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ON THE OPERATIONAL EXPONENTIAL FUNCTION
BY

LE, SHARKAWI, A.R. AHMED and M.M. EL-AFIFi

. pap ]. 1t e Gperation P h
bestl'a(:t ] llls aper dea 5 W ]l t‘le eratio al ex O]lelltlal lullLLlOll, W!llc arise

from solving a partial differential equation.

solv The discussion o iti i i
function in Bessel form and Lhe difficulties ari T i eponenid

se arc given,

1. i
Mikusmsmlg;:«:;:ltgctloln. ln' the present paper M denotes the field of
B et ongta. IS [ 1. C_ is the ring of functions f(t), which are de-
A el nuous in the interval 0 < ¢t < oo. The function fty e C
E Domarotes tor complex v.alues. M contains ring C. The elements of M
——— fung“ﬁ]t) EdC"ls denoted by f or {f()}. =(X) stands for an
o Dperat.ors 2;11\11.{5,(%, t)} for a parametric function ((1], page 179).
S Operation; ;stutnski ]arc very useful for solving the equations
S identilﬁ : rans‘atlon, Integration (I = {1}), differenti-
DL th‘e s dens .heb operator ): ... etc; since those belong to M
heon antiapns theo y ol the operational differential equation has not yeiz
JoMik uys ie:eiolfgd[‘l] d
. 5 X 1 (1] proved that it is impossib i
;fgg;uo'n -of Ithe ez-fponentia.] function in the ﬁeltﬁ) M lii t::ega].r‘:: ‘ngeneral
5, Sifice the senies of the function exp(—As) with A > 0, for instai::?;

not can;;rg.ent and not locally integrable fuaction
Mikusinskil [t med  the i
(e [t} analyzed the exponential function

. als :
I . also he could find the analytic expression of exp(~A/3)

_ - A A?
exp(~Ay/s) = {2\/1?%‘” (—_—41:)} v (0 <A< o0).
DNikolic[2

analyzed the exponential function exp(~A /s &
! an
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We shall investigate the exponential function
exp [~ A" + fen®], Jwec

which aries from solving the partial differential equation of type
H

(1) am(0 1) — 200 (W 0) =SB0 ) = $(A 1) : O<n <

with the conditions,
= ; A < 00
(2;3()‘ 0)290()‘)11:1!(’\10) zgl(A)V"awt“—l(A:O) —'gn—-l(A)u (0< )

= 0 <t < o0)

(3132(0, t) = ho(t), z(0, t) = hy(t), .-y T ym-1(0, t) = hm-1 ), , (

i ld of

i i . an interval [0, A} into the fie
A, t) is a function which maps an in . e
‘;d};]i::sitféki o)p:erators (1) and qlb(/\,t) is a,{glzf:ﬁ O]f;&;_liga:ji?:;:?vne ) e
Notes. (1) If a function z = 1%

{z(i){t)}, continuous in the interval 0 <t < oo, then

. 11
(4) sii‘? _ :c(,') + 3:“"”(0) + 3$(1—2)(0) +--+5 T(O)

see(Mikusinski[l],page30).

{2) Somtimes we find that the solution of (1) satisfies the Cauchy
O

conditions
n—1

) S ze (A, 0) = gu(A)
U:O

i adictl -anishes, the
d does not satisfies conditions (2). For this contradiction vanishes,
oes $ P e |
Ec]bgﬂdit.icms on the A — axis must be given in the forntl) (‘3)c e unique aciual
Under those conditions and condition (3}, weo ‘Ldlin : 2 sl )
olutionnof (1). Conditions (2) and (5) are not equivalent.
but not the vice versa. .

i i the
2. On the solvability of equation 1. Using the equation (4},
corresp-onding operational equation of (1) has the form

(10)
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where, F(A) = ¢(A,t) - ¢(s, A) and

189

n—1
Bls,A) = Y &g, ().

v=0

To construct the solution of equation (6), we deal with the homogeneous
equation

(7) 2 A) = (5" + f(8)2(2) = 0

with the conditions (3) and (5). We first seek the solutions in the form of

exponential function 2 = e**. We thus obtain the characteristic equation in
the form

(8) u™ = {s" + f(t)) =0
we assume that equation (8) is a reducible equation i.e. it can be decomposed
into m factors.

Remark: Since the field M of Mikusinski’s operators (1] is not alge-
braically closed, equation (8) is not always solvable {sce [3]) 1.e. the operator
u satisfying that equation does not always exist. This can be illustred as
follows: If ™ = ¢{g(t}}, where ¢ € M and {g(®)} = {1+ "1 £(1)}, such

that
Ta{9(t)} = —a(a){g(t}}; a >0
where a(a) is a numerical function, then equation (8) is irreducible (see [4]).
3. On the representation of the exponential function

exp[—Als"+ f(£))=]. In this section we shall investigate the exponen-
tial function

(9) exp [~A(s” + /(1)) %]

which aries from solving equation (7) under the conditions {3) and (5).
We start from the exponential function

exp [,\(sr'n'— —(s" 4 f(z))ﬁ] (x> 0).

Muitiplying expression {10) by the exponential fuuction ea:p{w)\sﬁ), when
this function exists, we obtain the representation of function {9).

(6) () = (5" + F(B)2(N) = F(A)
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Writing the operator

= oL }
g ek o s —eE R Y () ) |

L0 <n<m),

_ (mk)!(s ‘"f(f))k+1
s Z] DTMHJH@+QWV1UI Ly - 5)}

We can see that the above series is an operationaly convergent, (see
Mikusinskif(l], page 178). We consider the simple case when m = 2,
we thus have

1
2 yerT@=-2 Y (7)o

=1

(12)

[= o]
k.—

which is an element of the class C,0<n<2; therfore the operator (12) is
logarithmic and the exponential fu nction

ezp |A (5% - \/mt'))] (A > 0)

can be expanded in a convergent power series

erp [A (s% - m)] =1+ g(A)
where

0o qyk+1yk+l FlkED) =TI 1kl
gm:zg RO L FRD (T () — DT
(k + 1)t

k=0

(13)

is a parametric function (for a fixed A, g{}) is a function of class C). Using
the hypergeometric expansion

)k + 2i)tz*

— )Ftl= — k=0,1,
Witz 1) (k-rleh“!“"H_HrL) 2,.
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we can casily find that
( T+ s 7 f()— 1) = —(—)*(k+1) i Yi(2¢ - k)ls -n(i+1){f Ji+l
P 2=k — B4 1)
k=0,1,2...

Substituting this expression in (13), we obtain

g(A\) = i)‘*kfl i 1) (21 — )!{f(;)}:ﬂsgk ni-2
= B 2H-RFI(i — k)1 (k)!

_ e (..1)i+l{f(t)}1+l t (2/\) (2 - fkeni-B
g iC i )lsdEnig
; (1 + 1)122+! ; (i — k)(k)!

In the particular case for n = 2, we have

[s2e]

/\)_,\Z
=0

DFHOFH < @02 -
(i + 1)1274]

k)ls—(3e=kt1)
(£ — k) (k)"

S D) [
)\:Zc:) (i +1) l!2231—l * Z k) (20) ke ‘“}
= k=0
_)\Z{
=0

. . .
istlﬁctabfutlztlol: {)( ) is replaced bv a numerical value a, then we have the
given by D.N i kolic[2]. If there exists a e {g{t)} such that

(15} (F) ! x

then, the exponential function ce:

1 ’H{f 1)} i+1
i+ 1) 192i+1

(14)

s {ti(E+22) )

” + 2A8)'} -—{g ()}

:+ he reduced in the Bessel function

—eee— (1= 0, 1,2, .. )

To find relati Y this i .
l C "jld“‘)“ _(15), this is outside the scope of the anaivsis hes
1ope to discuss it later. anaivsio here, and we



[ ——

6
192 LE. SHARKAWI, A.R.AHMED and M.M. EL-AFIFI

REFERENCES

. Mikusinski, J - Operational Calcculus, Pergamon Press, 1959

‘2 Nikolic, D.and Despotov ic, D. - The representation of an exponential
. ikolic D

] d, 1976, 434-441
function, Publ. Inst. Math, Beograd, . o o
3 Stankovic, B.— On the solvability of algebraic equation in the field of Mikusinski's
' | 391-394
operators, Bechnk Math.8(23), 1971, N '
4. Sh apr kawi Bl ,E-ATifi, MM.and A hmed, A.R. - On the solvahility of a

diferential equation, under publication, 1994

Received: 3.11.1995 Deparr,a‘menﬁ of Mathematics

Faculty of Science

Al-Azhar University
Nasr-City

Departament of Mathematics
Faculty of Women

Ain Shams University

Cairo

EGYPT

ANALELE STHNTIFICE ALE UNIVERSITATII "AL.1L.CUZA" [ASI
Tfomul XLII, s.l.a, Matematici, 1996, 1.

CHERN FORMS AND C-PROJECTIVE CURVATURE
OF NORMAL ALMOST CONTACT MANIFOLDS

BY

P. MATZEU

1. Introduction. As it is known, many authors have studied the
characteristic classes of real or complex manifolds endowed with remarkable
geometric properties, obtaining in this way a large class of global invari-

ants. Among the interesting results in this direction, we recall the following
theorems:

Theorem 1.1 [1]The Pontrjagin classes of projectively flat manifolds
are Irivial. :

Theorem 1.2 {8]The Chern classes of complez H -projectively flat
manifolds are powers of the first class.

We notice that, as examples of projectively and H-projectively flat
manifolds respectively, these theorems include the Riemannian manifolds of
constant sectional curvature (see also {3]} aud the Kaehlerian manifolds of
constant holomorphic sectional curvature.

As regards the almost contact manifolds, in [9] the author proved that
the Chern classes of the horizonta! vector bundle of Sasakian manifolds of
constant g-sectional curvature are trivial.

On the other hand, the C-projective curvature tensor on normal al-
most contact manifolds has been defined in [7]; in particular, all Sasakian
manifolds of constant -sectional curvature are C-projectively flat.

Therefore, it was a natural question to extend the previous theorems
to normal alinost contact manifolds with vanishing C-projective curvature
tensor field; it is interesting to remark as the study of the Chern algebra of

this kind of manifolds gave a natural generalization of the cited results with
the following

Theorem 1.3 The Chern classes of a C-projectively flat manifold are
trivial.





