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media, isotropic and non isotropic elsasticity, plasticity, continuous media
with microstructure and other. After the death of Mendel Haimovici some
doctorate thesis was finished under the guidance of Professor Constantin 1.
Borg. After dissertations were in their final stage at the time of his death.

On the other hand, his devotion to science has substantially con-
tributed to the consolidation of the School of Mechanics of lasi and, indu-
bitable, his exemplary passion for didactic activity gave rise to an emulation
spirit for its collaborators and young students.

All these make us add a sign of gratitude, a symbol of our deep ap-

preciation to the memory of the Romanian mathematician Constantin I.
Bors.

Aristotel Manolachi
Vasile Diaconita
Faculty of Mathematics
University of lasi
R-6600, lasi
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ON MEROMORPHIC UNIVALENT FUNCTIONS WITH
POSITIVE COEFFICIENTS AND WITH TWO FIXED POINTS

BY

M.K. AOUF and H.E. DARWISH

1. Introduction. Let ¥, denote the class of functions of the form
g =
e " {ap > 0; a, > 0)
(1.1) f(z} p + 7?z_:la,nz (@0

which are analytic and uni(;'alent }n U* = {z:0 < |z| < 1} with a simple
ole at the origin with residue 1 there. o ) o
R function f(z) € Xy is in the class I3 (a, 3,7)if it satisfies the condition

22 f'(2) + a0
\ (2y — 1)2* (=) + (2a7 = 1)ao

(1.2) <fB (z€eU")

1
for some o (0 < & < 1), ﬁ(0<ﬁ§1)and7(§§'y§1).
We note that for ag = 1, the class £ (a, 8,7) = Zp(a, B, 7) was studied
by Cho, Lee and Owafl] .
For a given real number z (0 < zp < 1) let £, (i = 0,_‘[) be the
subclasses of £, satisfying 2o f(20) = 1 and —z% f'(20) = 1, respectively. Let

(1.3) E;i(a’ﬁa‘TaZO):2;(0‘“817)0211; (i=0,1).

In this paper we obtain coefficient estimates, distortion theorems, closure
theorems and radius of convexity of order § (0 < & < 1) for the classes

I la, 8,9, 2) (i = 0,1). Further we determine a necessary and sufficient

condition that a subset B of the real interval ]0, 1f should satisfy the pro-

perty that U oo la, 8,7, 27) and U Z; (o, 3,7, z,) each forms a convex
Z,-EB :rEB
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family. Techniques used are similar to those of Silverman [2] and
Uralegaddi and Ganigil[3)].

2. Coefficient estimates.

Theorem 1. Let the function f(z) be defined by (1.1). Then f(z) is
in the class L3 (a, B,v) if and only if

M]3

(2.1) n(l + 2087 — Bla, <28y(1 - a)ag.

n=1

1l

The result is sharp for the function

_ % | 2Bv(1 - a)ag 2 (n
(2.2) fz) = —+ (11257 - B) (n > 1).

Proof. The proof follows exactly on the lines of the proof of Theorem
2.3 in [1]; hence the details are omitted.

Theorem 2. Let the function f(z) be defined by (1.1). Then f(z) €
B3 (e, 8,7, 20) if and only if

(2.3) 3 [n(;ﬁtffj ;)ﬁ) + zg‘“] an < 1.

n=1

Proof. Since f(z)e€X; (a, 3,7, 20) we have 2y f(20) = 1 = agt

s ]
+ Z aozg*! (ag > 0; a, > 0) which gives
n=l

00
(2.4) ap=1-— Z anzg L.
n=1

Substituting the value of ap in Theorem 1, we have the theorem.

Corollary 1. Let the function f(z) defined by (1.1} be in the class
Yo.(@, 8,7,20). Then

26v(1 — o)
2.5 n <
23) = (n(14 28y ~ B) + 20+v(1 — o)z TN

{(n>1).
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The equality 1n (2.5) is attained for the function f(z) given by

n(1+ 287 - B) +287(1 - a)z™*! (
2[n(1 + 287 - f) + 26v(1— a)z5 ™)

Theorem 3. Lel the function f(z) be defined by (1.1). Then f(z) €
E;l(aaﬁ:’}'v‘zﬁ) 1f and on.ly if

. [(1+28y=8) . 1]0 _
il z{”[ e A R

nZl).

(2.6) f(2) =

Proof. Since —z f'(20) = 1, we have
= !
(2.8) ap =1+ Z nanzy .
n=1

Eliminating ao from (2.1) and (2.8) we get the required result. ' .
Corollary 2. Let the function f(z) defined by (1.1) be in the class
Ty (e, 3,v,20). Then

267(1 — o) > 1).
(2.9) Un S T 428y = B) +267(1 - )z ] "

The equality in (2.9) is attained for the function f(2) given by

n(1+28y—f) +26v(1 =)™
(1 + 28y - B) - 267(1 — )75t B

(2.10) flz) =

3. Distortion theorems. ] e
Theorem 4. Lel the function f{z) defined by (1.1) de tn the class
S5, (e 6,7, 20). Then

(1+ 287 — 8) — 2py(1 - o)r’
(3.1) |f() > (1 + 287 - B) + 26(1 - ¢)23)

0 < |z] = r < 1. The result is sharp.
. Pl‘i)lof. It follows fiom Thecrem 2 that

= 283(1 - o) -
(3.2) 2 0 < ({1 + 23y — B) +207(1 = a)z]

n=1
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Further from (2.4}, we have

(1+287-p) _
(1+2ﬁ7 B) +287v(1 - a)2]

(3.3) ag=1-— Za“ ntl

Hence we have

(3.4) [z %, g, > (L2067 = ) = 28y(1 - a)r?
A g 2"[(1+2ﬁ'¥‘ﬁ)+2ﬁ7(1—~a)z§]

by using (3.2} and (3.3). Further the result is sharp for the function f(z)
given by :

(3.5) flz) = (14 28y — B) + 287(1 - a)r?
(1 + 287 - B) +264(1 - o)zd]

Theorem 5. Let the function f(2) be defined by (1.1) be in the class
( ﬂ 7’20) Then

(1 + 287 — B) + 267(1 — a)r?
{1+ 287 — B) - 287(1 - a)2]]

for 0 < |zl =r < 1. The result is sharp.

Proof. I%ofollows from Theorem 3 that

(3.6) |f(2)l <

3.7 261(1 - @)
e g%fmmmwwwm—w&a“
267(1 - a)
3.8
§ Zn o= [(1 +287 - B8) - 26+v(1 ~ a)2]]
Further from (2 8) we have
3.9) —14 Lt (1+28y-3)
( Zl” R (W Ty ey T g e
Hence we have
(3.10) ()] < % i <- 1+2ﬂ'r B) +28v(1 - a)r?

T r{(1428y - 8) - 287(1 - a) 2]
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by using (3.7) and (3.9). Further the result is sharp for the function f(z)
given by

(1+28y—8) +267(1 - a)2*
2[(1+ 28y — B) — 287(1 ~ o) 2]

(3.11) fl2) =

4. Closure theorems. Let the functions f;(2) be defined, for 3 =
1,2,..,m, by

(4.1) fi{z) = (ag,; > 0; @n,; 2 0) for z € U™

o0
do 5
¥ +§ an,jzn
“ n=l1

We shall prove the following results for the closure of functions in the
classes Ly, (o, 8,7, o) (t=0,1).

Theorem 6. Let the functions f;(z) (j = 1,2,...,m) defined by (4.1)
be in the class E;D(a,ﬁ,y,z(,). Then the function h{z) defined by

(4.2) h(z) =Y d;fi(2)
i=1

is also in the same class ©; (o, 8,7, 20), where

oy T

(d; > 0)

Proof. According to the deﬁnition of h(z) we can write

(4.4) —|— Z b,z", where

(4.5) by = Zd ag,; and b, = Zdjan‘j (n=1,2,..,m).

=1 1=1
Since f;(z) are in T} (o, 8,7,20) ( = 1,2,..,m
rem 2, we have

), by means of Theo-

(4.6) i [n(1 +28y — B) + 2871 — &) zg ] an; < 287(1 — @)

n=1]
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for every j = 1,2, ..., m. Therefore we have

Z [n(1+ 28y - 8) + 268v(1 —ajzt!] (Zdjan,j) =
n=1 i=1
— Z ; (Z [r(1 428y - 8) + 267(1 - a)zg ] an,j) <
j=1 n=1
< (X d5)269(1 - o) = 28v(1 - o)

j=1

which shows that h(z) € £} (@, 8,7, 2). Thus we have the theorem.

Theorem 7. Let the functions f;(z ) (3 = 1,2,...,m) defined by (4.1)
be in the class Y2 (o, B,y,20) for every j = 1,2,...,m. Then the function
h(z) defined by (4 2) is also in the same class Y (e, 8,7y, 2), under the
condition (4.3).

The proof of the theorem is obtained by using the same technique as
in the proof of Theorem 6 with Theorem 3.

Theorem 8. The class Yoo (e, 8,79, 2) is closed under conves linear
combination.

Proof. Let the functions f;(z) (j = 1,2,..,m) defined by (4.1) be

in the class X7 (o, 3,7, 20}, it is sufficient to prove that the function H(z)
defined by

(4.7) H(z) = Mi(2) + (1= Nfa(z) 0<A<T)

is also in the class 23 (e, 8,7, 2). Since

)\ao 1+ (1 — A)ao'g
Zz

+ z {/\an,l + (] - A)am,ﬁ} zn,

n=1

(4.8) H{z)=
with the aid of Theorem 2, we have

(49) 2 [PO+2B75) +287(1 = )] {(Aans + (1= Nar ) <
- < 239(1 - @)

which implies that f(z) ¢ Eo.(a, 3,7, z0). In a similar manner, by usiag
Theorem 3, we can prove the followmg Theorem:
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Theorem 9. The class & (o, 3,7, zp) is closed under conver linear

combination.
Theorem 10. Define

1
(4.10) fg(z) = -z'- and .
n(1 426y - B) +28v(1 — &) 2" n>1).
{(4.11) e = 2[n(1 + 287 - B) +287(1 — a)z5 "] 2 _
Then f(z) is in the class X3 (o, B,7,20) f and only zf it can be expressed in
the form

Z A fnl(z)where A, >0 (n>0) and

(4.12) fulz) =
n=0
(4.13) S =1
n=0

Proof. Assume that

f(z) = ZA fa(2) = Xofol2) + ZA,J,,

n=0
Ao S n(l+ 28y ﬂ)+2ﬂ'r( — o)z
z Zz[n1+2[3‘7 B)+28y(1-a)z*'] "

1 (14 28y — ) a
—;(A0+Z[nl+2ﬂ7 B) +26v(1 - )“+1])+

- 26y(1 — a)A, "
; (L+ 28y —B) +28v(1 - )%‘“]z

Z
(4.14)

Then it follows that

& [n(1 428y B)+287(1-a)z5"] 20v(1-a)An
Z 28y(1-0) [n(1+2087-8)+28v(1-0a)z ]

20
=Y Aa=1-X <1
n=1

Also by definition we have 2o fa(20) = 1. Therefore

20 f(20) Z)\Zofn(zo D =1

n=0

n=1
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This implies f(z) € Xp,. So by Theorem 2, f(z) € I} (o, 3,7, z0).
Conversely, assume that the function f(z) defined by (1.1) belongs to
the class ¥7 (e, 8,7, 20). Then

. 28y(1 — @)
(4.13) “ S (32878 1B — ] 2
Setting -
(4.16) /\n — [n(l + 2ﬂ7 - ﬁ) + 2187(1 - Q‘)ZO ] a, (TL ..>_ 1), and

N 267(1 - a)
(4.17) do=1- Z An.

=1
Hence, we can see that f(z) can be expressed in the form (4.12). This
completes the proof of Theorem 10.

In a similar manner, we can prove the following Theorem:
Theorem 11. Define

(4.18) fo(z) = % and

(4.19) fulz) = L+ 207 = ) +2B(1 - a))z“:l]
0

{(n >1).
enl(1+ 287 B) - 267(1 — )z

Then f(z) is in the class &} (a, 8,7, 20) if and only if it can be expressed in
the form (4.12) where A, > 0 (n < 0) and (4.13).

5. Radius of convexity. In this section we determine the radius of
convexity of order § (0 < & < 1) for the classes 7 (o, 8,7, 20) (1 =0,1).

Theorem 12. Let the function f(z) defined by (1.1} be in the class
Lol By, 20) or B (e, 8,7, 20), then f(z) is convez of order § (0 < 6 < 1)
in 0 < |z] < r*(a,B3,7,8), where

(5.1) (@, B,7.8) = mf{“ (L +26y - f) }+ (n21).

28v(1 —a)(n+2 - 4)
The result is sharp.

. . z2f"(2) )
Proof. 1t is sufficient to show that |1 + 7-(—5“ <1-4(0<6<1)
z
for 0 < |z| < r*(e, B8,7,8). We have
L
Z n(n 4+ Da,|z|"*!

F(2) + £ =
7) l =

S
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<i1-46if

|f’(z + (Zf'( 2

n+ 2 — 8ay|z|"* < (1 —d)ao.

(5:2) Z

When f(z) € &5 (o, 8,7, 20), using (2.4) we find that the inequality (5.2) is
equivalent to

(5.3) f: [n(n+2 = &)™ + (1 - )25 ] an < (1~ 8).

n=1

But Theorem 2 ensures

o n(l +2ﬂ7 _ﬂ) n £
(5.4) ZI{(I_J)[ ) +zo+l]}an§(l—d},
Hence (5.3) holds if
[n(n+2 = )|z + (1 - )z an <
oo o
or if

. . w4
|2 S{ (1 =81 +20y -5 } (n>1).

28v{1 - a){(n+2-4)
Thus f(z)} is convex function or order § (0<6< 1) in 0< |2} <r*(ax, 3,7, 6).
In other case when f(z) € &7 (e, 8,7, 20), using (2.8) we find that the
inequality (5.2) is equivalent to

o

(5.5) donln+2-8" -1

n=1

-8yt an < (1-6).

Therefore, in view of Theorem 3, the inequality (5.5) hold if
nf(n+2-8)z"" - (1

(14+28Y-8) _ap1
S(l“é)n[mmzo }an, HZI

- §)zg +l] a, <
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or if

e AL oy,

26v(1 — a)(n+ 2 —9)
This completes the proof of the theorem.
Sharpness for the class I3 (@, 8,7, 20} follows by taking the function
f(z) given by (2.6), whereas, for the class £} (&, 8,7, 20}, sharpness follows
if we take the function f(z) given by (2.10).
Remark. The conclusion of Theorem 12 is independent of zp.

6. Convex family. Let B be a nonempty subset of the real interval
]0, 1[. We define the family £ (a, 8,7, B) by

(@ 8,1, B) = | Spole 12

z,EB

If B has only one element, then I; (a,8,7,B) is known to be a convex

family by Theorems 6 and 8. It is mterest to invetigate this class for other
subsets B. We shall make use of the following :

Lemma 1. If f(z) € Z; (o, 8,7,20) N Ly (e, 8,7, 21), where 2o and
zy are distinct positive numbers, then f(z) = 1/z.

Proof Let f(z) € I, (o, 3,7, 20) ﬂEPo(af B,v,z) and let f(z) =

+Zan " {ap > 0;@,>0). Then ap =1 Za" antl 1_Zan n+1.

n=1 =1
S‘“Ce anp > 0, 2o > 0 and z; > 0, this lmplles a, = 0 for each n > 1 and
f(z)=1/z Hence the lemma.

Remark. If the condition that the fixed i)omts za, 21 be positive is
relaxed the lemma needs not be true. For example if f(z) € ¥, (e, 8,7, z0)

and f(2) is odd then f(z) € £} (e, 3,7, —2).
Theorem 13. If B is contained in the interval 10,1[, then .
oo (@, 8,7, B) is a convez family if and only if B is connected.

Proof. Suppose B is connected and zp, z; € B with zp < z.
To prove 2al s Bitr B) is a convex famlly it suffices to show, for

+Zanz EE" (e, 3,7, 20), +ib el

and 0 < A < 1 that there exists a 22 (29 < 2 < z;1) such that h(z) =
Af(zy+ (1 — =X g(z) is in £3 (e, 8,7, 22)- Since f(z) € T (. 8, , z) and

]

g(z) € E;O(aﬁ,y,z;), we have ag = 1 Za z{)‘“ and by = 1——Zhn R

n=1 n=1

7/3171 Z])

e e e
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Therefore we have

e o]
t(z) = zh(z) = Aap + (1 = AYbo + A Y an2™ !4

n=1\
%]
A) Y bzt
n=1
n+1) .

+ (=AY ba (2" -2
n=1

t(z) being real when z is real with t(z) < 1 and t(z) > 1, there exists
zy € [z0, z1] such that t(z3) = 1. This implies z3h(22) = 1 for some 2, zp <
zy < zp, that is h(z) € Ty,

Now, from (6.1) and z3h(22) = 1, we have

o]
(6.1) +(1- :1+Zan (2"t — ) +

3 [r(1+ 28y - 8) +287(1 - @)z ] {Aan + (1= Aba} =
n=1
=23 [r(1+287-8)+28v(1—a)z3 "' ant
n=1
+(1~A) Z [n(1+287 = B) + 267(1 ~ )27+ ot
n=1

+2687(l— o )\z:{z“"'l -

n=1
Z {zn-i-l

=AY [n(1 + 28y - ) + 2071 -

n=1

1—A)Z[n 428y — B) + 28v(1 — )27t b, <

n=l1

< 28v(1 — a)A +28v(1 — @) (1 — A) = 28y{1 - @)

23+] } an+

+26y(1-a 2, =

—)zit an+

by Theorem 2, since f(z) € X3 (o, 8,7, 2) and g(z) € £} (e, 8,7,71).
Hence we have h(z) € E;O(a,ﬁ 4, 27), by Theorem 2. Siuce zy,z and A

are arbitrary, the family 25 (@, 8.y, B} is convex.
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Conversely, if B is not connected, then there exists zg, 2) and z; such
that z9,2) € B, 20 ¢ B and 20 < z2 < 2. Assume f(z) € E;O(a,ﬁ,'y,zg)
and g(z) € & (e, 3,7, z1) are not both equal to 1/z. Then, for fixed z; and
0 < A <1, we have from (6.1),

o0 o0
() = t{z2, ) = 1+ A Y an (P =23 + (1= 2) D ba (234 = 7).
n=1 n=1
Since t(22,0) < 1 and t(z2,1) > 1, there must exist a Ao, 0 < Ag < 1 such
that ¢(z2,Ao) = 1 or 22h(z;) = 1, where h(z) = Aof(2) + (1 — Ao)g{2). Thus
h(z) € ¥, (@, B,7,22). From Lemma 1 we have h{z) ¢ X} (e, 8,7, B), since
z3 ¢ B and h(z) # z. This implies the family X} (a, 8,7, B) is not convex
which is a contradiction. '
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ON A UNIVALENCE CRITERION

BY

VIRGIL PESCAR

In this note we obtain a sufficient condition of univalence for the func-
tions regular in the unit disk U = {z:] z |< 1}.
in the following, we shall use a result due to Pommerenke.

Theorem A. [1]Letrg € (0,1] and let L(z,t) = a1(¢)z+. . ., a)(t) #
0, be regular in U,, = {z:] z |[< 1o} forallt € I = [0,00) and locally
absolutely continuous in I, locally uniform with respect to U,,. For almost
all t € I suppose

JL{z,t)
Z-—-—é;—-— = p(z,t)T,Z = U"O
where p(z,t) is regular in U and satisfies Rep(z,t) > 0,2 € Uutel If
| a1 (t) |- oo for t = oo and L(z,t)/a,(t) forms a normal family in U, then
for each t € I, L(z,t) can be continued regularly in U and gives univalent
function.

Theorem. Let a be a complex number and m > 0 such that

(1) 'la_m;-1|<m;—1

If f(2) = z + ay2® + ... is a regular function such that f{z)/z # 0 in the
disk U and there exists a regular function g in U.g(z) = 2+ byzt +..., such
that

(4) g(z)/z2#0,¢(2) #0,2€ U





