192 LE. SHARKAWI, A.R.AHMED and M.M. EL-AFIF! 6

REFERENCES

1. Mikusinski, J. - Operational Calcculus, Pergamon Press, 1959 .
ﬁ' Nikolic, Dand Despotovic, D. — The representation of an exponential
. i , D,
function, Publ. Inst. Math. Beograd, 1976, 434-441. ‘ —
3 Stankovic, B.— On the solvability of algebraic equation in Lhe field of Mikusi
. | 1-394
operators, Bechnk Math.8(23), 1971, 39 N
4, Sh apr kawi, BEI,El-aATifi, M.M. and Ahmed, AAR. - On the solvability of a

diferential equation, under publication, 1994

Received: 3111955 Departa‘ment of Mathematics

Faculty of Science

Al-Azhar University
Nasr-City

Departament of Mathematics
Faculty of Women

Ain Shams University

Cairo

EGYPT

ANALELE §STIINTIFICE ALE UNIVERSITAT]I PALLCUZA" TAS]
Fomut XLII, s.l.a, Matematick, 1996, {i.

CHERN FORMS AND C-PROJECTIVE CURVATURE
OF NORMAL ALMOST CONTACT MANIFOLDS

BY

P. MATZEU

1. Introduction. As it is known, many authors have studied the
characteristic classes of real or complex manifolds endowed with remarkable
geometric properties, obtaining in this way a large class of global invari-

ants. Among the intercsting results in this direction, we recall the following
theoreimns:

Theorem 1.1 [1]The Pontrjagin classes of projectively flat manifolds
are trivial. :

Theorem 1.2 [8]The Chern classes of complez H-projectively flat
manifolds are powers of the first cluss.

We notice that, as examples of projectively and H-projectively flat
manifolds respectively, these theorems include the Riemannian manifolds of
constant sectional curvature (see also {3]) and the Kaehlerian manifolds of
constant holomorphic sectional curvature.

As regards the almost contact manifolds, in [9] the author proved that
the Chern classes of the horizontal vector bundle of Sasakian manifolds of
constant p-sectional curvature are trivial.

On the other hand, the C-projective curvature tensor on normal al-
most contact, manifolds has been defined in [7]; in particular, all Sasakian
manifolds of constant w-sectional curvature are C-projectively flat.

Therefore, it was a natural question to extend the previous theorems
to normal almost contact manifolds with vanishing C-projective curvature
tensor field; it is interesting to remark as the study of the Chern algebra of

this kind of manifolds gave a natural generalization of the cited results with
the following

Theorem 1.3 The Chern classes of a C-projectively flat manifold are
trivial.
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The manifolds and the tensor ficlds considered in this paper are C'°.
The usual notations from the differential geometry are used throughout this

paper.
The author wishes to thank V.Oproiu for many useful discussions.

2. C-projective transformations of normal almost contact
manifolds. Let M be a {2n + 1)-dimensional almost contact manifold with
field of endomorphisms ¢, fundamental 1-form 7 and vector field &; then on
M the equations
(21) ‘1025—']‘*'7?@5, 7?(5):11 UO(PZO?
hold, where 7 is the identity transformation on TM {2].

The vector subbundle H of TM defined as H = Kern has the fibres
of dimension 2n, and the restriction of ¢ to H defines a complex structure
on i; if V denotes the trivial subbundle of TM generated by &, we have
TM = H @V, and we shall denote by h=—t=T-n®&v=78¢ the
projection operators on H and V respectively.

According to [4], the normality of the structure given by the vanishing
of the (2, 2)-tensor [2]

(22) N".—Nlp'{'d”@ga

where N, denotes the Nijenhuis tensor of ¢, is equivalent to the existence
of a special torsion-free connection V, said "adapted”, which salisfies ‘the
system

(V@)Y = n(Y)hX + §dn(eX,Y)E,
(2.3) (V. m(Y) = 2dn(X,Y)
V., E=pX X,Y € Y(M).

In {5}, [6] several examples of adapted connections have been con-
structed; anyway, a clear example of adapted connection is given by the
Levi-Civita connection of a Sasakian manifold. )

Considering the curvature tensor field R of V

R(X,Y)Z = V4V, 2 -V, V2 -V, ,Z, XY 7Z¢ X (M)

from (2.3), we obtain

@24)  hR(X,Y)pZ ~ pR(X,Y)Z = %dq(X,Z)hY - %dn(}/, ZYh X+
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1
HSd(X, 0Z) + 9(X)n(Z)} Y - {%dn(Y, Z) + (Y )n(Z)}ex.

pr, if we denote by
conntection V on H:

D the linear connection induced by the adapted
e

(2.5)  DyZ=hV,Z Zel, XeX(M),

itl ('!I.lx;‘l [ b i
d l‘: 0“?‘?}5 It.hdt D is an almost complex connection on H: in other
5, w stll denotes the restriction of p to H, we have D & —‘ 0
war f . A xP =0

Then, taking i i i i
D ; g Into account (2.3), the refation between the curvature Kk

K(X\YV)2=D,D,Z~-D,D,Z-D,,,Z ZeH X\YeXM)

and R is given by:

(2.6) hRIX,YYZ = K(X.Y)hZ 4 {—n(X)RY + n(Y)hX }p(Z)+

1 -
+ §rlr;(Y, ZyeX + §dr1(X, Y.

Next for the Ricci (0,2)-te

! t : .
K, p(K) : X (M) x T(H) nsors of B, p{R) : X(M) x X(M} — C>®(M), and

= (M), defined respectively by
P(B)Y,Z) = te (X = R(X,Y)Z),

Pl Y hZ) = tr (X K{X,Y)h2)
we have

(2.7) PRIY, 2) = plK)(Y, hZ) + 20n(¥ )( 2).

Notice that & g
ice t V(XL Y) can be consi
- ce that i sidered as th icti
. ’ | , he rest nt
‘ .)e.dtlot [fl'\](-\, YU wiich defines & tensor jdeld on M ot
n the authors intic finit (.
. o a roduced the definitl :
ek o e veesuced d nition ?f J-det curve; a smooth
svmmetric coner tion ¥ ’i{ it: t PR L e
. ! . s tangent vector fie fef e § e
i : 8 tangent vecior field T satislies the following

{18) VT = MOT + wltypT

where A, g € C™{M).
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Then two syminetric adapted connections V,% are said to be C-
projectively equivalent iff they have the same C-flat paths or, equivalently,
iff they are related by a C-projective transformation given by [7]

(2.9) VY = VxY + a(X)RY + oY )hX ~ B(X)eY — B(X)eX,

where o is a 1-form such that a(f)=0and f=ao0yp.
Moreover, in [7] the authors constructed a good Weyl type (!-projective

curvature tensor (invariant under C-projective transformations) which, tak-
ing into account (2.6) and (2.7), can be written as

(2.10) W(X,Y)Z =K(X,Y)Z - S(X.Y}Z ZeH, X)YeXM),

where
(2.11) S(X,Y)Z = {L{X,¢Y) - L(Y,oX) + dn(X,Y)}pZ+
+L(Y, Z)hX — L(X, ZYhY +{L(X,Y) - LY, X)}hZ+
+L(X, pZ)pY — L{Y, wZ)eX,
and

1 1
= ——{p(K h e I (RX,RY
o (KY(RY,hX) = p(K) (X, 9Y) = pU) (Y, 9 X)) o+ (X, YD
Furthermore, taking into account (2.6), the condition for an adapted
symmetric connection to be C-projectively flat [7] can be expressed by the

following
Theorem 2.1 An adapted symmelric conneclion V is (-projectively

flat iff it 1s C-projectively equivalent to an adapted symmetric connection V
for which

(2.13) K(X,Y)Z = dn(X,Y)eZ.

Examples of C-projectively flat manifolds are the Sasakian and the
cosymplectic manifolds with constant @-sectional curvature and the totally
n-umbilical hypersurfaces complex space forms.

It’s important to remark that the curvature teasors W, K, S have the

property

(212) L(X,Y)=

W(X,Y)pZ = oW{X, Y)Z,
(2.14) K(X,Y)pZ = pK(X, Y12,
S(X,Y)pZ = eS(X,Y)Z,

5
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while the first Bianchi identity only holds for W, i.c. we have

a W
{2.15) x5z X Y)Z =0, and
g ]\’(Xv Y)Z = a

XYZ x%z S(X,Y)Z = Xg’,Z dn(X,Y)pZ:

moreover, as WV is a curvatur
and in particular

(2.16)

€ tensor field of Weyl type, all its traces vanish,

trace (oW (R) (X,Y)) =0.

3. The Chern for
ms and

fr?flidéu;ggg e a complex vector bundie v
R. It has been shownlsi: [CS?TI?IEX connection on F with curvature operator
Rham cohomology class at the Chern ring of E is generated by the de
k=0,12,... o f:séeggesented by the closed 2k-forms trace (FR)*
structure ¢ and the compl e complex vector bundle is H with com Iex,
adapted connection V mplex connection D is the restriction to H OF
B T with curvature operator K'(X,Y)h. Our aim i o
by the 2k-forms t,racr:(lg;)i'r " r}‘:Pkl'esented in the de Rl;am cohomology ‘;? ft/})
flat manifolds. PR ), =0,1,2,...,n, for C-projectively

Then, s . .
dinates z* azzpﬁ:zt;h;t (If’g) b D" M vith local coor
! v 0l & b gis dmes KB Sh . )
local components in this chatr;; fn” o 9igs iy K550 S W,-'}k,p( K}i; the
of ©.&, 1k, g,dn, K, S, W, p(K} respectively;

furthermore, let .11 a
- 1 y nd © he t 7 .
FK,FW and FS respectivefy,ei.e}.]e . - to the tensor fields

projective curvature tensor
th complex structure operator F

[ _ . : .
2 = %%ﬁf}kdm‘ Adz?,
3.1 { : g
) M = %99.{.W,'§kd37' Adz?,
I : :
O = %?isfjkdw' Adzl.

If we denote b
R . note by ¢, the Chern form =
structed in a similar way using the ma.tri)?ltl)f ilz ‘and by ¢, the forms con-
y LS.

(3.2) cp = trace (27, &p = trace ITP;
then it foliows b i
y a straightforward i .
(2.15) and (2.16) the expression of ¢ and[Elcomputatmn’ by using (2.14),

(33 = —-1— )y ! ¢ 3 .
) a 51P(N)isp] ~ p(K)jspi +2(n = 1)dn,;}dz’ Ada?, &) =0.
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In order to find the relations between ¢p = traceQ” and ¢, = tracell? we

need some auxiliary results.

Proposition 3.1 Suppose that V is an adapted symmetric connection

ci tensor field; for (2.7) this condition is equivalent with

with symmetric Ric
the .ssumption that the complez connection D, restriction to H of V, has
(€,hY) = 0).

the Ricci tensor p(K} symmetric (0o (and in particular p(K)
Moreover the following relations hold:

(3.4) QA0 =0A0+{(A+T)Ad,
) QA =QA0,
where
(0 = -2—(;1%?}'(61 = dT)) with dn = d‘l’],‘jdl‘i A de,
AL = st (- HE (K )ik + ey (U5
(3.5) W —p(K) o0 + dnjnp}) Yt A da?
I} = 5(,:1‘+T){~%h5((P(K);rwi + ey (P (K ht
{ oK) i, — dnji) Yo' A d?.

Note that in the left hand side of (3.4) we have the matriz multiplica-
tion and in the right side we have the multiplication of matriz forms with
scalar forms.

The formula for the product @ A 1s similar to the first one in (3.4).

Proof. Substituting equation (2.11) in the equalities

QAL =— %I\'f-jl_S;bkdm" Ade? Adz® A dal,

I AO = -—;—W!.I-,, kTt A dzi A dz® A dx’,

(3.6}
0l ABL = —%Sf-j,_S;bkdxi Adzd A dx® A dr®,

taking into account (2.15), we obtain the proposition by a straightforward

computation.
From now on, we will consider only adapted symmetric connection

with symmetric Ricci tensor. Anyway, apart {rom the several known exam-
ples of adapted connection of this kind [5], [6], it will be clear Jater on that,
in the special case of C-projectively flat connections, this condition doesn’t

mean a restriction.
Proposition 3.1 directly implies

7
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Theorem 3.2 The forms ¢, and ¢, are related by the following formul
ula

3.7 =7 p ~ 2, =
( ) CP'"CP+(1>0A(:P—l+(g)”‘Acp—Q‘f'“"f'Up,

where of denotes the p-ezterior power of o.

Proof. Considering i
e the relation Q = - ; .
e T e s i%ave Q=11+ O, taking also into account

trace ITP = ¢,
(3.8) trace (QATIPY) =¢C, 4+ 0 ACy
trace (2 ATP™2) =Cp 4+ 0 AC_1 + 02 ACpa.

Then the following formula
(3.9 E " =Ty =¢ " ¢
) race (" ATIP™") =¢, + : OANCy_1 4 -4+ 0 ANy,

is obtained by usual induction. For r = p in {3.9) we get the theorem

Recalling the ex i g
. 4 pression of ¢ (see (3.
obtain some important consequences.( GEDPI SR AL ST

Corollary 3.3 If the connecti j
. r 'y 3. e connection 1) with symmetric Ricci t
Ca.s th.e ﬂf‘st C'hem form proportional to dn, then all ils Chc:f ens‘or field
J—progctzvely invariant, n Jorms are
a‘daptedn ct(!}: nz::l;ieornh?sn‘gj‘ 'IE[}I(;:PT;{H 21.1 355“1'(3;’ FE Al e e
A > ct] -projectively equivalent Lo an adapted 2t
S ench th S ’ ! apted connection
almo.:t cchn%ria{:)t(ﬁll,(n}ifo{!) L—hél?((;,f::,_f);it}(le\f.,}rt‘ma.lgng that on every normal
L . quality dp(X,Y) = dnp{eX } always 3
we have in this case ¢; = —ndy. so that we can staé((e{r IO
Corollary 3.4 All the Ch
: . ¢ Chern forms r C-projective
cmme(I:\tdwn are C-projectively inuar-r'a{a!. ns of @ C-projectively flat adapted
forms OF;LZ}:GT, we _easxly deducelfrom the equation (3.7} that all Chern
el lpici}lectwely flat manifoid are powers of d7 and, since (see [9])
1" =d(n A dy" ") for every k € N, we finally obtain Theorein 1.3. '
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Cartea este o introducere cuprinzdtoare in teoria functiilor spline de
una sau mai multe variabile. Sunt incluse noi dezvoltiri mai ales in dome-
niul interpolirii Birkhoft, al proprietdtilor extremale ale functiilor splinc st
la interpolarea multidimensionali, Cele treisprezece capitole ale cirtii sunt
dedicate urmitoarelor directii: interpolarea polinomialX, spatiul functiilor
spline, functii B-spline, interpolarea prin functii spline, functii spline na-
turale, functii spline perfecte, functii monospline, functii spline periodice,
functii B-spline multidimensionale, diferente divizate de maj multe vari-
abile, functii box-spline, interpolarea multidimensionala. O parte din rezul-
tate sunt prezentate firi demonstratiii ca exercitii, avind insi indicatii de
rezolvare. Cartea esto adresaty studentilor si cercetitorilor interesati in
analiza numerics, in special in teoria aproximarii.
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Approzimation, Nonconvex Optinization and Its Applications, vol. 1, Klu-

wer Academic Publishers, Dordrecht, Boston, London, 1994, 389 p., ISBN
0-7923-2785-3.

Volumul este o colectie de lucriri recente din domeniul optimizirii 5i
aproximirii dedicate profesorului Minyi Yue de la Institutul de Matematici
Aplicate de la Beijing, China.’ Lucriirilc acoperd o arie foarte larg de pre-
vcupdri din optimizarca geometricd, algoritmi de proiectie a gradientului,
din programarea linjari finiti §i semi-infinitd, de asemenea unele aplicatii
din biologia molecnlars. Accentul este pus pe aspectele algoritmice din op-
timizare, pe algoritmi de aproximare in problemele de optimizare globali si





