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TRANSFORMATIONS OF CONNECTIONS
IN THE GENERALIZED HAMILTON SPACES
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I. COMIC

Abstract. In the tangent space of dual vector bundle £ = (E*,n™, M),
dimM = n, dimE* = n + m, using two different nonlinear connections Na;
and N, two adapted bases B = {8,,8°} and B = {8:0°} are introduced.
The relations between components of the generalized linear connection v,
the metric tensor and the torsion tensor expressed in these two bases are
given. It is proved, that the d-connection in the basis B will be d-connection
in the basis B iff N,; ~ Ngi is h- and v-parallel tensor field. The recurrent
connection in B will be recurrent in B, but with different vector of recur-
rency.
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1. The generalized Hamilton spaces. Let £* = (E™,7*, M) be a
(% 1-form bundle with dim M = n,dim E* = n 4+ m. In some local chart
the point u € E* has coordinates

(' 2™ o) = ((2), (pa)) = (2, )

L hokiI=1,....n a,b,c.de, f=1,...,m.

We shall consider the following transformation of coordinate system.

Il ((z"), (par)) are the coordinates of the same point u in the new coordinate
system, then

(L.1) (a) 2¥ =z (z!,.. am) rank (dz' /9z'] = n

(b) par = M2 (2!, 2")p, rank [Opa/3p) = m.
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If (1.1} is valid, then an inverse transformation exists

(1.2) (a) 2f ==i(2",...,2") M2 Mg =88

(b) pe =M (2", ... 2" )pw Mg M = 5.
The tangent space of £, the space T(E™), is spanned by {8;,0°}, where
(1.3) 8; = 8/0z 3* = 0/0p,.
They have the following law of transformation

(a) 8 =M%8% 9 =MD"

(1.4) 7l ¢
(b) 8 = (Biz* )0y + (8: M7 )pa0® .

From (1.4b) it is obvious that 8; are not transforming as tensors, so
we introduce a new, the so called adapted basis B = {8;,0%}, where

(1.5) 8 = 8i — Nai(z,p)0°

and Ngi{z, p) are the coefficients of the nonlinear connection. Under coor-
dinate transformation (1.1) and (1.2) they transform in the following way

(@) Nair(z',p') = M3 (2)(uz") Nai(e, p) = (8 M ())pa (02"

(1.6) ' -1 . U
(b) Noj(z,p) = MY (&) (@507 YNy (2, ) + (@M (2))pad

When M is paracompact, then exists a family of functions Ny; of type (1.6).
8;(i = 1,...,n) are transforming as tensors, i.e.

(1.7) = 8i(Dnz').

Any field X in T(E™) in the basis B can be expressed in the form‘
(1.8) X = X6 4+ X,0° X'e= XP(Opa') Xo= MY Xa
X4 is the horizoptal and X,97 the vertr';cal part of X. The subspace of
(B} spanaed by {4;} we shall denote by 741 F 7V and the sutspace sperned

by {8,} with Ty (£7). So we have

T(E*) =Ty(E")@Tv(E™) dim Ty{E™) = n dim Ty (E™) = m.
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The dual tangent space of E*, the space T*(E™) is spanned by
{dz',... dz",dps, ..., dpn} = {dz',dp,}.

From (1.1) follows

(1.9) (a)dz' = (8" )dzr'  (B)dpa = (i ME (z))pada’ + Mo dp,.

It is obvious that dp,{a = 1 m) ar i
=) wia =1,..., e not transforming as tensors, so the
new basis B* = {dz*,dp,} of T*(E~) is introduced, where ,

(1.10) 8Py = dpy + Nyidz',

' By the coordinate transformation (1.1) and (1.2) the bases B* and
B* = {dz' ,dp,} are related by (1.9a) and

(1.11) (@) 8pa = MZ (z)6py  (b) Spar = M (z)6ps.

If B* and B* are two bases of T*(E*) related by (1.9a
e . and (1.11
then any field w € T*(E*) satisfies the relations v (o) and (11D,

{1.12) w = widr' + wdp, = wypdz' + w“iépar,
where
(1.13) wp = wi(px’)  w® = wM.

The bases B and B* are dual to each other. In th
ety . e space T*(E*} ®
T*(E*) with respect to the basis B* the metric tensor G is given by( :

(1.14) G = g,;dz’ @ do? + gbdz' @ 8p, + 9%0p. @ dz’ + g*%8p, ® ops.

Definition 1.1. The generalized linear connecti
. ' 1.1, - nection Vy : T(E*) —»
T{E*),X € T(E™) is a lincar connection determined by e

(1.15) Vady = Fibt Fraid® V5, 0% = P dx + F,0°
Va"(s.? = Cjkuék + (‘ine‘lac Vaaab - Cbkaék + Cbcaac.

Definition 1.2. The differentiable manifold £* (in which the coordi-

ate transformations of type (1.1) and (1.2) are allowed) supplied with arbi-
trary nonlinear connection N (which satisfics (1.6)) and the melric tensor
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G (given by (1.14)) in which the linear connection V is defined (by (1.15))
is called generalized Hamilton space and is denoted by (E7, N,G,V).
Using the duality of bases B = {6;,0%} and B" = {dw 6p,,} we obtain

Vs, dz? = 17'“’,;“41:::’c + F726p, Vs, 0py = Fyr:dz® + F,%é8p.
Voeda! = CHlda* + CISop,  Voudpy = Cyfda® +C,bpe,
where

Fi, FP¢, = =F%,, Foi = —=Fuis By = —F;

FlL
O3 = —C°, €% = ~C7, Cyf = =Cif, O = ~C5".
Proposition 1.1. If X,Y € T(E"), where
(1.16) X = X6+ X,0° Y =Y5+Y%,0,
then

(1.17) VxY = (YEX 4 YFPXG)0 + ( Yo X'+ Y] X,)0°

(@) Y= &Y + FAYT 4+ FLY,
(b) Y** =8°Y* 4 C eyl + Oy,
(€) Yo = &Ye+ Fooi¥7 4 Fi Yy

(d) Y |* =8°Y, +C,lY7 + ch oy,

(1.18)

Proposition 1.2. If ((z), (pa)} and {{z", (pa}) are two coordinate
systems connected by (1. 1} and (1.2}, then

(1.19) VeV =VxY
iff Ylf,YkI“, Y and Y,|* are transforming as fensors, t.¢.

e vE@u2') (@) YHIT = Yo (Bez® YMS,

1.20 . ' f
20y = YaME @) Vel = VP MEME
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or equivalenily, iff the conneclion coefficients have the following law of trans-
formation

(a) F)% = FF(0;27 ) (9pz") (0" ) + (8:0;2% ) (9w 2*)
(8) Fyei = Fyoo (9527 )MS (952°)
(c) F%, = F“‘ ME (B %) (8! )

way @ = FuoMuMI (0") + 0iMa) M
(e) Cre=Cfe (ajanf')(ak.yk)a-fg,
(£) Gy = Cyl (B0 IME M2

(g) C**e c‘*jc “'Mf.(dk::c )My,

() Cb° = CY ¥ My M M.

Proposition 1.3. The torsion lensor
(1.22) T(X,Y)=VxY -VyX -~ [XY]
for the linear connection V determined by (1.15) has the form

T(X,Y) =(THY X' + TPV X' + T YIX, + TV, X, )6, +

(1.23) . .

(TiaY X+ TLY X+ T,°Y7 X, 4 T8V, X,) 0%,
where

@ 7% = £ - R

(b) Tbk_ _ Fbk- - C.kb

(C) Tjku _ Cjku . Fr'JL

pbka __ ~bka  ~akd

(1.24) (d) I =C ¢

(P) Tj:i = F_?'c, S Ficj + (5.;;’VCJ — ij_-;
() T4 = Foy —Cil =8N,
(9) T,0 = C,¢ = % + 0°N
(h) To¢ = O — .
Definition 1.3. The generalized Hamilton space (E*,N,G,V)} in

which the fized torsion tensor T is given fwhich satisfies (1.22)-(1.24)) 1
denoted by (E*,N,G,V,T).
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2. Transformations of the generalized connection in the gen-
eralized Hamilton spaces. The generalized connection V defined hy
(1.15) is the function of the nonlinear connection N, because the basis
vectors of B = {§;,0°} are determined by N. We shall consider another
nonlinear connection Ny, {(z,p), which has the transformation law of form

(1.6). The difference of two nonlinear connections N and N is transforming
as tensor, namely

(2.1) Ny, - Noj = MY (2) (8,07 ) (N jo = Nojo).

We shall consider the change of components of the generalized connec-
tion V expressed in the new basis formed by N, where

(2.2) -ij = ij + Abj-

(23) (a) .Si = af - Nai(T:p)aas (b) Spa == dpa -+ _ﬁai{mr 'P)dxi'
The comparation of (2.2), (2.3) with (1.5) and {1.10) gives
(2.4} (a) 8; =8, — Agi* {(b) 6P, = dp. + Agide®.

The new adapted bases (formed by N) of T(£™) and T™(E") are re-
speclively

(2.5) B ={5,8°}, B ={d' dp.}.

The vector field X &€ T(E*) and the 1-form w € T*(E*) in the bases
(2.5} are giver by

e (a) X =X 8 +%,0" =X (6 ~ Awd") + X,0"
o (b) w = Gide' +5°(6pa + Aaida’).

The comparation of (2.6) with (1.12) and (3.16) results:

(@) Xi=X' (0) Xo=Xo— AaiX

(2.7}
ot 4
(e} w; =T; + Agi® (d) w® =",

In [19] the transformation N — N of the connection I{I‘(Hjik,C,.jk)
under condition VX' = VX' was considered. Here we shall examine the
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relaiions between coefficients of the same linear connection V expressed in
the different bases B and B.

Similar to (1.15) we define V in the basis B by

_—'__—:k—— T g a _ Teky =0 e
(2.8) VJ.JJ'— ji5k+FJc;a Vs]a —P 36k+Fc‘]d

o — ka—= -—= a —=bka—= —ba
Vo8, = C Bu + T,00° Va0 =T "8, +C. 0"

‘ Proposition 2.1. Tle coefficients of the same generalized linear con-
nection V : T{E*) ® T(E*) = T(E*) capressed in the bases B and B are
connected by

-—=k

(a) F), = Fk — Ay PP — A,,CF* + AgAyCHe

(0) Fiei = Fjei — Apj Ak P, — Agi(C,2 — Apj Ak C***)+
+ AaiAgl® = Agyi

(© F—akj = Fak 4, G
(2.9) (d) F'yj = F% + AqF* — 4,;(CL° + A ™)
(e) 5}_’“‘ _ Cjka — Ag;Coke
(f) Cjo =C;& — Apj AkC™® — Agy|®
(9) Tk = (ks
(h) T = Ol 4 A0,

where for A = A,;0°® dz’ we have

2 10) (a) ch|a = 3‘1ch + Ag,jcff_,a — AckCJka
| B Ao = ey + Ay i Ak

Theorem 2.1. The Miron's d-conneclion ¥V in the adapted basis B =
{8;,8°} in general case will not be d-connection in the adepted basis B =
{0:,0°%.
Proof.As it is known the d-connection V is the iinear connection with
the properties:
ViT(E")QTH(E™) - Ty E")

V:T(E™) @ Tyv(E™) ~+ Ty (E™)
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or expressed in coordinates:

(2.11) Vsd; = F\8e Vyd* = P00
Voeb; = C %) Vged® = C4°0"
Comparing (1.15) with (2.11) it is obvious that if we put
(2.12) Fju=0, FP* =0, C;?=0 C™ =0
in (1.15), then the d-connection defined by (2.11) is obtained.

By substituting (2.12) into (2.9} we obtain that the coefficients of the
d-connection V in the basis B have the form: '

— ke .
(@) Fy;= ij.' - AaiC,k
(b) cht' = Am’ch|a - chji
—ak )
¢ F.=0
(213) ( ) "-“J a ab
(d) ch = ch - AbJCc
= ka - a
(€) Cj :Cjka (f) Cjc = —Ag|®

whka —=bca

@ T =0 (h) T™=Che,

where ch-“ and A.;|; are deterinined by (2.10)(a) and (2.10)(b), but in (2.13)
the not overlined connection coefficients are those from (2.11). In [19] the
connection only on Ty (E™) was cousidered and (6.3} from [19] corresponds

te (2.13)1a) and (1.13)(c). From (2.13)} follows:

Theorem 2.2. The necessary and sufficient conditions, that the d-
connection V in the basic B = {4,,0%}, be also d-connection in the basis
B = {é;, 0%}, are

(2.14) At =0, Agu =0,

i.e. ihe tensor field A.; in the basis B, with respect to the d-connection
should be h-parallel and v-parallel.

Theorem 2.3. The components of the same torsion lensor T (defined
by (1.22} and (1.23)) of the generalized connection V ezpressed in the bases
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B eid B are connected by

jki =T% — T, Ap; — T*° Aui + T Apj Aui

*1_ _Tke 4,

( Tj_’m = Tk _ ke g,

(d) ke _ pbka

(€) Tiei = Tyei + Tjk.' Aok = TP Ap; Aok + T Ay Ak +
T ApjAck Ani + T8 AgiAsj + T3 Aai — T4 Asj

(f) Ty = T — T8% Aui + T, Ak — T Ai A

(9) T;l =T, =T%°Ap; + T% Aok — T Ay Ack

(h) T°° =T%° + TaA,,.

—_—
=

—
}-ii

I-.BJ’

(2.15)

The proof follows from (1.24), (2.4) and (2.13).

Theorem 2.4.  The torsion tensor T(X,Y) for the Miron's

d-connection defined by (1.22) satisfies (1.24), but their components are
grizen by

{e) T =K~ F5 (e) Pjo= 6N — 6; N
%.16) (B) T = ~C* (§) T = Fly - 8N

(e) T =Cf (g} T2 =0°N,; - P,

( riakh =0 (M T'i_’ a .. Coca B Cib

Theorem 2.5. The components of the same forsion iensor T{X, V)
defined by (1.22) of Miron’s d-conncction in the bases B and B are connected
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by

(@) Tji="1 — T Ay — T} Aq

(b) T, =T,

= k

(@ T," =1}

(d) T"bka — Tbka - 0
(2.17) (&) Tjei = Tjei + T Ack ~ TF Ay Acic+

(f) T =T T2 Ani + T Ak
(9) —T_j: = TJCG -~ Tta’Abj + TjkuAck

(h) T =Th®

where the components of T(X,Y) in the basis B are given by (2.16).

3. The metric connection in different bases. In T*(E*)®1*(E™)
the metric tensor G expressed in the basis B* is given by (1.14).

Theorem 3.1. The components of G in the bases B* and B" are
connected by

9i; = 9i5 — 9 Abj — 9% Aai + 9% Agi Au;

gtb = ib - gabA“i

(3.1) —a a Cl.b
95=95 97 Ap;
E(;|,b — gab

Proof.The metric tensor G given by (1.14), in the basis B~ has the
form

(3.2) G = §,-Jd.'£i ® dz? + E,bdmi @ dpy + 9% Sp, @ dr? + 'g'“bgpb.

If we substitute (2.4)(b) into (1.14) and compare the obtained expression
with (3.2), we obtain (3.1).

The metrical connection has the property that h- and w-covariant
derivatives of all components of the metric tensor are equal to zero. The
question is the folloving: when will the metrical connection in the basis B*
be metrical in the basis B"?

Il
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where

(3.4)

The statement follows from (2.9) and (
proof is very long. The shorter way is i

(3.5)

To get answer to this question it is necessar
between th

Theqrem 3.2, The relutions between the
same metric tensor G, with respe

but in different buses B*

e covariant derivatives of the metrical t

and B™ are given by

Y T o= giire — b
(@) Fi1 = 90k 951 Aai — 95 As; + 9% + 9% 1 Agi Ay

—b .4ck(g;j'c ~ 951 Aai = 910 Ap; + 9|5 Ay Ay;)
(b) gi ik = 9 bk gufbkAai - gib[cAck + gubchaiAck
T Y | ab ajc abc
(c) 9w = e = 9" As; — 9%°Ack + ¢ Ap; Ack
=ab a abc
(d) g "‘k =g ibk +4g b' Ack
(e) ?z’jl_ = gijlc - gt}chai - gib’cAbj + gabchuiAbj
(1) 3T = g1° - g™*)° A

(@) gijtk = 8kgi; — gn Fh - 9% Fiax - ginF — g2 Fu
(8) gi;1° = 8°; - gnjC;he - g‘f,-C,-,f = g;hCJ-"" - g id
() giblk = 5k9gb - thF,"}g - gdeidk - gthbhk - g,-dFZk
(d) g)° =% - grCite - 9%Cif ~ ginCPhe ~ giCche
(€) 9% = deg® - gw "y — g F, - 9% F’% - g°UFt,
(f) g°*]° = 8% — g bahe _ gCee _ gt obhe _ g*iChy.

f we use the relation

ledmb + G|%p, = Z;’-de:r:k + (—}’Tcgpc,

where (see (1.14)} we have

(3.6)

Gl :gijlkdxi ® dz’ + _q,-blkd:r:i ® dpy+
gt.lilkapa @ da’ + gubiké‘pa @ Jpa-

Y to obtain the relations
ensor in these two bases,

covariant derivatives of the
ct lo the same generalized connection v,

3.1). The calculation in this direct
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. - - c. =1
G|¢ is obtained irom (3.6) if |x is substituted by | le .
(3.2) in the similar way. If the expressions Gk, G{°, Gw |
+ Adz® (see (2.4)(b)) are substituted into (3.5) we easely

and C‘Tc are

obtained from
and &p. = pe
obtain (3.3). h
The connection V is recurrent with respect to the

iti 3.1. .
26 I e basis B* if exists 1-form field

metric tensor expressed in th

(3.7) A = Ax(z, p)dz* + X°(z, p)op.

such thatl

a . a ab A ab
Gijlk = AkGizs giblk = /\kgib: g4k = Aegyy 9 lbk, kff B
(88 gisle = Xogi, 921 =gt 9G1IT=2A"9% g e = x8g".

(3.8) Ak =0 and A° = 0.

j i etric connection if in :
The conec ot d tensor are determined

In both cases the covariant differentials of the metric
by (3.4).
’ From (3.3) follows the wellknown

Theorem 3.3. If V is a melric connection with f_efpcct to the busis
B*. then it will be a metric connection also in the basis B .
H

Theorem 3.4. If V is a recurrent connection m the basis. B"g"w::,t
respect to the metric tensor G ((3.8) are valid), then in the basis

following relations are valid:

I = (A — A°Ack)s; Eﬂj’k = (M = A AT

3 —ab
— —ab _. _ \¢
gab|k = (f\k = /\cAck)g{b g Ik - (Ak A A‘:k)g v
3.9 - —a 1t c
9 §i;l =Xy TG =N
=C =abit r—ab,
7} = xg gl =g

The proof follows from (3.1), (3.3) and (38) .
The coefficients of the recurrent and metric connectio

the space (E*, N,G,%7,T) are given in [8].

n coeflicients 1n
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ON INDUCED NON-LINEAR CONNECTIONS
BY

M. POPESCU

1. Introduction, The starting point of this paper is [2], where
Professor V.Crucianu establishes a very interesting joining of the theory of
non-holonomic spaces and the classical theory of riemannian submanifolds.
The background here, as there, are two supplementary vector subbundles £
and €” of a vector bundle £, The aim of this paper is to induce non-linear
connections on £ and £” using a non-linear connection on £, the linear case
fitting on the case in [2]. The content of the paper is as follows:

In Section2 the basic constructions nsed in the paper are made. Two
supplementary vector subbundles V'€ and V'€ of V¢ are defined and some
results concerning these vector bundles and the vertical bundles V£, V¢’ and
VE" are given.

In Section 3 a canonical method to induce non-linear connections on
£¢' and £”, using a non-linear connection on ¢, is given. .

In Section 4, some coordinates, which we call adapted, are induced by
the vector bundles structures on the vector bundles &', £€” and £. They are
considered, in order to give a more simple iocal description of the construe-
tions made in the previous sections. Using such coordinates it is shown that,
in the case of a linear connection on &, the induced connections on & and
£" are'linear connections and they are the same as those induced in {2}.

We intend to use the results obtained in this paper in order to study
induced non-linear connections on supplementary vector subbundles and
submanifolds, using scme ideas from {1,2.3]. This will be done in a subse-
quent paper.





