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0. Introducti
T SO;utliz:- fln the paper [2] we studied the existence and
of the parabolic stochastic variationa) ineq‘ualiti
es:

(0.1) du + Aoudt + dp(w)dt 5 F(t,u)dt + B(t, u
{”(0)=uo,te[0,T] )t + B(t, w)dW (1

Certainly to i i
y to put in evidence some properties of the solution are neessary

In this p: i
paper we start with several results on regular dependence of
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Let (Ho,|-lo), UL 11}, (V) || -11) be real separable Hitbert spaces and
(B,{| lig) be a real separable Banach spaces. We assume:

(0.2) Wis a Ho valued Wienner proces with respect to a complete right
continuous stochastic basis (Q, F, P, (Fi)i>0) and Q=3 A (hedo

1
(A >0, A <00, {e:} an orthonormal basis in Hg) is the covarnance

i
operator of W, and

(03) VcCBCH=H"C B* ¢ V* (1) where the injections are continuous
with dese rangeand Vr>0 3In. >0 such that ||ull g < rljullv +
noluly, YueV(E).

We shall denote

DI = trDQD" =) _ Xi| Deil’, v D € L(Ho, H),

and AP(W,Ho, H), p 2 L, the space of the point-wise F,—-progressively
measurable (t- a.e. adapted and measurable) stochastic processes

f:Qx]0, T[— L{Ho, H){3) such that
T
E [ |J(0igd)"* < oo
[

If ¢ : H =] —00, +00] is a proper convex l.s.c. function then we denote

Dome = {h € H: o(h) < oo},

dp(u) ={h € H:(h,v— w) + o(u) < plv), YvE H},
Jouy = (I +€dp) M (u), >0,

gelu) = inf{3u - v|* +ep(v) v € HY}, ¢ >0,

Dpe(u) = Ope(u) = u — Jeu

(see V.Barbu & T.Precupanu [1] or H.Brezis [3] for the properties of

Op, Je, Pe Deoe).
The equation (0.1) given, one assumes also:

1 g=* B, V* are the dual spaces.
2 This last condition is satisfied if, for example, the embedding V' C B is compact.
g

3 vtel0,T), Vho€ Ho, VheH: (w,5) = (f(w, 8)ho, h) :
Q x [0, t] - Ris Fy % B[Os‘l measurable.

3 oy
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1

Ag € E[V1 V*).Ao Aa,

0.4 i
(0.4) < Aov, v >> agl|v]]? (g is a positive constant ),
D{Ap)={veV:Ave H)}.

F(t,-):V = H, t€[0,7]
3 L,K >0such that Yu,veV:
(0.5) i) Pt u) - F(tv)| < Ljlu—-v||, t-ae.,
iy [F{tu)] < K1+ ||}, t-ae,
ie)  se (F(s,u),v):{0,T] = R is measurable.

(t- a.e. means “dt — a.e. t € [0,T]").

B{t,-): V = L(llp, H),t € {0, T].
' LK1 >0, 3b,.d) €]0,ag], s.b. YuveV, Vhe Hy
(0.6) &) {B(t,u} - B(t,0)5 <biflu—v]* + Li|u—v]}, t—a.e. |
i [B(t, u)|5 < dilfull® + Ky (1 + Juf?), t—ae., |
t11) s+ (B(s,u)h,v}):[0,T] = R is measurable

| K, >0, 3d; €]0.a0] sit. Ve D(Ag)
(0.7) i) Bft,v) € L(Hy, V), t—ae,

.. 1 Y 5
i) 1AEB(L I < L2400 + Ko (14 |off), t—ae.

1) i) @ H -] - o0, +00]is a proper
(0. - lowe-semicontinuous convex functiou,
i) @(u)>e(0)=0, YueH

{ The ion i '
last assumption is made for convenience only, and can be removed)

(0.9) (Ao, Dp(w)) >0, ¥ u € D(Ap).
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Juye H, Ary>0, 3 Mj > 0 such that:

0.10
o oo+ roh) < Mo ¥ h € B,llkllg < 1.
i)  Dye(u) € B, Y u€ D(Ad),
(0.11) i) ¥r>0 37 >0st Ve D(Ap), V¢ €]0,1].

1Dee(w)lig < (1 + [lull) + 7-| Dee(u)l.

In the sequel L2,(---) will denote the closed linear subspaces of adapted (or
a.e. adapted) stochastic processes f from the corresponding space L%{-- ).

Definition 0.1. A stochastic process u is a (strong) solution of
Eq.(0.1) if '
) we L2,@x10,T(V) N L24(@:C(0,T); B)),
i) u(w,t) € Dom(y), (w,t)—a.e. and @(u) € L'(2x]0, T,
i) 3ne Ll (%C(0,THV)N L*(Q; BV(0,T; B))
such that n(w,0) =0, w — a.s., and Vi€ [0,7T], w—a.s:

u(t) + Eonu(s)a!s + n(t) = uo + 0ftF(s, u{s))ds+

¢
+ | Bs,u(e)dW (s),
o
iv) (subdifferential inequality) Yv € L*(Q;C([0,T}; B)) :

2l T
(0.12) E[ <u(s) = v(s)dnls) > ds+ B[ p(v(s))ds >

T
2 B[ plu()ds
v)  (Energy Equality)
on‘ < v(s) + Agu(s) — F(s,u(s}}, v(s) u(s) > ds+
+-;—E(_f |5(s) — B(s, u(s))lhds + LElvg — uol*+
-}-Eoft < v(s) — u(s), dn(s) >= ;Elv{t) - u(t)|?

Vee[0,T], YuveWe(@x]0,700 LY C(0,T) B)),

1
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where W,4(2x10,T() is the space of stochastic processes
v € Leg(@x]0, T V) 0 Ly (2,C([0, T); H))

of the form:

t t
v(t) = vo + [v*(s)ds + [ B(s)dW (s)
(0.13) , ° o
with vo € L2(Q, Fo, P, H), v* € L2,(Qx]0, T[: V*),

o€ AX(W; Hy, H).

W . P
_— e call also (w, ) solution for (0.1) (from {0.12-iii) 7 is unique defined

Theorem 0.2. Let the h 1
.2, ypotheses (0.2)-(0.11) b
assumes also that there exists p > 2 such thag (O be satished: - One

(0.14) i) wo € L*(Q, Fo, P;V)
i) plug) € LP(R)

and the constants by,dy,d; from (0.6) and (0.7)
: ydy, ) .7) are not too large('). Th
the equations (0.1) has one and only one (strong) solution (u, 15. (l\/}oreovii

this solution satisfies:
a) w{w,t) € D(Ap), (w,t)—a.e.,
b) we LT(Q;L°(0,T;V)),
(0.15) ¢ p(u) € LP(Q L0, T)),
d) Aou € LX(Q; L*(0,T); H)),
€) n€LP(QBV(0,T;B))nLE(Q;C(0,T} H)),

and is obtained as limit for ¢ — 0 of the approximate solution (u.,7.) of:

due + Apucdt + LDy, (u.)dt = F(t,u.)dt + B(t, v, )dW (t)

(0.16) ue(0) = uo,

7 (t) =

M frr

{Dcp,(ne(s))ds, £€j0,1}, telo,T],

l . —
for example 0 < dy,dy < 2—{-};5&0. 0<b < -:-lgao
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as follows:
@) lim u, = u strongly in L2,(9;C([0, T], B)n
£—=0

(L2 (S2x]0,T[; V) and weak star in L3, L=(0,T; V),
“ad s 1 ] l
(0-37) b)  lim g, = n strongly in L2 ,(;C([0,T]): V™)) and
e—0

weak star in L¥(Q2; BV(0,T; BY)).

Also there exists a constant C' = C e“?T v\.n'th C1,Cs (i{:)cfependent of
e.ug. T. such that ¥ q € [1,p] the following estimnates hold"*’:
y Uy £

o) E sup lue(t)|?? < C(1+ Eluol*)
tel0,T]

B B llue(®)IPd)? < C(L+ Eluol™?)
0

2
¢ E sup |ne(®)llfg < CO+ Eluol™)
tefo0.7]

S B By ppry < OO+ Eluol) ,

o E sup lluelOlP? < CO+ Eljul™)

1€[0,T]
5B Ao ()Pdt) < C(L+ Elluol™)
4]
and
r 2

(0.19) E( [ H(u(t))dt)’ < C(1+ Eluol*")

If w and @ are the solutions of Eq.(0.1) corresponding to initial data
ug and i, respectively, then V0 <s<t< T:

(0.20) /(u(r) _a{r),dn(r) — di(r)§ 20, P— as.

8

jvely, obtained
{1} The same inequalities hold for u, 7 in the stead of Ug, 1g, respectively

by passing to liminf as &€ — 0.
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The proof of this theorem is given by A.Bensoussan & A.Riscanu in
[2] less the explicite estimates (0.18) and (0.19) which are easily obtained
from the estimates given in [2], Section 2. Remark also that (0.20) follows
from (0.12) by a standard calculus.

1. Dependence on initial data and Markov property. Let
us remark that Theorem 0.2 obtained for the time interval [0,7] can be
generalized in a natural way to intervals [5,T), s € [0, T) with o-algebras F,

playing the role of the o—algebra Fy, and W(t)— W(s),s < t, the role of the
Wiener process.

We shall denote u(t;s,€) the solution u(t) of Eq.(0.1) on [s, 7] with
the initial condition u(s) = £. Denote also u{t; €) = u(4;0,6).

Proposition 1.1. Let the assumptions of Th.0.2 be satisfied for the
fnitial data wy, iy and let (u,7), (i, i) be the corresponding solutions. Then

3C = Clayg, L, Ih,01,T) > 0 a constant independent of wuy and 4y such
that:

a) E sup |u(t) — a(1))* < CEjuy — g%,
tef0,1]

T
(1.1) b B Jilu(t) ~ a())]fd < CBlug — aol?,
0

<) E sup |In(6) = 3(0)l|}. < CEjug - o).
t€[0,T)

Proof. From (0.17) is sifficiently 1o prove (1.1) for u,, i, in stead of u
and %, respectively: then (1.1) follows passing to limit for ¢ — 0. By Energy
Equality for u.(¢) - i.(t) we have

{
lue(t) - (O + / Ge(r, uelr), e (r))dr =

!

= |u.(s) — ﬁE(S)l? + 2[(“; = i, (B(T, 1) ~ B(r, it.)}dW (7))

forall0<s<t<T, P- a.s., where

(1.3) .
Ge(r,u,v) = ‘2<Ag(u—~v),n—v>+§(D<ps(u)—que(v),u—v)-
=2(F(r,u}) — F(r,v),u - v) - IB(T,'u) - B(r, v)[2
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Since

Ge(ryu,v} > 2apl|u — v||* — 2L|ju —vsz[u—v|—
Z bl — ol = Lafu = vl

> aallu -t - (

+L0) Ju-of

ap — by
then
) — B a0 [ llulr) — Tl < Juele) = B (P
(14) +(ao_ ) ftuct) - acoars

+2 f(“r: - ﬁs: (B(Te us) - B(T? ﬂe))dW(T))
which yields, using Gronwall’s lemma:

MU=y, (5) ~ ie(s)]?

(a) E(|ue(t) — ﬁ,_-(t)lglf,) <
(1.5)

ith M = === + L1. . ' |
h By Bziklblolder Davis-Gundy inequality and (1.5) we have

r

oF sup | [ {(ne — ite, (Blue) —
TE[s,t]' .

B(ii))dW)] <

t
< 6E f e — 2} B(ue) — Blie)|Bdr

}-E sup |ue(T) --ut{'r)]2 + 18E/IB (ue) — B{# )|2 dr
-2 T€[s,t]

b) E} Hue(r) — e (7))|2dr < ',;-OeZM(t—a) Elu.(s) — fie (8)°
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1

< B sup fue(r) ~ @ (r)]* + 18"’1E/””"ﬁ6”2d"

T€[3,t]

+18L,; /Elue(r) = ﬁ,(T)IQdT
1
< '?: < S‘;P]’UE(T) = u,_.(‘r)l + (s, t)Eue( s) — Ue(s )Iz
TE|s, !
where

Cis,t) =18 (-bi + L]) (2M+1)(t-3)
o
Now from (1.4} we obtain:

(1.6) E sup fue(r) - i (r) < C - BMEVE3) Bly, (5) ~ a,(s)[2
TE(s,1)

vhere C = 2+36 (& +L,)
in (1.5) and (1.6) we have for all 0 <s<t< T

a) E(lu(t) = G(OPIF,) < eMU-9I]u(s)
wny 9 Eflur)

—u(s)?, a.s.,
— a(r)|ffdr < eM=2i Blu(s) — T(s)]2,

¢) E sup |u(r) - u(r

e I < CelHA=2 Bru(s) - 7(s)p,

where M =

b + Ly and C-"2+36(—1-+I ).
The mequahLy (1.1-¢j follows now from (0.12-ifi). The proof is finished

Let,

|
18) D, = {{ e I*(Q,F,, P H) 3¢, € LMQ,F, P;V),
Elp(€u)l* < oo, Ejgn - €* — 0},
Let us remark that
2) {0}CDeC D, CPp, Y0<s<T,
(1.9) b} Dy is a closed set in L*(Q, F,, P .

¢) £€D, == Elp£)) <o,
al Dom{p)nV C D, Vs e[0,7]

157

. Passing to limit for a subsequence ¢ = En —= 0
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Moreover if the function @ satisfies
(1.10) Vze m 3z, € V0 Dom(y) such
that #, — x in H
then
(1.11) Dome CD,, ¥sel0,T]

The estimations (1.1) show that we can generalize the notion of the
solution for Eq.{0.1) extending by continuity to g € Dy
if £ € D,,s €[0,T] fixed, then

(e, 60) € LA L6, T5V)) 1 L2l C (s T3 B)),
w(ul;8,6a)) € LA, LY (s, 1))
(s 8, €a) € I3 ( BV ({5, T0; BY)) 0 Lig(Q C([s, 1T H))
and from (1.7), (0.18), (0.19) we have:
E sup |u(t; 8, Sn) - “’(t;s:fn)tz S CFE|E11 - &ml2
te[s,T)

T
E/ “U.(f-; SaEn) - u(t§3,'£rn)"2dt < CTEitfn = ‘ﬁmr3

T
E / o(ult; 5,&x))dt < Cp(1+ Eléni*)

E sup lin(t; s,€0) — n{t: Sxém)lﬁf' < Crlén — Emi!
refs, I)

Elln(-is, E“)”HV{s_T;H'} <Cril+ El‘fnlg)

where Crp is a constant independent of 5 € [0,77] and the sequence {€an €
: Hence there exist
n(;5,8) € L2 C{[s, 17, 1) D 12,(Qx]s, T[V) = X

el

1.12
(1.12) s s.6) € L (@ Clls TR V) 0 LY BV (.13 B))

11
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such that
a) nli_)moo uf;8,&n) = ul-;5,€) in X,
b) nh—rmoo n(';s?fn) = 7?(:3,5) m Lid(Q;C‘([s’ T]’ V.))

(1.13) and P - a.s. in BV ([s,T]; B"),

T
¢) Ef e(ult; s, €))dt < Cr(1 + EIE?),

d) E”"](';Saf)ilav([s‘r],B‘) < Cr(1 + EE*).

Definiti
corresponding to inisil dan OUPle (uyn) from (1.12), (1.18) with s = 0
' at datum § = uy € Dy is called the generalized solution

of (0.1).

R ;
emark 1.3. The generalized solution u(t; uo) is unique since

a) E o) — U U
) B s [u(ty0) ~ u(t, o) P < CrEluo -~ Gof

b E s ug) ~ n{t; &
) t:{\:}f;}lln(i,uo) n{t; @)l < CrEluy - Uol®

(1.14)

Moreover the generalized solution satisfies:

(1.15)
a) €D, = ult;s, &) €D,

b) 0<s<r <t <T = ultys,£) = ulty 7, u(r; 5,€))

i
ch u(t)+ ;f Aou(T)dr + p(t) = u(s) + [ F(r,u(r))dr+

+ [ B(r, u(r))dW (1),

(i) :i < U‘('f’} + Aon(T) — F'('r, u(‘r)), 1){1‘-) . u(.,-‘\ > drd

VO<s<t<T, P—-a.s.,

t

t
1 e v~
+3 [1307) = Blr, () = [(@(7) - w(7), Blr, w(r))ai¥ (x)
.._1 Givls ¢ t .
5 Biv(s) — u(sii® 4 f(v())dr > %E]v(t) —u(hF + fic,:(u.(r)}:jr.
VO s<t<T, P—as, Yoe W, 00,1, S
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where W,4(0,T) is the space of stochastic processes
ve L2 (00, T HYN L2 ,(§2x]0, T[; V) of the form

t

t
v(t) = v +[v'(‘r)dr + /E(T)dW(T)
0 0
with vg € L*(Q, Fo, P;H), v" € L, (Qx]0, T V), Ve A*(W; Ho, H).
Also by continuity with respect to initial data — (1.14 a) - the inequal-
ity (1.7-a) is preserved. Hence for M = L 4 L, we have:

ag=—b1

Corollary 1.4. If ug, i € Do then e™M*|u(t;uo) ~ u(t; %o)|? Is a
super—martingale.

To the end of this section we assume that (1.10) i8 satisfied. Denote
K = Domg. Let By(K) and Cy(K) be the Banach spaces of all real bounded
Borel and respectively continuous functions ¢: K = R endowed with the

SUP-NOTM.
Define for 0 < s <t < T and g € By(K)

(1.16) (Pyg)(z) = Eg(u(t; s, z))

Let us remark that if ¢ € Co{ K) then Pyg(-) € Ch{K) since the convergence
in L2(Q; H) implies the convergence in probability and in law. Hence the
(generalized) solution u has the Feller property.

The transition probability of the solution u{t;s, ) is defined by

(1.17) P(s,z;t,T) = Pylp(z) = P({w: u(w, t;s,z) € ['})
for I € By and is concentrated on K:

P(S,l?;t,K):: 1, P(S}$1;t:f-{\m =0

Proposition 1.5. Let the assumptions (0.2)-(0.11) and (1.10) be
satisfied. Then the stochastic process u(t:s,z), 0 <s<t< T, z€ K=
Dome. is a Markov process vith transition probability Py, 0 <s <t < T
that is:

(1.18) E(g(ul(t;s, 2| Fs) = Prglu(r;s,z}),  as.
forali0<s<t<t<T, VgeBy(X).

The proof is the same as in [5] - Ja Prato & Zabezyk, p.249. Important
is to observe that u{f; s, 2) satisfies (1.15-b) and ufi: s, x) is measurable with
respect 1o o({w(r) — w(s),r € [5,4]}) and therefore in independent of Fj.

1¢ i
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Proposition 1.6 Assuine (i
r Rl " 0-2 - 0.11 d 1.1 5
Then Vge By(K) and 0 < s <7<t g)T(ho}j; and (1.10) are satisfied.

ﬂ'a) P.s‘r(Pq-tg)(.'E) = Pstg(x)’ V e K’

b) P(s,a:;t,F):/P(s,x;r,dy)F(T,y;t,F)
K

Morcover if F(t,u) = F'(u), B(t,u) = B(u) then

(1.19)

{1.20) Poy=F,t—5 0<s<t<T

Proof. (see [5] - Da Prato & Zabczyk p.251):

(Pog)(z) = Eg(u(t; s,2)) = E[E(g(u(t; s, z))| Fr)) =

= EP; 1g(u(7;5,2)) = Pyr (Prig)(z)

that is {1.19-a), and f = 1r .
obtained from ) o Ir, follows (1.19-b). The equality (1.20) is

Eg(u.(t;s, Tp}) = Eg(u(t - s;0, Tp))

passing to limit for ¢ — 0 and then z, — z.
=
The next results will gi i i
. . give supplimentary informations on continuity i
: t
le(t;: for the SOlUtlf)n started from ug = 0. Also the estimates finded :rlxllytlw:
use fﬁr asymptotically behaviour problems.
et

(1.21) Yo > sup{Jul/ | u l:u € V, u £ 0)

Since the inclusion V C H is continuous then th

Denote e sup{...} is finit.
ﬁ:;—fg(?&o“—bl) 2‘—)’%_111’
(1.22) bo= 2%+ L1 +1,
2
— A
Cn8)=B- (L - L) — sy

where A €]0, 2ap —5,]. & 2ag—b; — A
0< by < C]!O]. o—b1[, é €]0, —“—‘—-{,IH ] (recall that by the assumption (0.6):
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Proposition 1.7. Assume (0.2) — (0.11) be satisfied with F' and B
do not depend on timet. Then V0 < s <! we have

]

@) Eut0) < (1 + %) PO +BOI] [ e=c09ar

0

] —dbos w

(1.23) b)) Elu(t;0) — u(s; 0)4* < (1 + %) [l F(0))* + [B(0

t

X /.e_(‘(‘\-“s“d'r,

5

for all A €]0,200 — by[, V¥ 8 €]0,229==21].

Proof. We shail use an idea from [5)-Da Prato & Zabczyk, Theorem
11.21, p.327. Let W a Ho—valued Wiener process with Q as covariance
operator and Wis independent of W. We extend W(t) fort <0 by

W(t) = W(-t), t<0

and consider u, ,(¢) = v -{t; =7,0},7 >0 the solution of the equation:

due +(t) + Aotte 7 (t) + £ Dpeue 7 (¢))dt = Flu, - (t))dt+
(1.24) + B(u. - (t))dW(t)),
e (—7) =0, t>—7T

Then it is easily seen that:
Lt (0)) = L{ue(r;0,0))

(the random variables e, r{0), u.(7;0,0) have the same law).
By Energy Equality we have Vit 2> -7:

t

Elu, -(t)* + / EL (it -(s))ds = 0,

-T

where

L.(v) =2 < Apv, v > +§-(que(v),v) - 2(F(v),v) — |B(U)‘2Q

15 ‘
_ _]_,,A_R.\LE_’] IME BDHA\/]OUR FOIL PSAY \’l
; A N - 183
Hence
) d

1.25) — O+ B
( 43 ot EI?I,E,T(‘” - .ELE ':'H,E'-,- {t)) =,
But, -

Le(v) 2 200 | v I —=21F () ~ F(O)l|o] - 2| F(0)fje]—
—(146)[B(v} - BO)[E - (1 + PIBO)G >

> (200 = A= (14 8b0) v ) — (£ 484+ (14 6)Ly ) jof?-
+ 1) 1BOG - HFOF 2

(1+
(Pomtagi=ts - 25— (14 ), o
~(1+
C(A

v

+3) (IF ) +1B{0)3) =
A = (14 1) (IFO)1° + | B(0)]3)

for all A €]0,2a0 — &, 6 €0, 2ag=bid 3y
Then frem (1.25) it follows

2 Bluer(OF + C\ 8 Blue - () < (14 )(IF(O)'2+!B(O)|Q)

and by integrationfrom —7 to ¢ we have:

) ' !
(120 TN B, 0F < (L+ (PO +1B(0)R) f ey

If we put ¢ = 0 one obtains:

fr

E e 5 2 < ! = ]‘ ] (o ) r
e (75 0))% < [1 S} (PO +(B(0)(%) /e~cg,\,s}r
b

which yields {1.23- a), for e -~ Q.

Let now 0
t> —8 one has < # < 1. Applying It&’s formala to

luc () — 1e - (1)]2, for
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t 9 l2
Elu, g(t) — ue T(t)l2 + / EG (e a(r), te(r)dr = Elu, o(—8)
1 _9 )
or more
iE‘“E a(t) — us.r(t)P + EGE(“:,E(t): ue,r(t)) =0,
dit '
where
Ge(u,v) = 2 < Aofu - v)),u—v> +2(Dpe(u) - ngoe(u),u —v)—
o ~2(F(u) — F(v),u —v) — |Blx) - B(v)ig 2
> 2apl|u — vfi? — 2Ljjw — vl] |v —vl~
N e AV 2 2
> (200 = A = b)lw = vli? = {5 + Lollu— ol 2
> (2eamp=h - Lo — Lylu— ol =
2 2
= (C(/\, 6) + 5b0)|’!£ - 'U‘z
1 /\EO,QO’D-bl[. ) '
E:; :bove Eve obtain by integration from -8 to 0:
—(C(7,8)+5b0)# _?
(1.27) e 6(0) — e, (0)f2 < e7 (GO EBlu,  (~0)]

and using (1.26) for t = —8 > —7 one follows
! 2
—3bof L
Elu.(6;0) — ue(r; 0)f < e7*°(1 + 3) [IF(O1°+

T

—C{A,b8)r
+1B(0)|%;]fe 0rdr
[’}

which yields (1.23-b) passing to limit for € — o.
Clearly from (1.23-b) we have:

.. .  fod
Corollary 1.8. If the assumptions of Proposition 1.7 are satisfi
¥ R>0 3Cgr>0such that Vs, tel0,R):

Elu(t;0) — u(s, 01 < Cr(t = s{IF(O) + |B(0)15]

then

(1.28)
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(the constant Cg depeds on R, aq,90, b1, L, i)
Also from Proposition 1.7 follows:

Corollary 1.9. Let the assumptions of Proposition 1.7 be satisfied.
If

1 L
B=—=Q2x—-b)-2=-L, >0
Yo Yo

then there exists 6, = So(@0, 70, L,by, Ly) > 0 such that V¥ 0 <s <t we
have:

(1.29) ) Elu(t; 0) — u(s,0)* < Mo(t - s)
¢)  Elu(t;0) - u(s,0)[* < Zag=bobos (g—%ﬂs - e—%m) ,

where 1
Mo = (14 %)(IF(OH2 +1B(0)|3)

Proof. Since § > 0 then Ay = YoL < 2ap — b;. Let

: 200 — by — L
1. = _— P
(1.30) do = min { b 11 , 2b0}

We have C'(Xg,80) = 8 — pbo > g > 0 and obviously (1.23) yields (1.29) for
/\—_-/\0 and 5250.

2. Stability invariant measure. We shall consider F: [0, 00[xV —
H and B:[0, 00[xV -— L{Hy, h) satisfying (0.5), (0.6), (6.7) on each inter-
val [0, 7] with the constants L. b;, I, independent on T.

If upo, 13(¢; 16) is the solution of Eq.(0.1) on [0, T, then by uniqueness

ufo, 7,1 {#; o) = o, (i 1a), Y EE[0, 1) A Tp], P—a.us.

Thus we can define %5 n0): 02 x [0, 00] —» K by u(f;up) = Ufo,n]it; uo) for
te[D,n],ne N".

Proposition 2.1. Let the assumptions (0.2)-(0.11) be satisfied and
the initial data ug, %5 € Do('). If u and & are the corresponding (general-
ized) solutions and

1. L
ﬁ: —5(20'”—b]) '-2_—‘ Ll > 0
T Yo

Dy is defined in {1.8)
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then for all 0 < 89 < s < t hold:

a)  E(|u(t) - GOF Fo < TV E(uls) — U 1Fa)r @

t
(2.1) b) E/ ffu(r) = w(r)|l2dr < E%—Elu(s) —a(s)|*

i i 7 satisfying {0.14) since
£. It is sufficiently to prove (2.1} for ug, T 52 i
by (1 E’ZSC.::Id (1.13) we can pass to limit and (2.1) is preserved for generalized

solution. B
1t&'s formula for |u.(t) — T(¢)|° gives:

e () — T ()] + j Ge (7, ue(T), B(r))dr = |uels) — e (s)i* 4+ Me(s, ),

where

t
Mc(s,t) = 2](11; — %, (B(ryu) — B(7, ) )dV (1)

and

2 | -
' U e LU—U
Golrou,0) =2 < Agle — v} u—v > +—(Deelu) Poc(v) }

—UF(r,u) - F{r,v},u— v) — |B(r,u) — B{7, vy|” >

L o ]2 S
> 2aliu — #ji? - 24w — vl ju - vl - piu - o)t = Liju—0" =
S : 2 Tl o4l

> {Qeg - 21y0 ~ by — Lyvitliu—oll” = -5 Bile — vil”.
Hence
i 1 - )
LY ' @ 2dy 5 DREYY AN
(22) ity T O +938 | fra(r e <t =T M

and TOFE

E‘ . S e f;u".!i + ;":f.-"S é‘)
. ~ it g i A — Tl tdr < ugls) - U3 LL ot
(9.5 ety — deit) O fug{ri — T l7, 5 e S,
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From (2.2) we obtain:

E [ llue(r) - e (7)1 2dr < :Y;%Efus(S) @ (s)P

and for € — 0 by (0.17-a) the inequality (2.1-b} is yielded.
Define

Pelt) = E(|u(t) - ﬁE(t)lzlfm)
Then frem (2.3) it follows

!

velt) + [ elr)dr < els)

for all 0 < s < t, wich implies

Yelt) < ey, (9)

Once again for ¢ — 0 by (0.17-a) the last inequality gives us {2.1-a).
Clezsly fro Proposition 2.1 we have:

Corollary 2.2. Assume that the conditions of Proposition 2.1 hold.
Then:

a) M{t) = Ju(t; o) — u{t; Uo){* and N(t) = ePu(t; uy) - u{t;iig)|? are
nonnegative supermartingzies:
b} the solution u of Fiq.i0.1) is exponentially 2-mean sinble:

(2.4) Eiu(t; 1) ~ uli;ig))® < e P Ejug — 59{2;

c) ¥ a €[0,8] ane gets ai_ig» i lu i ug) ~ ult %)} =1 i

Q. F PR and P —a.s. i C Q;
i) the solution u of Bq.(0.1) is 2-stable

-,:-3
B litieg) — aif gy Fdt < ——- By = ug il
;

7 vy

)
——

e

ei the selution w of Fiy (3.1} is annest surely exponestally asynpicti

ally srapic. ¥, T € 40Dy Yo &t L5 eviess 2 rancom variable

= fw,a, - )< 00, 7.8, siach thi.

. T I L | o
wlw. b x) - e, i 20 T ety - 3
oy et L=y Vet bz .
Z.Oo



168 A. BENSOUSSAN and A. RASCANU 20

The next result extend the results from (1.23-a) and (1.29-a) to the
case when the initial datum is a randoin variable o € D and I and B can
depend on time; But we do not know prove estimates of the form (1.23-b),
(1.29-b,c) which give some supplimentary informations on the continuity of

the mapping t — uft; uo), uo € Do.
Proposition 2.3. Let the assumptions (0.2)-(0.11) be satisfied and
uo € Do. If u(t) = u(t;uo) is the corresponding (generalized) solution and
1 L
ﬁ: —2—(20!0 -‘bl)—2_‘—IJ[ >0
7o o
then 36 = dolao, Yo, L, L1, 1) >0 st VO<s <8<l

) E(u(t)P|Fsy) < e PP E(u(s) 1 Fo)

t
Hit+g) ] e~ 30T (| F(r, 0)F + |B{r, 0)B)dr,

(2.7) 2

By E([ lu(r)I*driFs,) < 7 [E(u()) | Fao)+
/ 875

(14 3) [P0 + 1B, 0]

Proof. To prove (2.7) is sufficiently to consider ug satisfying (0.14).
We replay partly the proof from Proposition 1.7. By Energy Equality we
have

t
(2.8) |ue(tf)|2 + / Le(r, ue(t))dr = qu(s):z + M. (s, )
forallo<s<t, P—- as where
¢
Me(s,t) =2 [ uer), B uel )W ()

and

2 2
Le(m,v) =2 < Agu,v > +E(D(pe(v),v) —2(F(r,v),v) — | B{r, u)\b.
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Let 0 < 59 < s <t and
Yelt) = E(luc(t)]*| 7).
Applying conditional expectation in (2.8) one follows:
t
#e)+ [ B u()I7) = el
or more ’
d
| S0+ EL(t w0 F0) =0, 125,
As in the procf of Proposition 1.7 and Corollary 1.9 we find:
Le{t, v) > 48 C(Ao, do)lv))? - L
} 2 v C (Ao, do)llvll* — (1 + 50)(IF(L0)|2 +B(t,0)[3) >
> L9dBll” SO’
2 310l - go(t) 2 5B1v]" - go(2)
with
A0 = 'YOLv
2.9 e min J 290—by=voL 3
(2.9) 8o ""“{ AT '2(b;+f£31+{5}’
go(t) = (1+ 5K 0 +|B(t,0)/%).
Hence
(2.10) ivj; (t) +l 'E ?
T4 + 587 Bl (OIF172) < go(t)
and
d 1
Zbelt) + 588.00) < golt)
which gets
t
Bty (1) — e3Py, (s) < fe%ﬁ*go(r)dr
that yields (2.7-a) for ¢ — 0.
Now from (2.10) we have
t ¢
E : Z 1y
[ e @IPIF.o)dr < 5 [ws(s) +f go(f)df}
that yields (2.7-b) for e — 0.
[ 4
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Corollary 2.4.  Assuawe that the conditions of Proposition 2.3 irold.

Then: )
a) M(t) = edu(ni — (L+ &) [P (IF(r 0P -+ 1B(7, o)|L)dr is
0

superinartingate.
b) The solution u(t; ug) is exponentially uitimated bounded:

Elu(t;ug))* <C 4+ e 1P Elug)?

with C = (1+ £) 3 (K + K1)
c)

2

2
TBYE Fual

T
1 1
2.11 —E Hi*dt < Co +
(211) T Ojnu()n < G

In the sequel of this section we shall study the behaviour of laws
L(u(t;uo)), ug € Do, fort — o under the assumptions:

a) {(0.2)-(0.11) and (1.10) are satisfied,

2.12
(212) b) F and B do not do not depend on ¢,

Let
P{z;t,T) = Luft;z))(T) = P({w: u(w, t;0,z) € T'}) = P(0, ¢, 1),

(Pg)(z) = Eg(ult; 7)) = Pog(z),

where t > 0, ¢ € By(K), = € K = Domy, U € Byg. Denote also
M(K) the space of bounded measure on (K, Bg) and MT(K) ¢ M(K)

the probability measures.
For all u € M(K) and g € By(K) define

< g > ]f gl{xjdp{z)

%
and the dual semigroup Py M(K) — M(K) by

< Pip,g>=<p,Pg>

23
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Definition 2.5. A .y

i robab + , :
measure for the solutions £r Eq ,gljtjr ‘Itlﬁl?ﬂ-‘i_um 3 E’.M, (K) is an invariant
equivalent conditions: (SR satgied onelofithe foliowing

2. =
) Plu=p, Vi>0;

(2.14) I[(P‘g)(’:)d“(‘”) :lg(x)dﬁt(m), Vt>0, Vge ByK)
(or for all g € Cy(K));

E 3 —
;{ 9(u(t;))du(z) = ;{ g(@)du(z), ¥t>0, Vg e By(K)

(or Vg€ CyK));

(2.15)

3\ T i
(2.16} /P(x;t.[")a,u{x;:u(l“), Vi>0, VIeBy.

K

From [5]-Ch.11,

we coll i : .
Propositions 1.5, & 1.6, collect the following nice properties based on

Proposition 2.8.
A. L{ug) =v = Prv = L(uft; up)

B. If 3 up € Dy such that ), in particular Pr§, = Llu(t;z));

Jim Byuliswo)) = [ g(z)du(z)

for aﬂg € Cy(K), then p is an invariant measure for Eq (0.1);
I Jup €Dy, It Moo such that o

ty

. 1
Jim =B [ g(u(s; wo))ds = [Kg(a:)du(x)
J |

for all g € C,(K), then i invari
»(K), f¢ is an invariant measure for Eq. ;
DI 3 p€ M(K) such that e

iljj{.lc <Fb,g>= tll‘rrcro Eg(u(t;z)) = /g(y)dp(y)
K
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forall z € K, ¥V g € Cy(K) then
+
lim < Py, g >=<pm,g> Vg€ Cy(K), ¥ v € M (K)

t—o00

E. If L{up) = ¢ and p is an invariant measure then the stochastic
)

process u(t) = u(t; uo) i stationary i.e.

Elgi(u(ty +8) .. -ga(u(ts + )] = Elgr(u(tr)) - -gn(uita))]

forall 1,83, tn 20, §>0andgi,..., 92 € By (K).

Proposition 2.7. If the assumptions (2.12} are sa,tisﬁec-i, then there
exist n € L*(Q, F, P; H) and Co = Co(o, @0, Ly b1, Ly) > 0 5.t

a} n€Kas,

(2.17) b)  Elu(t;uo) - nl? < Co(1+ E|uo|?) e~ <%,

for all uy € Dy and t € [0, col.

2 .
Proof. From Corollary 1.9 one follows that 3 7€ L*(,F,P;H)

that
et the lim u{t;0)=7n in LZ(Q,}',P; H)
f— 00
e 2« %e—(aobo-i-%ﬁ]-’
Eln —u(s,0)]" < 5
for all s > 0.

From Corollary 2.2, the inequality (2.4), we have

- 2
Elu(t, ug) — u(t, 0> <e Pt Elugl|®.

Hence

2
Elu(t; ug) — n|* < 2Eult; uo) — ult; 0 + 2Elu{t;0) - n° <

Mg _ t
< QB_ﬁtEluul?' + ‘2-ﬁ—0-e (6oMo+ §5)

that is (2.17) since u(t;ug) € K as..
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Corollary 2.8.. Under the assumptions (2.12), the Equation (0.1
has a unique invariant measure. This measure is the law of 7.

Proof. Let u4 = £(7). Since the convergence .in L2 implies the con-
vergence in law we have:

Jim, Bg(u(t; ) = Eg(n) = [ g(o)du(a)
K

tor all g € Cy(K), ug € Dy, and by Proposition 2.6-B one follwos that W is
an invariant measure. The uniquencss is easily obtained as follows: Let g €
Cy(K) and g1y, 5 two invariant measures. From (2.15) for p = pyyi = 1,2
and ¢t — 0o we have Eg(n) =< u;,¢ >, for i = 1,2. Hence U1 = o, .
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