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THEORY OF FINSLER SPACES WITH m—th ROOT METRIC III:

STRONGLY NON-RIEMANNIAN SPACES
BY

MAKOTO MATSUMOTO

Thelory of Finsler spaces with m ~ th root metric has been recently
made rapid progress ([4], [7]) on the basis of two papers ([6], [8]).
The m—th root metric L(z,y) which is given by

L™ =a;,., (:1,')3;“ll oy

is seemingly a direct generalization of a Riemannian metric, because the
case m = 2 is nothing but a Riemannian metric. It may be, however, said
that all the attempts to establish the Riemannian geometry-like of spaces
with m-th root metric had come to nothing.

Nevertheless, to show that the m—th metrics are not so much removed
from Riemannian metrics in the sense that was introduced by RMiron
and the present author about eighteen years ago (5], is the purpose of the
present paper. The main results are stated as Theorems 3 and 4.

1. Derived F-tensors. We consider an n-dimensional Finsler space
F* = (M", L{z,y)) with the fundamental function L(z,y) which is defined
on the tangent bundle 7M™ over a differentiable n—-manifold M™. We put
F(x,y) = L?/2 and define

Fis. xle,y) = 0,0; - -6 F,
called the derived F-tensors, where 8 = 3/3y'. We have first

rl.l) E = Lll‘, F,_? = gljr Fl]k —— QCijkq
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where [;, g;; and C;;x are the normalized supporting element, the fundamen-

tal tensor and the C-tensor respectively.
To write the fourth derived F-tensor Fhijk, We shall recall the T-

tensor:

(1.2} Thisk = LChijle + IhCijk + 1LiChik + LiChik + LChajs

where (|) denotes the n-covariant differentiation in the C ar t a n connection
Cr = (I‘;‘k,G},Cj'k), that is, for a contravariant vector field X (z,y) we

have ' o _
XY, =0; X"+ X7Cy, Cijk = 9irCi" k-

The T'-tensor is completely symmetric and has been introduced by
HK awaguchiand the present author in 1972 (I3], Remark 28.6; [1],

[10])
Throughout the present paper we shall use often the abbreviations as

follows:
anirGi "k + (1,5, k) = anir Gk + ar;vGi"i + arkr Gi s
IhCijk + (4) = 1Ciji + LiChjk +1;Chix + [k Chijs
FnFiji + (5) = FaFijir + FiFagir + F Frig + FyFriji + F Fhijk,
I4iCik + (10) = hliChp + WndiCijie + - + [liChij,s

where the right-hand side of the last one consists of ten terms.
Now, if we put

(13) Cl‘zlijk = Chircjrk + (T's js k)u
then it is easy to show
L ; 2
EFh:‘jk = Thijk — {InCijk + (1)} + LChijk-
Next we are concerned with the fifth derived F'-tensor Fpijkt, which
is written in terms of the covariant derivative as
Fuijer = Frigsli + FiyerCr FrjkrCi" 1 4 FruneCit 4 FrijrCh e
From (1.4} a long calculation leads to
QF. = Troiy — L{1.T: Lic,™.T.;
g Dhigkt — hizkl 2{ hiijkl + (5)} + 2{ h tdrjkl

(1.5)
+ (10} — L{UACE,, + (3)) + {lahiCor + (10},

3
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where we put

( 2Thijre = LThijelt — (RinCije + hiiChjk + hijChint
1.5, i)+ L |
) +hiChrij) + L (CnClie + Clricfhjk‘*
C/Clhix + CMeChys),

and h%},: gin ~ Uiy is the angular metric tensor.
e completely symmetrical property of Tyijx is easily verified from

Thizkli = Thijile = ~L{CpirS;" ,J !
7 { hirdj ki + (h,l,])} + E[{hfhcijk+

+(h': 11.7)} - {hkhcij! + (h,?,])}],
wherewS'j”u is the v-curvature tensor of CT
e are interested in the t.w0-—dimensic;nal i
case in i
have the Berwald frame (1,m)} and the main scalar [ T L7, ao we
. (2, y) ([4], [7)), defined
h,j = E&mym;, LCMJ' = Imhm,-mj,
where ¢ = +1 is the signature of the space.

In the followin
g we shall use the symb
that = ymbols myu;.0 = mpm; - .-
at we have LCy;; = Imy;;. The T- tensor is writgenkas R 50

( 2) L hijk 2T hiGk,
ere we put LSI! =, ;;l,‘ + S;gm,-. It is obvious that 1 0 for a scalar

field S positively homo
' geneous of degree zero in i
Since we have C7,., = 3e(1/L)*mpizk, we get e E

(1.49) -—-21 = (L2 + 3¢ Ympiin — IH{lymiir + (4
B 3] 2 “hijk ( 32 2) hijk {lh ijk ( )}
Next, fI’OlTl (122) and the differentia,tion formula Lm[ = lm w
ilj = —; J e

have

(1 BDa ifki =
2) 2LThijh = (L +121° — delympijne — Ta{lamin + (5))
Consequently (1.5) gives

(1s5)  Epog<l
7 e = 5(1;2;2 +10ef1y + 1213 - deNympiju
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1 -
g + 3T {nmiju + (5)} + T{lplimim + (10)}.
. . LR =
2. Cubic metrics and quartic metrics. We consider an
= (M™, L(z,y)) with m-th root metric L:
L™ = Qiyovipy (.’E)yi' 900 yi'“ 5
on

m( ) 4 8
13-t

d following we suppose m > 2.
o TWhéOc;Jegf;ihn(\)eu:ntie[ symetrigc tensor fields with the components

1 Sadl g Jm—r
= Oy iy gy i WEJY Y '
QAiyeip (x"y) - Lnl—r‘a“ R (

17 1] Cl .1 im a ]
Whele 1 <1 < . 11

have ({6], (8])

Mais — aiaz)y  gij = (m - Dag = (m = 2)aa
I.zd 4 ¥

' 9LCisk = (m ~1)(m ~ Dfaize — {asr + (0.4, k)} -+ 2a,a;a).

Since det (gi;) = (m — 1) det (ai;) Is easily sh_c;v.'n,dw;-:‘z sipzio(si
det (’;I_!)C¢ 0 (regl‘ixfarity). Then we have (a¥) = (a,‘j). ?n =a
"fu ) ; gt = o {a + (m - 2)a*a’}. Hence we obtain i8]

a lr}, - m-

9Ly = (m—2){aj'x — (Fiak + Hfag) + o' (2056, — ain}},
I \
o { 2LC; = (m — 2)(ai"r - nas)s

3 i 1o o

= i 0,k BOU C»i = ore.
where a;', = @' arjk & o .
From tae definition of aj, .., it foilows tha

A i 3 - R e 7 OV I ‘Iq . N
Ly i, = (m = @iy i — Bt O

Hence we obtain p
- I.‘Edj = (m - 1}(U‘J — q:j)
. [ .01 s """4"2a‘a‘(lk),
) .-'_zu.,‘jlkf—" (m—;)(ﬂ,ﬂjk%—&_}m,n ilj
m B m—2
1 — . o0 — iyl —
Lanijle = {m — 3)anije T 5 @hij =

r'4

L
{ahirai x+

Fani(2a50x — ajk) ~ oaixe + (- i,7)}
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Consequently a long calculation leads to

(2.2)
4LThijr = 2{m — 1)(m — 2)(m — 3)anijr — (m — 1{m — 2)2{ah,~raj'"k
+3)} + m{m - 1)(m - 2{{anaic + (4)} — {ana;e + (3)}].
which is also written in the form
QL.TM}'/C = (-'?'2 - 3)[(??1 — 1)(771 — 2)(:;‘_&_51:\_- - lh’:ljlk) - ?L{i’h(‘-'ijz‘.

(2.2} T} - {m = 2 {lalikyi + (6)}] - 2L°{ChirC, 7

H8)} =~ (m = Ydhpihyi + (3)}
The third root metric {m = 3) is cailed a cubic metric. For a cubic
inetric the three terms with the coefficient m — 3 in (2.2") vanish. Hence we

get
(2.3) QLTM_;;; = —{2L20hircjrk + hhghjk “+ (3)}
as already shown in the papers ([6], [8]).

Further (2.3) shows more imporsant fact as follows: It is casy to show
that for a general F™* we have [4]
16 oo« - . , )
EQL“&;B,-E)J'B;J:‘ = 8FJF,:1;J';C - 4F'{Fhijf;‘k + (4)} + 4F2{FMFJ;:
+(3)} - 2F{ P 5 F 4+ (6)) + 3P FF; By
then {1.1} and (1.4) yields

i2.4) iéiLéh 3-1‘5]'31‘-133-.:': ZLTpin + 2‘520.':::'_;'4&: + {’c"hih’jk 1+ (3)}.

It is obvions that L is & cubic metric if and saly 0,300 L% = 0.
en {2.4) shrows that this conaitic 1o given by (2.3},

Theorem 1 ([8]). A Finsler space is with eubic m *trie, if and osly
12 T'-tensor is writier as (%1},

Next we consider a qua:tic metric {m = ) siifarly to the above. Fop
veneral F™ we have {4]
i

5 0G50’ = F sy Taie T 4 (O} + (FaiFre 4 (103},
m{dd), {L4) and (1.5} lead o
14 a4 £ O ord I3 T
'S'aaaif’;’frff.'u‘ Zinijer + s Dijer + (0)}

LK T 270 i (1G4,

Therefore we have
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Theorem 2. A Finsler space is with quartic metric, if and only if
the T—tensor satisfies

(2.6)  2Thijie + {WnTijer + (8)} + {LCK iTrjut + 2Chishet + (10)} =0,

where Th;jxi is defined by (1.55)-

Remark: For the two-dimensional case (2.3) and {2.6) lead to the
beautiful characterization of cubic and quartic metrics respectively which
are given by Theorem 4 of [4].

3. Strongly non-Riemannian spaces. The notion of the intrinsic
orthonormal frame field in an F" was defined by RMiron and the present
author [5] as a generalization of the Ber wald frame of the two-dimensional
case and the M o 6 r frame of the three-dimensional case ({3], =X 27-29).

For a general F" = (M", L(z,y)), if we put

1

Liiige=y = ?éﬂ x '3.’2,,_,[42, r>1,

then a sequence of covariant vector fields is given by

Ly = Ly, Lyp1)i = L:‘j,---jz.gj‘” .. .gj?i—ljmv, s> 1.

Ly)i and Ly), are equal to L1; and Ci(= Ci",) respectively. Thus Lyy;
vaniches for a Riemannian metric.

Definition. A Finsler space of dimension n > 2 is called strongly
non-Riemannian space, if n — 1 vectors Ly, r = 1,...,7 — 1, are linearly
independent.

Thus, we can construct locally an intrinsic orthonormal {rame field
from Lyyi,r =1,...,n—1 for a strongly non— Riemannian space. It is
obvious that a three-dimensional space is strongly non-Riemannian, if and
only if C; does not vanish ([3], £29).

As it has been shown in [2], the third vector L3); is written in the form

1
2L3), = +(T"il-+ 9CTTy; + 4C " Trgti} + 3C" Dy

=~

n—2
L2

(3.1) +(Crcs + SDr.g + %Tra)cr’i - C{

i 2 T
—— 4D + —=)1;,
L(?C + + L)

7
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where we put

Cz - r . e TS
(3.1) { © o D= GG D=0y,
Tij = ¢ Tewij = LCi|; + 1iC; 4+ 1,C,, T = ¢"*T,, = LC"),.
In the notation of the present paper we have

1 ..
La+l)i = 2—Jﬂj1...32,g-7‘32 . .gj2a L2,

Then L3)' — hi hy ki P
: i ihjkig "’ g" /4 and it is easy to show that (3
derived from (1.5) together with (1.5,). The definition Zbc(w;:l%e;:j: tl())e e

Proposition 1 ([2]). We put

1 r
M= (T |- +2C7Tri + 407" T,4) + 3C” D,

+(CrCy + 8D,y + %T,,)crs,.,

If 1;,C; and M; are linearly d i
non_Riemann;a;,, 'y dependent, then F™,n > 3, is not strongly

Remark: We have [2]

r j 1

{3.2) T il = LC,-ljlng" + {TLi + (n - 2)C;}.

L 1
Sinca liC'ljlkgjk = —QCPI /L we h i
Y /L, ave 1'T";}, = -C"|,. = =T

Consequently, if 1;,C; and M; are linearly dependent, then we |ha,ve £

3. R

( 3) M; = ~F(T1;+SC,-), T-—.LC"lr,

wher(—;NS is a sca,lar' positively homogeneous of degree zero in y'.
ow we shall deal with the problem: Whether is an F™ with cubic

C

The expression (2.3) of the T-tensor gives

Tij = —I:(Crcrfj + 2D1]) — %lhij-
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From this and (2.3} we obtain

1
Tijlk - {(n2+2 ~—7 hij +Crcrij + Qdu) + (l 5.k }
—HCT Traji + C7" {Trsit) = C Tk = C Trigie

Consequently we get

n’ : r rgi roe
pr = (et 4 0 2D)l = 30 Ty = 207 Trgsi = CT T,
de =0

and M, is written in the form

1 LYsis \rs CS"::
Mi-_f( T L 62 1 9D) 4+ 38" Dei 4 (CCs + 8Dr,)

+}“((~rTﬂ+/wrsTm+QCrstTru )

It is observed from (2.3} that

f‘JTSb

Yaini Y
9

—BLCT Dy
£y

frati ™

. . L .
inatly e obtain & of 2 cublc melriz i the form

(3.4) Yow e AT (2 4 T

-

bich 1 of she form {3.3). Therelare we have one of the malrn resyiis a8
Weisn B [ o3} A 5

{oliows:
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Theorem 3. A Finsler srace with cubic metric of dimension more
than three is not a strongly non-Riemannian space.

Next we consider a Finsler space F™ with quartic metric and deal
with the probiem similar to the above. For this case we have (2.5) where
the v—covariant derivative of the T-tensor s contained. From {2.6) we get

ETM‘?thJ‘qk - Ti o 2L(ﬂrTr1 + 2CrstTrs -+ 207‘5“ roii)

~4(n + 3)C;.
On the other hand, {1.5,)gives

2Thijig" i g™ = LT |, + LHC,C,C™5 + 307 Dy + 807, 0,,)

”"(Ta -4+ 2)8,‘.

From these equations i+ foilows that

LI‘rilr - "-T!, o (37@ + 10}0 . Lt Crlr; ‘i'(:.'y‘D J_ r‘rrsrT !t!)

PR 4 . .
~ &7 {':/." ‘vs & SDr.q + -;.-T_—S)C' qg’.
i

L

‘-onsequently we have A of & quartic metric in the form

“tich is of form (3.3). Tkherefore we have
Ed

Theorem 4, A Finsier space with quaitic matric of dimension more
thian three is noi a strongly non-Riemannian space.

Remark: Theorams 2 and 4 show that a cubic metsic end 2 quartic
*":'rzc are similar £0 a Hiemannisn metrie in » eonav, 28 naturally conjece

We have already such metrics, (o, f;—n. etrics, as shovin in 1977 (2 o

As & consequence of Theorem 3 wa Lave the possibility of ”:‘a!.zcﬂgz_v
ton-Riemannian” for three-dimensional spaces with cubic metric. Such
& space has the non-zero ;. From (2.1} it foliows that a Finsler space
*ith m—th root metric has C; = &, if and anly if €™, = na;, where
‘vT:' — (qrs)—l
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We treat of three-dimensional case in particular. First we have

a(= det (@) =

_ 1
T 2¢l?

abe i,7..k
S7r e e Capitthaiterk VY'Y

rht a1k b
e™Me M ap 0y’ Y

ara

where ¢ = §%85. Thus, if we put

b
(3.6) Aijk = €2°eP T agpitingiderk,
then we get

1

1 3¢ :
3.7) o= Ay Yy, e = 5o Aijr’y*.

613

It is noted that A;jx are functions of position ¢! alone. Consequently, if we
use the index, we have a"%a,,; — 3a; = 0in the form

(3.8) Agooioo = @ooo Ao

which is a homogeneous polynominal of order five in y'. It is easy toshow
that A;;x may be written as :

a11; @i12¢ 413d
’
{(3.6) Ak = | @21;  @22j  aos; | +(6),
@31k @32k 933k

in our abbreviation.

Proposition 2. A Finsler space with cubic metric of dimension
three has C, = 0, if and only if (1) a"e,si = 30y, or (2) (3.8) is satisfied.

Example 1: We consider again the three dimensional cubic metrics
L3 = er(y")° + ca(?) +ealy’)® + 6by' vy,

of the normal form [4]. We have aj = ¢, 1 = 1,2,3, and a3 = b.
Hence it is obvious that Ay = —6bfci, Ak = 0, 4k = 1,2,3,#, and
Ays3 = ¢16z¢3 +2b%, Thus we get ajo0 = ap® +2bgr, {prq,7) = (¥, ¥, 9,
and

L Matsumoto M.
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A]OO — “()bECIPQ + Q(CICQCS + 2’)3)9'1,,

- 2
Aooo = ~6b*(c(p? + c2q° + c3r?) + 6(ercacs + ‘2b3)pqr.
Consequently we get,

A — : .
000100 (100044[00 = 2(C1€2(_‘3 +853)(2L‘1p5 - czqa _ (:31'3)qr_

‘Therefore we have C; = 0, if and only if
(1) e2coc3+86° =0, or(2) co=ca=c3=0

T'he former is the distinctive condition as has been seen in

leads to L® = 6by'y?4® whi .
¥°y° which i .
Proposition 24.2). /] ich was indicated by A.M o0 6

[4]. The latter
rin 1954 ([3],

Example 2: We consider also the exceptional cubic metric {4]:
3
L* = 3ay'(y")® +b(s*)°, ab#0.
We have (a;33, azg3) = (e, b) and
L2 (alaa2:a3) = (arzquzs QGP’")a

L{aiz, az2, a33) = (ar, by, ap),

i
—(a',q® gy = (2 1 1
L ) (arz’ar’bq)’
1 : .
—(art'i, a2, a5%) = (0 11
L ir@3'i) = oy

Conscquently a;", # 3
i ir a; and C , . .
L is strongly non—Ricm:mnian_ i # 0. Therefore the Finsler space with this
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e g'}r\ggg TIME BEHAVIOUR FOR
ASTIC VARIATIONAL INEQUALITIES

BY

A. BENSOUSSAN and A. RASCANU(!)

€ endel‘lce on lnit]al dat arge time beha\,r 10} f th l t
a and | i our ol € solution
0! par ElbOl.lC StOChaStulC Valiatioﬂal inequalil‘.y

are Studled. Ihe e q
Xistence alld u ueness (]! a 1nv ante m re l[)] the S()lll!, S
nt arian
£au h 10Ns 1s

. I . gy
. .

0. Introducti
T SO;utliz:- fln the paper [2] we studied the existence and
of the parabolic stochastic variationa) ineq‘ualiti
es:

(0.1) du + Aoudt + dp(w)dt 5 F(t,u)dt + B(t, u
{”(0)=uo,te[0,T] )t + B(t, w)dW (1

Certainly to i i
y to put in evidence some properties of the solution are neessary

In this p: i
paper we start with several results on regular dependence of
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whose generous support is grateffuly acknowledgged e A e duly o,





