jacobi equation

N
Y(t,z) = sup{/ y(s)ds; y'(s) — y(s) 4+ OIx{y(s)) 3 ul(s)
! -
ae s €, T, ) =we N}
Using the transformation @{#,2} = ¥(T — t,2) the Hamilton Jacobi equa-

tion becomes

C,Qt(t,l’) + 7|‘Pr(ta~"‘)| - -E‘F‘r(tam) = -, (t,:B) € [OT] X Ifa
(0,2) =0, z € K.

The fractional step scheme leads to the equations:
(4, 7) + vlei(t, z)| — weilt,z) =0, (1,2) €]z — Ve, ie[x Ny i =1,n,

pi((i — e, x) = p((i — )¢, P7) —gx,i=1,n—-1,
¢5.(0,2) =0,

where ne = T and P : R — K is the projection function.
The differential equation

@5(t,z) — (v + 2)pz{t,z) = 0

7 FRACTIONAL STEP SCHEME T1

with the initial condition

el = De,e) =5 ((i — 1)e,x) —ex =

1 1 1
x < — =1 - — e 4., BT s o < -
(- 2)y — iy a)(cf Pt g e e s -
aifs _ _ L1y o I " SR s -
._k(l' 2)’}’ e E(*} + I)(pf + 325 -+ + e('-2)€ )) ET; a = T < 4,

; 1 1
({7 — 2y - c(:-])e(} + a)(; -+ P + e ,T:_z)s)) —gm x>

has the solution

1,.(!—1)5 _ 1

@ (tz) = ei — 1)y —ec' 0 Uiy 4 1)
e =1

Using Theorem 2 we have
wlt.x) = liu(l) At a) =ty — (v +a)e —1).
i
The exact and the approximate solutions satisfy the following inequality
ko(1,) = olt, 2)] < Ce.
where C' = (y + a)(e? ~ 1).
The above mequality permits us to approximate, with a given error,
the exict solution .

Iu this case, the suboptimal feedback control is given by the formula

wit) = —vsgn(pi(t,z)). =< [(i-- e de], i=T,n, ne=T.

0y

oD
v¥(1)dt over the set of ail the functions

E r uU - -
(y,1) € W20 TY x U that satisly the scalar variational i

Example 2. Maxiinize
wequality
Y () — () + O (y(th 2 u(t} ae t€)0,T),

with the initial condition
Y0} =yo € K.

The significance of all elements is the same as in Exmaple 1.
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Analogously, 1 denote the solution of Hamilton-Jacobi equation

T
P(t, ) = sup{ ] y3(s)ds; y'(s) — y(s) + BIk(y(s)) 2 uls)
ae selt,T[, y(t) =z € K'}.

Using the transformation ¢(t,z) = (T — t,z) the Hamilton-Jacobi
equation becomes

pelt, ) +7ltpx(t )| - zp(t,z) = —z?, (t,2) € [0,T] x I,
@(0,2)=0, z €K,

The fractional step scheme leads to the equations:

wi(t, :r)+'y|cpt(t z)| — 2l t z)=0 (t z) €)(i — Ve, ie[x K i = 1,7,
@5 (te,2) = (i€, Pz) - ¢x?, =1,n~1,

95(0,z) = 0

where ne = T and P : R — K is the projection function.
Case a. If ¢5(t,z) < 0 then the differential equation
oo (t,2) — (v + 2)pi(tz) =0, (t,z) €] — Ve, re[x

with the initial condition
o5 (16, 2) = 9= (ic, Pz) — ex? =

—ef{[(v - a)ef — AP + (v — @) =P+ Ay - a)eli=e — ]2}
—Euz, £ < —d

+[(y + 2)el 7P =) -

—e{[(y + )ef — A + (v + £)e =17+
—ea?, —a<zr<u

—el{(y +a)ef =P+ (v + @) =+ + a)eli=2 — 4%} -
—ea?, > q,

has the solution
)2 2{— 2:1 ( —2e)i—1 _
1—e 2

. 1 PRt At 1 )
29(~ + z)e’ 5—1—(_-67)5— + (i — 1197

e (t,z) =~ e[y +z)e

= : i
. lIi\LII()i\’\ISlll"'a(lll\]l 73

Flicoron 2 lemds to

fom 21

, ' ling f J=—={5 4
J -uly:'(f--') {4+ ) —1:+2"/(7+:l':|l_(r—1)' tye.
b error hetween the exact aned the approximative solution is
l2f (4 r) — it} < Ce.

where C = {y +a)e! — 1) 414 24).

Case b. Ii ©5(f, ) > 0 then the differential C(uation

el H (o —r)eilhr =0, (fo)e (7 = Ve, iz K

with the initial condition
P .
Plrea) = i(ic. Po) — 0% =

~e{lv = (a2 T b [y = (e 1)) b [y = (a4 y)el D2y -

2
—fat, < —a

—{[(v + (r - f +ly+le -+ ZE]z .._+[A”+(;B_,).)r(z—z)g]g}_
—g £ - —ew?. —a <o <
Ay + e ¥ }e ]2+:TT_I_(”__},)(ZE],;+“'_f-[7+((1_7)(“_2);]2T_ﬁ
Y .
has the solution U S

P ) = —el(i = 1y + 2y(a — y)e! 1—1 E)‘ -

+ (J' —_— 2(’21'—25 1-— {(_'25):'—]

1)
1-- e
Theorem 2 leads to
@i r limo%{#, 0) = —f~2% _ 2=y '
} ._11[1)9,(!..1)_. 19° = 25l = 4 ) e! = 1)

The error hetwee rex
r between the exact and the approximative solution is

lof{t, £) — plt,x)| < Ce,

where € = (0 =4 )7 — et wp] = 2v).
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The suboptimal feedback control is

w(t) = —sgnlpilt,z)), ¢ € [(i = 1)e,ic), 7 = 1,0, ne="1.
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ON GENERALIZED PSEUDO PROJECTIVE RICCI
SYMMETRIC MANIFOLDS

BY

M.C. CHAKI and S.KOLEY

0. Introduction. In a recent paper (1] the authors introduced and
studied a type of non-fat Riemannian manifold (MY g) (1 > 2) whose Riced
tensor S of type (0.2) is not identically zero and satisfies the condition

(1) (VxSUY,2) =24(X)S(Y,Z)} + B(Y)S(X.Z) + C(Z)S(Y, X

where A, B.C are non-zero-1-forms and ¥ denotes the operator of covari-
ant differentiation with respect to the metric tensor ¢g- Such a manifold was
called a generalized pseudo Ricei syminetrie manifold, the 1 forms A. B.C
were called its associated 1-forms and an n-dimeunsional manifold of this
kind was denoted by G(PRS),. If, particular, B = C' = 4, then (1)
takes the form

(2} (VxSNY.Z) = 24(X)S(Y.Z) + A(Y)S(X. Z) + A(Z)S(Y. X)

which reduces to a psendo Ricei symmetric manifold introduced by one of
the authors (C h a ki) [2] who denoted such an n—dimensions] manifold by
(P15),. This justifies the name generalized pseudo Ricei symumetric mani-
fold for the manifold defined by (1) and the use of the symbol G(PRS), for
it.

It is known [3] that in a Riemannian manifold the projective curvature
tensor IV is defined hy

(3) W(X.,Y.Z)=R(X,Y,Z)— T}T[S()i Z)X = S(X, Z)Y]

where I and § are respectively the curvature tensor and the Ricei tensor,

If
(4) "W(X,Y,2,U) = g[W(X,Y, 2),U]



