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ON INDUCED NON-LINEAR CONNECTIONS
BY

M. POPESCU

1. Introduction. The starting point of this paper is {2], where
Professor V.Crucianu establishes a very interesting joining of the theory of
non-holonomic spaces and the classical theory of riemannian submanifolds.
The background here, as there, are two supplementary vector subbundles £’
and &” of a vector bundle £. The aim of this paper is to induce non-linear
connections on £ and £” using a non-linear connection on £, the linear case
fitting on the case in [2]. The content of the paper is as follows:

In Section2 the basic constructions nsed in the paper are made. Two
supplementary vector subbundles V'€ and V"€ of V€ are defined and some
results concerning these vector bundles and the vertical bundles V&, V£’ and
VE" are given.

In Section 3 a canonical method to induce non-linear connections on
¢ and £”, using a non-linear connection on £, is given.

In Section 4, some coordinates, which we call ada,pted are mduced by
the vector bundles structures on the vector bundles &', £ and £. They are
considered, in order to give a more simple local description of the construc-
tions made in the previous sections. Using such coordinates it is shown that,
in the case of a linear connection on £, the induced connections on £’ and
" are'linear connections and they are the same as those induced in [2).

We intend to use the results obtained in this paper in order to study
induced non-linear connections on supplementary vector subbundles and
submanifolds, using scine ideas from {1,2.3]. This will be done in a subse-
quent, paper.
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2. Basic notations and constructions. All the manifolds and
maps are assumed to be C*°. On a manifold M, F{M) is the real algebra of
real C°—functions and X (M) is the F(M)-module of vector fields on M.
For a vector bundle £ = (E, 7, M), E is the total space, M is the base space,
7 is the canonical projection, S{£) is the F(M)-module of sections on £ and
E.2'n~1(z) is the fibre in z € M, which is a finite dimensional vector space.
For a manifold M, M = (T'M, p, M) is the tangent (vector) bundle and for
amap f:M — N,7firM — 7N is the f-morphism of the differential
of f. For a vector bundie £ = (E,W,M),I"fnjtlx’erﬂr = (VE,p1, E) is the
vertical (vector) bundle of £. It is wellknown (see [3] that there is a canonical
isomorphism V& & 7 £, For a vector bundle fo- morphism f:£ = £ there
is denoted by the same letter f the map induced between the total spaces.

Consider, as in [2], a vector bundle £ = (E, 7, M) and two supple-
mentary vector subbundles of £:£" = (E',n’, M) and £ = (B, x" M). It
means that E; = E, ® E! (the direct sum is as vector spaces), for every
r € M; equivalently, the vector bundle § can be reduced as the Whitney
sum €' @ &". Denote as P’ and P" the projectors of £ on £ and £”. It is
easy L0 see that these are the canonical projections ot two vector bundles
o = (E, P',E") and 9y = (E, P", E") which have the fibres isomorphic with
those of £ and £’ respectively.

We make the following notations concerning the vertical bundles of %’
and " :

Vnm:otvng — (qu’ vnPf’ EI), Vnuﬂ_gtvrf — {V’E, V’P", EH)

Proposition 1. There are canonical isomorphisms
v!f o thl’vﬂ ) Tl"f”

Proof. From symmetry, it suffices to prove the first isomoarphism. For
this, observe firstly that the vecior bundle 5" is isomorphic to z")*€’. Since
ViE = V' = (P")y", we have:

VIE =] (P”)*(Tr")'f_' oy (71'”0 P”)-E' — Trugl
and the assertion follows. =

Proposition 2. V¢ and V"€ are supplementary vector suibbundles
of VE.
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Proof. We have 7 = #/0P’ = x"0P", thus r7 = T?!"OTP;Z re"or PV
It follows that KerrP"” = V'¢ and KerrP' = V"€ are vector subbundles

For this, consider an arbitrary ¢ = ¢/ +¢” € E, ¢’ € E’, ¢" " =
r. The pl;OJECLiOHS P’ and P”, as maps, are surjeétive sut;meriicﬁstﬁ'g?h)eir
fibres, (P'}™!(e') = ¢’ + E and (P")~(¢") = €” + E', have in common
only e gnd their tangent subspaces of T,.E are [\’er(rPfie and Ker(rP")
respectively. It follows that Ker(rP'). N Ker(rP"), =0, = ¢ Takin inte
account the dimensions, we have the direct sum ) . e

T.E = Ker(rP"), & Ker(rP'), = (VE). ® (V'E).

which prove the assertion. m

According to this Proposition, we denot ' " i
: e as (' and th
of V& on V'€ and V"€, respectively. Q" the projectors

e E The manifoltil’s }?‘f and E' are submanifolds of E and denote e
e E and I":E” — E the inclusion maps; they are also inclusion
morphisms " &' — £ and I":€"” - €.

Proposition 3. For every ¢’ € E' and € € E" we have

T]')e- = (V'E)’e, (TI")en (VE'”)eH = (V”E)eu G

Proof. We have P"ol’ = f,, where f,: E "
. / . = f,, :E"— E" is the null i
W'hlch can be identified with the projectio; 't E' —= M, thus Ir{n::f?lsrz
Kerrn' = VE'. For every ¢ € E' we have 1 T

(TP")e o (11 = (rfo)er

But (r1')e is an injection and the fibres of V¢’
. . N . 5 and VI‘ h tth
dimension. Using the definitions of V¢’ and V'¢, it followsfthaive o e

(11 (VE Yot = Ker(rP")y = (V'E)e
which proves the assertion. m

Consider now the I'-morphism of the tangent bundles +I':7E' - rE

which is an injection. F it ;
["~morphism ’ . From Proposition 3 it follows that the restriction

(1) THy g VE = Ve
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k)

: ' i ’ eft
is an isomorphism on fibres. We have 'P’ 3 I' = -zfiE:.(l.e. bl ;1;:,?;’)1 I
i se). Consider the P'-morphism Pj: V'€ — v given yr |]1d () <
mV?rXr (V)X' € V'E. We must prove that the map ’P, is v\en g’ "—6
;r(I: (for livery X' € V'E then P{(X') € VE'. But X' e VE & 7P"(A') =

and we have :
o’ (P{(X")) = ro'(P/(X")) = r(n" o P)(X") =
=1m(XY=7(r"0 PY XY =7x"(P"(X")) =0

which means that P{(X’) € VE', since kerrn’ = V',
From 7P oI’ = id7g it follows

P; OTI{VE' = idVE"?

. !
that is, the P'~morphism P{ is a left inverse for the I mOl‘phlS:":'l T{WE:.
‘S’imilary it can be defined a P”-morphism P}”': Ve - VE" which is a
: ' 2 . n
left inverse for the /"~morphism TII’{,E,,.Vg — V€.

3. Induced non-linear connections. In this section we shiow thaz
a non—iinear connection on the vector bundle § 1nduc§§ CZ?OSH?Z,{(]SET
i i {ementary vector subbundle ",
non-linear connections on the supp : e ¢
i nnection on the vector ,
Let C:TE — V£ be a non-linear co _ pund?
i.e. (as, for example in [3], a vector bundle morphism such that C'oi = tdvg,
A t

' i i i hism.
: V& = 7F is the inclusion morp ‘
Where(:i'onsgider now the following sequence of vector bundles morphisms

i r P!
B rESveSYedve
which corresponds to the following sequence of base maps
ELES SRR E

that give P’ oidgoidgol’ = P'ol' = idg. |
Proposition 4. C'=P/oQ'oCorl:TE' - VE' is a non-linear

connection on the vector bundle £'. )
Proof. Take ¢’ € E' and v’ € (VE')... From Proposition 2. and 3. it

hat
follows tha (11 (v) € (V'E)er C (VE)e
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thus the vector (r1),, (v) is invariated by C.s and Qe . Using (2) and the
above remark, denoting as i: V¢ — rE' the inclusion morphism, we have:

(o)) = (PloQ o Corlu(v) = FUQ(C(rIly 5 (v))) =

=(Plorllyp)e(v)) = v/
which prove the assertion.
Similary, using the formula

C" = Vo Q"o Corl”

we can define a non-linear connection on the vector bundle £

Definition 1. We call as induced the non-linear connections C’" and
(G

4. Adapted coordinates. In this section we use a local calculus, in
order to give some explicit local formulas to the constructions made in the
previous sections. In the case of a linear connection on &, using Proposition
4, there are induced also finear connections on £’ and on £”, which are the
same as those induced in [2].

Consider now vectorial coordinates on £, adapted to the vector bundle
structure of £, which induce also on £’ and E" vectorial coordinates, adapted
in a same way to the vector bundle structures of £’ and £"; we say that it is
an adapted system of coordinates on F

More precisly, for every e € E,w(e) = z,P'e) = ¢, P(e) = e we
have as adapted coordinates around reEMecE e"ecFE ecE

2 ()€ = (2,47, o (o, %), e (o, (42, 4%))

where { = T,m, a0 = 1,k{,u = Lky by + by = k (ki,ky and k are the
dimensions of the fibres of E' E" and of £ respectively). For some adapted
coordinates on the total space on a vector bundle, we use, in the sequel, the
convention to list them separated in two sets: the coordinates on the base

Space and the coordinates on the fibre. The change rules of such adapted
coordinates are

t

@) = = ot (@) = 8 e g = Y ()
These coordinates induce local bases of sections on the vector bundles &,
and £ :

{g.a}a:rchi {gu}u_—_m;’ {'944 }A:I_'F = {Ea}azl_,_kT U {§U}u=m
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and the change rules are:

50 = K (29)50r, By = h¥ (295

Remark 1. We do not use local sections in the vector bundles involved
in our paper have not always the same base, therefore, in this case, it is not
induced a map between sections.

The adapted coordinates on E induce adapted coordinates on the total
spaces of the other vector bundles.

For TE’, on TE' there are the coordinates ((z*, ¥*), (X?,Y?)), which
have the change rule for 7' and y® as in {(3) and for Xiand YA

(4) X7 = EJ(:s')xl,yﬁ = b5 (2" XF + R (@))YP.
For 7E", on TE" there exist the coordinates ((f, ), (X7, Y")),

which have the change rule for z* and y¥ asin (3), for X7 asin (4) and for
Y¥:

(5) YY = hY (27)y" X'+ hY ()Y

For 7E, on TE there are the coordinates ({X*, ¥, y*), (X7, YP,Y")), which
have the change rule for z¥,y* and y* asin (3) and for X7,Y* and Y" as
in (4) and (5).

We have also the following sets of coordinates: on VE" ({z},y),Y?);
on VE": ((z',y*), Y*); on VE: ((z',3°,4*), (Y. Y*));
on V'E: {(z},y%,4*), YP); V'E: (=", y*, "), Y"):

Using the adapted coordinates, we have the following local expresions
of the maps indicated on arrows:

@, (1 ¥ B, %) (v v ) B () |

(o, ) B, (7, 0 (2, v D (', (0,9™) |

Tr

(2,37, 0), (X7,Y,0)); :

1,[”'

((2*, ™), (X7, Y*) 5 (2", 0,9%), (X7, 0,Y7))

(= y™), (X7, Yﬁ))

(2, 5%, v, (Y2 Y ') D, 5%, ), YP);

ON INDUCED NON-LINEAR CONNECTIONS 125

"

(= 9,9, (Y2, Yy )L (2, v, ), YY)
(= 970", (X9, Y2, y o) (@, y7), (X9, YY),
(¥ 9% (X9, Y2, Y ")) 5 (2, y¥), (X7, V)

("3, ), Y2 B (o, y), Y2,
(', 5%, 9V B (2, ), v?)

A . .
ccording to [3] and using adapted coordinates, for a non-linear con-

;e:tlon JC n:rr ?av;s: ((:r:f,y“,yU), (X7, YR, Y”))g(}’ﬁ + XJN?(Q:‘, v, y*)
+ XIN(z', y*, y*)) where the set of local functions ' o
Bii . a . u vl o L n
{N7 (2", y*, "), N2 (2, y°, y*)}
are called the local components of C.

Using Proposit} i .
C’, we ha,vge position 4, which defines the induced non-linear connection

(=, 9%), (X7, YO (&, yo, 0), (X7, vE, 0) S

t ,a a i a ATl ‘
(=, 4%,0),(Y* + XINP (', 47, 0), XN (2, 32, 0D

i g i o o Pl
((=,5°,0), YP + XINP (2 y ) S{(=' y*), YO + + XINP (274, 0))
which gives finally:
(((L",ya,Xj,Yﬁ C! 1,0 bl ] o
). { N2 5™).Y? + XINP (20, 52, 0)).

Thus, the local components of ¢ are:

~

B i o
Ni(2',y°) = NP(z',4°,0).
In a similar way, the locai expression of ¢ is:
o, U iy GV ’ ] ]
(" 9%), (XY )5 (2, 9%), Y + XINY (24, 9%, 0)).

and the local components of C” are N'J’-’(m’, ) = NJ.‘-"(Ti, 0, y*).
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If C is a linear connection, the components of C,C’ and C" have the
local forms: ~ .

N2 (et v, y%) = PO ()Y + D5, ()y",

NY(zh,y*, v*) = T, (@) + T, (29"

AT e i NTU( i LU — TV iy ,,w

NP (', y*) = T, (= )y, NP (25 y*) = Iy (e')y
and it follows that C' and C" are linear connections, too.

In [2] there is proved that if D is a lincar connection on &, then the

formulas
Df‘ru' = P’(Dxu'), Df,'(u" = P"(Dxu")

for X € X(M),u' € S(€),u" € S(£"), define linear connections D’ and D"
on &' and £" respectively.
In the adapted coordinates considered in our paper; if D has the local
components
(T T i T

1ex? Tu?

then D' and D" have as local components {r?} and {I'},} respectively.
Therefore, for a linear connection, the connections induced by Proposition
4 are the same as the linear connections induced in [2].
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ON JORDAN PLANE CURVES
WHICH ARE ISOPTICS OF AN OVAL

BY

STANISLAW GOZDZ

Let I" be an oval [3] and let A be a
' ‘ regular Jordan plane curve. In th
paper we give the sufficient condition for A to be an isoptic of the ovafll" ’
Let o be a region bounded by A. We assume that: .

(10) FCO’,

(2°) TNA=29.

Let X be an arbitrary point of A. We denote the straight line tangent to A

at the point X by Ix. Let i4 and {p t S
O =y t~
passing by X, see Fig.1. A B tangents to [' at points A and B and






