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ON GENERALIZED PSEUDO RICCI SYMMETRIC
SASAKIAN MANIFOLDS
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0. 8 .
e Psgn;rocll:tl.lct'lon. The notions of Pseudo Ricci symmetric and genera-
Chal iuino 198186(:[11] Syn:’ml&tnc manifolds were introduced by M.C
spectively. and MC.Chakiand SKoley in 1994 (2] re-

A non-flat Riemannian manifold (M",g) (n > 2) is called Pseudo

| = d
(1) (VxS)(Y,2) = 24(X)S(Y, Z) + A(Y)S(X, 2) + A(Z)S(Y, X)
where 4 is a non-zero 1 form,
(2) 9(X,P) = A(X),
for every vector field X and V denotes the operator of covariant differenti-

ation with respect to metric t . .
denoted by (PRS),,. ensor g. Such an n-dimensional manifold was

A type of non-flat Riemannian manifold (M™,9) (n > 2) is called

generalized Pseudo Ricci s ic if i i
‘ : cl symmetric if its Ricci i
identically zero and satisfies the condition S s SO

3 ) p /
(3)  (VxS)(y, 7} = 2A(X)S(Y, Z) + B(Y)S(X, 2) + C(Z2)5(Y, X)
where A, B, C are three non-zero 1-forms,

(4) 9(X. P) = A(X), ¢(X,Q)= B(X), 9(X, ) = C(X)
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and ¥ has the meaning already mentioned. Such an n-dimensional manifold
was denoted by G(PRS),. If, in particular A =B = C, then (3) will take
the form (1}.

Let M™,g) be an n-dimensional (n =2m+1, m > 1) differentiable
manifold with a contact form 7, the associated vector field £ and an (1,1)
tensor field ¢. If £ is a killing vector field, then M™ is called a K-contact
Riemannian manifold. A K—contact Riemannian manifold is Sasakian {3} if
and only if

(5) (Vxo)(Y) = g(X,Y)§ - n(Y)X

where V denotes the Riemannian connection g.

In this paper generalized Pseudo Ricci symmetric Sasakian manifolds
have been studied. At first it is shown that in a Sasakian G(PRS), (n > 2)
any two of the vector fields P, @, A defined by (4) are orthogonal to £, then
the other will be orthogonal to £. In general, it is known that the scalar
cutrvature of a G(PRS)). is not constant [2]. Hereit is shown that the scalar
curvature r of a Sasakian G(PRS), (n > 2) is constant provided @ # A

Finally, considering a conformally flat Sasakian G(PRS), {n > 3),itis
shown that if in such a manifold T # 0,Q # A where T(X) = 24(X)-C(X)
then the manifold is of almost constant curvature [8].

1. Preliminaries. Let R,S,r denote respectively the curvature ten-
sor of type (1,3), the Ricci tensor of type (0,2} and the scalar curvature of
M™. 1t is known that in a contact manifold M™ the Riemannian metric may
be so chosen that the following relations hold [3], [4], [5]-

(1.1) (&) =0

(1.2) 7€) =1

(1.3) ¢ (X) = —X +n(X)¢

(1.4) 9(#X, 8Y) = 9(X,Y) — n(X)n(Y)
(1.5) 9(X,€) = n(X)

(1.6) Vx€=—-¢X

(L.7) S(X,8) = (n—)n(X) -

(1.8) g(R(€, X)Y,8) = g(X,Y) — n(X)n(Y)
(1.9) R(&, X)§ = =X +1(X)§

(1.10) (Vxd)(Y) = R{§, X)Y

(1.11) g(#X,Y) + g(X,¢Y) =0
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for any vector
y fields X, Y. The above results will be used in the next sections
2. ‘

Generalized P icei i i
GIPRS), (n s o) seudo Ricei symmetric Sasakian manifold
(VxS)(Y,§) = VxS(Y,6) — 5(VyY, ) — S(Y, V x€).

Using (1.6) and (1.7) the above equation can be written as

(2.1) (VxSHY,8) = (n — 1)(Txn)(Y) + S(Y, 6X).

Putting Z = £ in (3) we get
(2:2) (VxS)(Y,€) = 20— ) AX)n(Y) + (n - 1) B(Y)9(X) +C(E)S(Y, X).
From (2.1) and (2.2) we have

(2.3) 2 = DAX)n(Y) + (n - DB(Y)n(X) + C(€)S(Y, X) =

‘ = (n = 1)(Vxn)(Y) + S(Y, $X).
Again putting X = £ in (2.3) and using (1.1) we get

(2.4) 2(n = Un(P)n(Y) + (n = 1)B(Y) + (n - )n(¥)n(}) =
= (n = 1)(Ven)(Y).
Mow
(Vx g)(2,&) = Xg(Z,6) - ¢(Vx Z,8) — (2, V 2¢) =

=Xn(2) —n(VxZ) - 9(Z,V x€) =
= (Vxn)(Z) - ¢(Z, V x€).

Therefore,

g:lfcz)(Z) =¢{Z,VxE), since Vg=0.

(2.9) (Vem)(Z) =0 [by(1.1)und(1.6)].

From (2.4) and (2.5) we get

(2.6) WPI(Y) + BY) +0(Y)n(A) =0 (\"n > 2).

Again, putting Y = £ in (2.6) we get

(2.7) 29(P) + 9(Q) + n(A) = 0.

Hence we can state the following theorem :
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Theorem 1. If any two of the vector fields P,Q, X are orthogonal
to £, then the other will be orthogonal to .

Considering a vector field X on M, the tensor field V x S is symmetric in its
two variables. Hence it follows from (3) that

(2.8) (B(Y) — C(V)IL(Z) +[C(Z) - B(Z)L(Y) =0

holds for any vector fields ¥ and Z on M. If in addition M is Sasakian,
then regarding the case Y = §, the above equality presents

(2.9) (@) — n(NIL(2) + (n = 1) [5(), 2) - 9(Q, 2)]€ = 0.
Contracting (2.9) over Z it follows that
Q- Nr—(n-1]=0

Then either Q=X or r=(n—1). Thus we have the following :

Theorem 2. In a Sasakian G(PRS), (n > 2), the scalar curvature
is constant provided @ # A.

3. Conformally flat Sasakian G(PRS), (n>3). In this section
we consider the effect of conformal flatness of a Sasakian G(PRS). on the

nature of its curvature.
It is known [6] that in a conformally flat Riemannian manifold

(3.1)
(VxS)(Y,2) - (VzS)(¥, X) = 5(—,11—_1—][&-()()5;0’- Z) - dr(2)g(X,Y)]

Fromn Theorem 2 we get in a Sasakian manifold the scalar curvature of
G(PRS). (n > 2) is constant, provided G # A. That is, dr(X) = 0.
Therefore, from (3.1) it follows that

(3:2) (VxS)(Y, ) = (VzS)(Y,X) =0

That is, the Ricci tensor is a Codazzi tensor. Hence the Ricci tensor S(X,Y)
can be written in the form according to Ch a ki and Koley[2]

(3.3) S(X,Y) = oT(X)T(Y)
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h —
where  T(X) = 24(X) - C(X), o= gy and g(X,v) =T(X). Itis

known [7] that in a conformally flat Riemannian manifold (M™, g} (n > 3)

, 1
(3.4) R(X,Y,Z,W) = -5 SV, 2)g(X, W) - S(X, Z)g(Y, W)+
+S(X, W)g(Y, 2) - S(Y,W)g(X, Z)] +

+r
= D)(n—2) YK DY, W) = g (Y, 2)g (X, W)]

\(wél-lj;'ere(;fc(g,t};, 4, W) = g(R(X,Y)Z,W). In virtue of (3.3), the equation
R(X,Y,Z,W) = —=[T(Y)T(2)9(X, W) — T(X)T(Z)g(Y, W)
+TX)T(W)g(Y, 2) - T(Y)T (W)g(X, Z)]
(3.5) + m[g()ﬂ 2)g(Y, W) —g(Y, Z)g(X, W}]
= alg(X, Z)g(Y, W) — g(Y, Z)g(X, W)
+6[g(X, 2)T(Y)T(W) — ¢(X, W)T(Y)T(2)
-g(Y, 2)T(X)T (W) + g(Y,W)T(X)T(Z)],
where a = (n——fﬁ'ﬁlﬁj and b = |:ﬂ—_—62:|- Accordingto D. Smaranda

[8] a Riemannian manifold whose curvature tensor ‘R is of the form (3.5)

n

Theorem 3. If in a conformally flat § ]
, ally flat Sasakian G(PRS),
3),&@ # X, T #0 then the manifold is of aimost constant cur(vaturg. "

'The above theorem has been i
: ) proved by Chakiand Koleyi i
assuming constant scalar curvature. vt peper
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THEORY OF FINSLER SPACES WITH m—th ROOT METRIC III:

STRONGLY NON-RIEMANNIAN SPACES
BY

MAKOTO MATSUMOTO

Thelory of Finsler spaces with m ~ th root metric has been recently
made rapid progress ([4], [7]) on the basis of two papers ([6], [8]).
The m—th root metric L(z,y) which is given by

L™ =a;,., (:1,')3;“ll oy

is seemingly a direct generalization of a Riemannian metric, because the
case m = 2 is nothing but a Riemannian metric. It may be, however, said
that all the attempts to establish the Riemannian geometry-like of spaces
with m-th root metric had come to nothing.

Nevertheless, to show that the m—th metrics are not so much removed
from Riemannian metrics in the sense that was introduced by RMiron
and the present author about eighteen years ago (5], is the purpose of the
present paper. The main results are stated as Theorems 3 and 4.

1. Derived F-tensors. We consider an n-dimensional Finsler space
F* = (M", L{z,y)) with the fundamental function L(z,y) which is defined
on the tangent bundle 7M™ over a differentiable n—-manifold M™. We put
F(x,y) = L?/2 and define

Fis. xle,y) = 0,0; - -6 F,
called the derived F-tensors, where 8 = 3/3y'. We have first

rl.l) E = Lll‘, F,_? = gljr Fl]k —— QCijkq





