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CANONICAL AND JOIN HYPERGROUPS
BY

CHRISTOS G. MASSOUROS

1. Introduction. The canonical hypergroups are a special type
of hypergroups (completely regular, according to M a r t y’ s definition
[15]). Initially they derived from the additive part of the hyperfield and the
hyperring [12], {13] and later on from other different ways, as well (e.g. [36],
[38]). The name canonical has been given to these hypergroups by J. M i t
t as, the first one who has studied them [22], [23), [24]. {25], [26], [27], [28],
(29], [30], [31], [32]. A canonical hypergroup is a hypergroupoid (H, 4),
that for every z,y, 2 € H satisfies the axioms:

CHy. z4+y=y+z (commutativity)

CHy. z+{y+2)=(z+y)+2 (associativity)

CHj. there exists an element 0 € H for which 0 +r=z

CHy. forevery x € H there cxists one and only one element z’ € H,

denoted by —z, such thal 0 € 2 4- (-a).

CHs. z€x+y=>r¢s+(~-y) \reversibility)

't has been proved that axiom C'Hj is equivalent to:

CHg. (Y(z,y) € H?)[~(r +y) = —z - y] as well as to:

CH{. (Y(a.y,2,0) € B (e +y)N(z +w) 3 B => (z—2) N (y—1w) £

£10)

If from the axioms of the canonical liypergroups, the commutativ-
ity is left out, there derives another class of very interesting hypergroups,
the guasicanonical hypergroups (by Bonansinga and Corsini) or poly-
groups (by Comer). Examples of such hypérgroups aie:

i. The collection G/ H of all double cossts of a subgroup H of a group

G [10}

1. The set of all the conjugacy classes of a grotp 7 as it is defined

in [15], [3], [9].
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Bonansingaand Corsini (1], [2], [8]) studied the structure
of these hypergroups and their subhypergroups, while Massouros
([17]) studied their congruence relations and their homomorphisms. A dual
equivalence between the category of polygroups and the category of complete
atomic integral relation algebras has been established by C o m e r in [4],
where other examples of polygroups are given. Also in [6] the notion of
conjugacy of polygroups is given and it is being proved that the conjugacy
relations of a polygroup form a complete laitice with a very rich structure.
The lattices are related to some very difficult problems involving groups.
Moreover in [5] the notion of a partial multy valued loop is given. This
notion is like a “hypercategory” and it is being proved that a polygroup can
be obtained as a special case. Furthermore Corsin iand DeSalvo
have presented studies on the feebly quasicanonical hypergroups, which
are a generalisation of quasicanonical ones [8].

Closely related to the canonical hypergroups are the join hypergroups.
A join hypergroup is a commutative hypergroup (H,+), which for every
£,y, 2, w € H satisfies the axiom:

J avbnerd#£ 0= (a+d)n(b+c)#0
where a = b = {z|a € = + b} (induced hyperconiposition).

It can be proved that every canonmical hypergroup is also join and
moreover that if a join hypergroup has a scalar neutral element, then it is a
canonica! one [7], [16].

The above axiom (J) has been introduced by W.Prenow itz, who
has used a special type of join hypergroup, tnat he named join space, for a
very important study of several types of geometries with the use of methods
and techniques from the theory of the hypergroups [33], [34], [35], havirg
produced many essential and interesting results [36], [37].

2. Canonical hypergroups. In this paragraph iherc appear cer-
tain fundamental properties of the canonical hypergroups deriving froin the
study of M i t t a s on this sebject. We use the symbol “4” for the hy
percomposition, as it appears in his study, due to the association of the
canonical hypergroup with the hyperiield and with its valuation.

Example 2.1. A canonical hypergroup can derive from every set
H, which is totally ordered and symmetrical around a center (denoted by
J € H) in which the abvious sy mmetrical partition is considered:

H:H;U{O}UHQ:H“U{O}LJH'+ (Hh=H",Hy = )
such that: <0 <y, forevery r € H™, y € Htandx <y=> -y < -7
for every z:,y € H, where —z is the symmetrical of z € II' with regard to 0.

Such a set becomes a canonical hypergroup if the following, commu-
tative by definition, hypercomposition is introduced:
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ytr=z+y=y, if |z} <} =
- » el <fyl, s4z=2, z-z=[-|z
(whererbv10u§ly l#| =z, ifz e HY —zifr e H" and 0, if[as lzl(,})lxl]
dementsc;r:‘o‘zic‘a:l ltlﬁpergrcl)upfc;n possibly have more scalar elements (i.e
1ch the result of the hypercomposition with an e
. . y other el
of the hypergroup is a singleton) other than zero. Relatively we havef:ment

Proposition 2.1. z € H is a scalar element if and only ifc—z =0

Remark 2.1. The cancellati i
5 I tion law is not generally valid in a i
hypergroup. From axiom CY it derives only that e+ y =2 + = =<;azl;"1{€31

~x)N(y~-z)#9. Ont . .
element. ) # he contra,ry,.the cancellation law holds if z is a scalar

Proposition 2.2.
croup. position 2.2. The set S of the scalar elements of H is an abelian

ot E‘gl;nfzf:r:l;uc:ig ser?ifregtular hypergroup H is the union of all the pro-
er of factors, each containing at least 1 i
and at least one of its righ i ; e
| _ ght units. The heart 2 of a canoni
;E;H' +}1' is the union of all the sums (zy —2y) 4 --- + (E?TC;I) h}‘;l:irli“{llp
dl)loar 1;rary pOSltlYe integer and the elements z,, ..., z; are i;lcl,ependenltlls
thms;etnhercnn :{ Qis th? least in the sense of inclusion subhypergroup suci:
quotient H/Q is a group. If instead of H we consider an arb,itra.ry

subset X C H, we denot .
we have: 3 enote these unions by Q(X). Also Q) =Q. Relatively

Proposition 2.3. For ever 7
3. 'y non void subset X of noni
pergroup H, Q(X) is a subhypergroup of H and 0 ¢ Q(XO) ool b

With regard to the subhypergroups of H we have:

Definition 2.3. A subhypergroup h of a canonical hypergroup H

is called a canonical subh N
. ; ypergroup of h, if it is i
itself and with the same zero (chﬁs 0 gf:)) s 111t Is a canonical hypergroup

eiemeit l;::sabeen p.roved that every subhypergroup of 4 containing the zero
Canonica{ rca;n;}:mcal one. Therefore the above subhypergroups (X} are
- rurthermore, greatly important in the study of

groups of a hypergroup are the closed h ] ible & s

2 _ : and the invertible subhype

;::glri(s)ursn;}n‘d here bl;ha,t right (resp. left) closed subhypergm};pp fffl' Zul?;‘
1s a subhypergroup A for which af = -

‘ ' / tNh =8 (resp. hanh =

f(o): Z:’rzll:y a E;H\h' Moreover h is called right invertible ilf) ahnah 2033,

verub]é)y ckttsr,o GSil{ie“:t;}]]O:Izl;(é a"{h. (r;:sp. i8 the definition of the left in:

®)- , closed (and much more an invertibl
of a hypergroup contains all its units, in the u:a.nonicalI h;)pz:'jgbr}g:;rgzgzig
3



178 CHRISTOS G. MASSOUROS 4

unique unit (the zero element) belongs to such subhypergroups. Thus every
closed subhypergroup of a canonical hypergroup is a canonical one. The
converse is valid as well: Every canonical su bhypergroup is invertible {and
consequently closed). '

The invertible subhypergroups now, define a partition in the hyper-
group. So for the canonical hypergroups we have:

Proposition 2.4. [For every canonical subhypergroup h of H the
set of the classes H/h is a canonical hypergroup with hypercomposition:

E+hyew+h= | (E+h).

z=x+y

H/h is an abelian group if and only if h C Q.

In the theory of hypergroups, (contrarly to the theory of groups),
the intersection of two subhypergroups, if not void, is generally a semi-
subhypergroup. But the intersection of two closed subhypergroups, if again
it is not void, is always a closed subhypergroup. Thus the set of the canonical
subhypergroups of a canonical hypergroup H is a complete lattice, since the
canonical subhypergroups are closed and their intersection always contains
the zero element. From this derives that for a given subset X of H there
always exists the least (in the sense of inclusion)} canonical subhypergroup
X of H which contains X. This subhypergroup X, is the subhypergroup
generated by X. If X =@, then, obviously, X = {0}. For X # @ we have:

Proposition 2.5. The canonical subhypergroup X of H, which is
generated by a non empty subset X of H, is the union of the sums of finite
number of elements of the union —X U X.

Now, if X is a singleton, then the canonical hypergroup generated from

it, is called monogene. So a canonical subhypergroup h of H is monogene
f there exists z € H such that h = {z}. If H = {z}, then H itself is called

monogene. Observing now that:

mz + 0w = (m + n)z if mn>0
=\ (m + n)r + min{|m|, nf}(z — x) ifmn <90

we have:

Proposition 2.8. {z) = mz + n(z ~ ), for every = € H and
m,n€ Z.

Since —(z — 7) = T — T, we can assume that {m ~ n) € Z x N instead |

of Z x Z. With the use of this Proposition can be derived the definition

5
—-—._-—‘_'—‘—-———
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of the order of an element z.
excludes the other:

o 1.” For every_-(__m., n) € Z x N with i 5 0, 0 & mz +n{x—
» as well as {z} is said to be of infinite order denoted by

Proposition 2.7,
every m'm" € Z m' £ m",

Two cases can appear, from which the op
e

), in which
w(e) = +oo,
w(e) = +oo if and only if m'z N m"z = @ for

l hY - .
I) There exixts (m,n) € Z x N, with m # 0, such that 0 € mz +

+n(z — ). Let p be the mini
- min tive | .
n € N, such that 0 € pz + n(;clrfl:r[; positive integer for which there exists

Proposition 2.8. F ;
oragivenine€ 72t 3
0 € mz 4 n{z — ), if and only if m is divided :;;f e s tha

If m =
that 0 ¢ sz iP;:Ck)E(fl, al;;t %‘(;:.2 bc? the; minimum non negative integer such
N g ¢ ¢ 15 a {unction from Z to N. E
;‘;](:) = (P, g) has been called order of z and {7} and :] Then the pair
plf.\ldl::'ll;::} Ogde;/lo-f z and ¢ is the associative order of z
hypergroups }:av-i (; ¢t as has studied the valuation of the canonical
ated grou . o Eg‘ eveloped a theory analogous to the one of the val
charactor };f’ o IE 15 much more complicated though, due to the Speii:i
[ ypercomposition, which i R
of ti . L consists the basis f
Wit’hlih‘éa?rlsrtgzjt t_Later‘Oln J. M I'ttas has generalized ;isogwt:et;tUdy
nlcal hypeteny C 1or;fot the (simply and strictly) hypervaluated reory
grcups, which he has also studied. In the following we will see a
Al see a

few introductory
¥ elements of this R .
ultrametric space [11), is theory, starting with the definition of the

ore precisely, p is

Definit; .
efinition 2.4. Ultrametric distance over aset F_ s

d: E' X E — R, that satisfies the conditions: & mapping

Ldz,y)=0¢=2=
| ;] =y Vr,ye F
i, g((z,y) =d{y,z) Vz,y€ E
. d{z,y) < max{d(z, 2),d(z v
The pair (E,d) is called ultrarﬁetr,ig)gpa:éfy" o

Definiton 2.5. A c: .

if ) : o canonical hypergrou H i .
if an i;llltrdgloit:c distance has been defined on Hp saciissgzggdtl:gt;:n?i?rlc,
Jorev : ! 5
(H,d) with radi ery z,y € H the sum z+y is a circle of the ultramem'cj o
clement o B us ar?a.logous to the max{d(0, x), d(0, 4)}, where 0 i space
: - That is there exists a semi-real numb;; [1’1] 0<p éslth?':;m
- 0 pe

0 or —, such that
e z+y=0Cz pmax{|z : .
x4 : , Lwt}). z is an arb
y and the valuation of the element z € H, )denoted b;r]ztlzri:{hi’e;im o
; > distance
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d(0,z). The function |-: H — Ryis called valuation of H, correlated to
the ultrametric distance d.
h,. For every ¢,y,6 € H such that (z +a)N{y+a) = 0 holds:
d(z,y) = d(z + e,y +4a)
Every such ultrametric distance o
ture of the canonical hypergroup H.
Let (H,+,d) be a canonical ultrametric hypergroup. Then the va-
lated to the ultrametric distance d, satisfies the

n H is called compatible to the struc-

luation | - |, which is corre
properties:

i |z]=0e=2z=0

. |z] =|—=|, foreveryr¢ H

iii. For every z,y € H, with = # y the set |z — g} is a singleton

iv. For every z,y € H holds: |z +y| < max{|z|, |¥l}

v. There exists a semi-real number r > 0 of type 0 or — such that for every

z,y,z € H, with z € z+y and |w—z2] £ pmax{lz|,|y|}, w belongs to = +y.
The converse is also valid, that is every canonical hypergroup (H,+)

in which a function |-|: H — R4 has been defined and which satisfies the

above properties (i} — (v) is ultrametric with ultrametric distance:

d(z,z) = 0 and d(z,y) =|z -yl forz #y

This ultrametric function |- |, is called valuation of H and d is called
ultrametric hyperdistance correlated to the valuation |-|. The canonical
hypergroup is then called valuated. So the notions of the valuated and the
ultrametric canonical hypergroup are the same.

The generalization of the notion of the valuation of the canonical hy-
pergroups to the notion of the hypervaluation has been done in the same
way, but with the use of a totally ordered set Q with minimal element. de-
noted by 0, instead of the set Ry4. This hypervaluation is called simple if
for every z,y € H thexz +yis a circle of the ultrametric space (H, d), and
strict if it satisfies the axiom (hy), but with coefficient a semi-real number
poftype 0 or — of the Kurepa’s complement €¥ of § {14].

Every valuated (resp. strictly hypervaluated)

Proposition 2.9.
satisfies the following purely algebraic proper-

canonical hypergroup (H,+)
ties:
S,. ifforz,y€ H holdsz €z +y, thenz+y=1¢=
S,. for every z,y,z,w € H, such that (z + Y N(z+w)#0
eitherz +yCz+w,orz+wCr+yis valid
S,. for every z,y,2,w € H such that0 g z+yand z,w €T +Y holds
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Z—z=w-w -
Sq. -
4. fz €z zandyg!z_z,then:c—:cgy—y

.
A Canonlcal hypergroup t.ha.t; a.iSO Sa.t.isﬁes the Conditions (; ) d
21 an

(82} is called stron .
. gly can Je if it cati
superiorly canonical. onical, while if it satisfies (1) - () is called

m 2 . - A j
I lleole 1 necessar}’ a.nd Sufﬁment Condition fOI‘ a Caﬂoni I
Ca,

hypergroup to be stri
g strictly |
canonical. ¥ hypervaluatable (or valuatable) is to be superiorly

3. Join h
Exampley:firgrf;p(s& if)t llls also start this part with two examples:
L - L] 3 e e :
(F,+,-). If the hypercomposition: a vector space over a valuated field
is intrzgujec{ikiw +V,\y‘k, AEFEA>0,k+)= 1}
a way similar l: ’hthen V' becomes a join hypergroup. This example gi
introd 0 the one that W.Prenowitzh L IPe Bives
E}CG the lhypt-':rcomposition into geometry | as used in order to
xample 3.2. S )
L that the aI:ltornazl; Let (S,Af.so, F,d) be an automaton. The lan
A*. over the alp] bon accepf;s is a special subset of the set of th e
definition of th;; lfegelflaj‘l, which is described by a regular exPressioen W?Ifgs
i I exXpressions requi \ ; : e
where a i . ) quires the use of tj .
e 3,fbeéAff, l‘:}]‘:’;‘r(i]duc‘mg thus in 4* the hypercompositior:exli;.setb_ {a,b},
'I,‘he thec;r lft this hyprecoposition A* becomes a join hy zr_ =
laguages and auyt:mtlge hypergroaps has been introduced into thE ti;S;‘;)UP- f
The hypergr ata, bJ GG Massourosandl] Mit‘t 20ry O
o whileg ionui)ls1 that mainly appear in the theory oflangl'lages i ":hs [19]
. S thzu:;hheog c;f alljt:omata usuvally emerge canonical oneee J&n
I , tha f)t er hypercompositional : A
[%Pergroups, have also been introduced in Jangua . St.rucmr%’ than the
1, [21)). guages and automata (e.g. see
The properties of the joi ;
have b ’ € Joln spaces and, next, of the joi
work E:ﬂ f"tudled from many researchers. So, except Wefiorm hyperg.roulis
. ‘1 Pclﬁf rlswon this area have been written byJant 0 §c iednkﬂ g l(jt o
yLho Massouros,G.Ma ak,F.Cor
and interesti cnlte - Massourosand ) Mittas .
B it l}ngf.regults have derived, regarding both, its a,lgebra.ica z .
_pp 1Ications on geometry, as well as on the t ' structure
automata, e theory of Janguages and
Let us start with
a property r i -
h o pre y regarding the relag : .
[g’.i;sr'ccnmzo?tlc;ns_l As it is known [16] ign ever;ahl;;erk;?ueen Lh(; two
la:Dl:e=a:(e-b). E ' we h .
for the sets (. b))-cr; t(?e Jotn hypergrcups though, the foflowingppr: o asre:
‘cand (a-d): (b-c) have also been proved [16]: perties
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Proposition 3.1. In a join hypergroup the followings statements

are valid:
i) (a:c)-bU(b:c)-aVa: (c:b)Ub:{ca) © {a-b):c
i) (a:b)-(d:c)U(e ¢) - (d:b)U (@ b): (e )V (a:c): (b:d}U
U(d: b): {c:a) C (a- d): (b c)

It is interesting to remark that in terms of the high school algebra, the
first part of these relations describes all the possible ways that the second
part can be written. Also scen on the plane and in simple words, {i) of this
proposition implies that the second term of the relation gives all the points
into the area A (defined by the half lines a: ¢, b:c and the segment ab) of the
plane, while the first term just leaves out point k of this area. Remember
that [Example 3.1} ab is the open segment through a and b and a:¢ is the
open half line from a, as in the following figure: ‘

(d: c). (b: @)U

R N o
L
< /”’..j :
. e j T
TN | £ - .
‘.—'” all \‘~- | - ~ & L' Q.
— . : o .~
. ~o b -7
e e £
e - [} \\
Pty o

ypergronp, the ones with greatest

d the closed subhypergroups.
p H is a non empty subset

Regarding the subsets ot a join b
interest are the semi-subhypergroups an

A semi-subhypergroup of a hypergrou
h of H for which zy C ki, for every .4 € h {while in a subhypergroup:
zh = hz = h, for every = € A). I E is a subset of H,[F] denotes the least
semi-subhypergroup which contains E. In the case of the first example the
semi—subhypergroups correspond to the convex suhsets of V'
study of the semi- snbhypergroups of the join hypergroup t
the convex seis of V. For instance, in the join hypergroups we have:

Proposition 3.2.
groups of 2 join hypergroup (H,-) and let z
which dues not belong to the nnion hyUhg.
ot [hp Uiz} hy = d.

Moreover, since V' can be endowe

. Thus from the
Lere results for

([16]} Let ki, hy be two digjoint semi- subhyper-
he an idempotent element of H,
Then either [hy U {z}]Nhy = )

d with the join hypergroup struc '
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ture, as in Exam

) ple 1, we can use the above P it

. Tro .
terminology of the vector spaces, and get: position, expressed in the

Corollary 3.1. ([16])
A, If A, B are disjoint co
. . - . ; nve ' .
z?djzv,‘dnd Tisa pomvt not in their union, then either t-hg ::rtrs e e
AL {z} and B are disjoint, or the convex envelope of vex envelope
disjoint. pe of BU{z} and A are

This is nothing else but K a k i
- aku t anis Lemma. A
eorem of S t o n e can be derived {rom the following Proposi:,lizlr:)g(([)lug]l)y'

Propositi o
. ]_é’:;:lt;?eﬂ t3-i. | Let IT be a join hypergroup, every element of
e e eIx)igt 1; - '}S;,O let hy, hy be two disjoint semi-subhypergroups

: isjoint semi-subhy . :
Hy, hy C Hy and H = U H,. ubhypergroups Hi, Hy, such that hy ¢

I .
then hf:f‘;‘:’: 21 ;n:isﬁzvare' two semi-subhypergroups of a join hypergroup
group if k; = 2 whi }‘lse'm"s“bhypel‘gmup, while it is a closed subhypel-_'
subhypergrou Sz;f K}:, : contains hy as well. As it is known [18] the closed
hYPercor.HPOSi}Eion ’EIL" ypergroup always contain the result of the induced
is always valid ins{de :ll:f: :110;:; i:?; Ofethe join hypergroups the join axiom

C S r . . . R
the closed subhypergroups are join }fyr;)eggr:oulf)pss: :}?:nflsgll:ezhis point of view

Proposition 3.4.
subhypergroup if:
i. z:yCh foreveryr,uc€h ii. tx Ch

A subset h of a join hypergroup H is a closed

for every z € h

Proposition 3.5. Let h
N 5. Le and h, be ! ; g
Jjoin hypu;;group H such thai hll' 1 Fry :,ézﬁ tfﬁ::: .C‘OSE‘i Sblpersronps ofe
i hyky = hy: o i hythy dsac
1: e = hathy  ana i hythy is a closed subhypergroup of H.

Subseﬁ?{:‘f}]}os?lon 3.8. If H is a join hypergroup and A = {q, an} a
t of H, then the closed subhypergroup which is generatetd l;v A i-f '

<Ay, aa 2= ag] [5.]) (@ - - - [an])
where [a,], ¢ = 1,...,n is the semi—subhypergroup generated by a;
;-
_ We remslnd that [a] =a' Vel U.. UafuU... where ot = {a}, @° =
=a-a,. ..a*=a-a""! for every inleger 5 > 2, nee

. h;[;)l;gr;i)j::]d Eﬁzhypergfm;ps Lf)f a join hypergroup define a partition in

: . re precisely, if H is a join h and h :

subhypergroup of H, then h:axNh:y # 0 —-—‘J,» ‘z'a‘.sfl—)e};g;mg:) ‘::rLdH’f.\d o
1be i — . . P ave:
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Proposition 3.7. Every closed subhypergroup h of a join hyper-
group H defines an equivalence relation mod h in H (which is also normal)

as follows: z = y(mod h) &> hiz =h'y

Proposition 3.8. The set H/h equipped with the hypercomposi-
tion:
hizx hiy={h:w! wé€ Ty}
is a canonical hypergroup, having h as a neutral element.

From the above Proposition becomes clear the close relation between
the canonical and the join hypergroups. More precisely we have:

Proposition 3.9. A join hypergroup is canonical if and only if it
has a scalar neutral element. '

It is possible though for a join hypergroup to have a non scalar neutral
element. Such hypergroups, which are very important for the study of the
theory of the languages are the fortified join hypergroups, introduced
byG.Massourosand JJ Mittas:

Definition 3.1. A fortified join hypergroup is a join hypergroup
(H,+) with a unique element 0, called the zero element of H, such that
04+40=0,z€x+0 foreveryr € H and for every = € II\{0} there exists
one and only one element —x € H\{0}, the opposite of z, such that: 0 €
€ x+(—x).

he canonical and the join hypergroups, as well as the area between
them seem to be of great interest for both, pure algebraic study and develo-
pement of applications, that might, someday make this theory a necessary
part of the technological research. In the meanwhile there remains a lot of

work to be done.
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0 ”
N THE OPERATIONAL EXPONENTIAL FUNCTION
BY

LE. SHARKAWI, A.R. AHMED and M.M. EL-AFIFI

) . pap a5 LA JEFALIQ exp n C Tl
it € operation a.[ f I Ch
Ab tr act l IllS aper (](! l w l t} t al ex onenti unctlo N whi arigse

from solving a parti i i
o Bd partial differential equation. The discussion of writing this i
1on in Bessel form and the difficulties arise arc given e

1. Introduction.

o] In t
Mikusinski oo o n the present paper M denotes the field of

' C'is the ring of functions i
fined and continuous in the interval 0 <t < oo ;?mfi(ttl)n,cg(ilr:d}(?;eedg

;??goilna:e !N?‘dul torf(':?l)np]cx values. M contains ring C'. The elements of M

$ rphic to f{t) € C is denoted b e s

operati ; noted by f or {f(t)}. =(A} stand

p ’]]?[::ll, fu‘ncttlor-a and {a:()\,t)} for & parametric functio(n )([1] p:el,sgefolr?'EE;)n

containing t‘;lberaé;;:azf Mikllfsmskl are vety useful for solving th,e eQUE-tiOHS;

ORs ; : .

ation (s = £, 7 is id s of translation, integration (I = {1}), differenti-

Howevor thle, L identities operaior )y .. ete; since those belong to M

beon o - eory of the operational differential equati h , '

reen satisfactory developed. quation has not yet

J.Mikusinski[t]

lefinitios _ proved that it is impossible to gi

definition of the exponential function in the field M by :;)ltag:::: zfg‘;“e"al
3 rower

series, since the series of the funct]
he tunction exp(—As) with A ori i
not convergent and not locally integrable functi)on o lorimstance i

c1p(=Av's? + a?), also he ce:)uldl ﬁ{lgl a}ilal.\’/,ed .Lhe exponential function
as follows: ) nd the analytic expression of exp(~Ay/5)

ezp(~AVE) = {2\/’;?69;;, (i\:)} (0 <A< o00).

D.Nikolic[?]
analyzed the exponential [uncti
ion exp (—A /57 — o





