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Conversely, if B is not connected, then there exists zg, 2) and z; such
that z9,2) € B, 20 ¢ B and 20 < z2 < 2. Assume f(z) € E;O(a,ﬁ,'y,zg)
and g(z) € & (e, 3,7, z1) are not both equal to 1/z. Then, for fixed z; and
0 < A <1, we have from (6.1),

o0 o0
() = t{z2, ) = 1+ A Y an (P =23 + (1= 2) D ba (234 = 7).
n=1 n=1
Since t(22,0) < 1 and t(z2,1) > 1, there must exist a Ao, 0 < Ag < 1 such
that ¢(z2,Ao) = 1 or 22h(z;) = 1, where h(z) = Aof(2) + (1 — Ao)g{2). Thus
h(z) € ¥, (@, B,7,22). From Lemma 1 we have h{z) ¢ X} (e, 8,7, B), since
z3 ¢ B and h(z) # z. This implies the family X} (a, 8,7, B) is not convex
which is a contradiction. '
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ON A UNIVALENCE CRITERION

BY

VIRGIL PESCAR

In this note we obtain a sufficient condition of univalence for the func-
tions regular in the unit disk U = {z:] z |< 1}.
in the following, we shall use a result due to Pommerenke.

Theorem A. [1]Letrg € (0,1] and let L(z,t) = a1(¢)z+. . ., a)(t) #
0, be regular in U,, = {z:] z |[< 1o} forallt € I = [0,00) and locally
absolutely continuous in I, locally uniform with respect to U,,. For almost
all t € I suppose

JL{z,t)
Z-—-—é;—-— = p(z,t)T,Z = U"O
where p(z,t) is regular in U and satisfies Rep(z,t) > 0,2 € Uutel If
| a1 (t) |- oo for t = oo and L(z,t)/a,(t) forms a normal family in U, then
for each t € I, L(z,t) can be continued regularly in U and gives univalent
function.

Theorem. Let a be a complex number and m > 0 such that

(1) 'la_m;-1|<m;—1

If f(2) = z + ay2® + ... is a regular function such that f{z)/z # 0 in the
disk U and there exists a regular function g in U.g(z) = 2+ byzt +..., such
that

(4) g(z)/z2#0,¢(2) #0,2€ U
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. f(z)]a_l f'(2) m+1| m+1
(#9) ’ [g(z) 7(2) 5| <5 Vel

(i)

e[S £ ma
& {[g(z)} 7 2 }*

zg'(2)  z2¢"(2) m+ 1 m+ 1
+(1—|z|m+l)[af—1 + +1- <
(a=1) glz)  ¢'(2) 2 -2
for all z € U, then the function f is univalent in U.

f'(z)/z # 0 in U — {0} and

F N

—rre e

Proof. From (ii), it results that f(z) -

hence, for the function
(f(Z) ) o
g9(z)

we can choose the regular branch in U, equal to 1 at the point z = 0.
Let a.b > 0 and m = b/a. Since [g(z)/f(2)]° ' = 14+ crz+..., s

regular in U and f(2)/z # 0 in U, it results that there exists ro,0 < rg < 1,
such that the function

2 hiz,t) = ale — oot g(e—at 1 zg'(e‘“’z)
( ) ( f) 1+ ( )[ (6’ atz)] f(e—“‘z)

is regular in Uy, = {2:] z |[< ro}, for all t > 0 and hence, the function
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(3) L{z,t) = fle™*2)h(z, 0]/ = ar()z + ...

is regular in Uy, for all £ > 0 (in (2) and (3) we choose the branch equal to
1 at the origin;.
The function a;(t) from (3) is given by:

1'0' o — a0
(4) a(t) = [O + {1 — o) e_(““'b)'] T grtineny

Froin (1), it results that Reor > 0, and hence Re [o + (1 - aje(e+0)]
>0 and «¢;(t) =0, forall t > 0. I

From (1), we deduce that

b — 1 - a
R_ei‘_?L_‘"‘:aReer R -
€ ~ a K

Re[-]a|> +a(m + 1)} > 0,

and we conclude that
lim | (¢) |= o0
{—=oo

It casy to prove that L(z,t)/a;(t) forms a normal family of regular
functions in Uy, = {z:]z |< r},0 < r <rgand L(z,t) is locally uniformly
with respect to Uy, locally absolutely continuous in 1.

Let p(z,t) be the function defined in U, x [0, 00) by

Bth/aL

In order to prove that the function p is regular and with positive real
part in U, for all t > 0, it is sufficient to prove that the function:

(5) p(z,t)

_oplz ) —1
(6) wlz, t) = o) 11
is regular in U for t > 0 and
(7) | w(z,t) j< 1

forall z € {7/ and t > 0.
From (2), (3), (5} and (6) we have

(1+a)Q(z,t)+1—b
(1~a)Q(zt)+1+b

(8) w{z,t) =

Prorrerl (o)) f’(e‘“z),_}
v {{g(e%tz)} gz F

f{e—afz) e~
[ :-(a+b)t . e z'q "
+ [l‘ € ] [(a 1) ale=77)

Let’s note X = ReQ(z,t), Y = ImQ(z,1).

—at

alzgn(e—utz)}

_q’(e'“"z)



18 VIRGIL PESCAR

We obtain

| w(z,t) |2:|(1+‘1)(X+i}")+1_b[2 -
) | (I-a}(X+i¥)+ 1407

[+ a)X +1-82 +[(
T [l-a)X + 1+ +[(
(

and, hence, we conclude that the inequality

1+ a)Y]?
I —a)Y]?
7) has the form

x?4yrq 2=t

}Q(z,t)+1-—m;‘1|<m;1,

where m = b/a, equivalent to the inequality

2
,m+1[Q(z,c)+1]—1l<1.

Let’s note

(10) H(z0) = ——[Q(0 +1] - 1

The inequality {7} is equivalent to the inequality

[H(z,t)] < L.
The function H(z,t) is regular in U for all z € U and ¢t > 0.
Let us prove that |H(z,t)] <1,Vz € U and { > 0.

From the condition (ii) of the Theorem, for ¢ = 0 we obtain [H (z, 0)] <
1 for all z € U. Since the function H is regular in U for t > 0, it results that

(11) H{z,0)| < max|H(z, )] = |H(e”, )

where 8 is a real number, 2 € U,t > 0.
If u = e 2+ then |u| = e““ and e~(0+8)! = |y) ™+t where m = b/a,
replacing in (9) and (10), from (11) we obtain
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H (2,8)] < = l|u|m+n{[f(u)]”“f'(u)_m+1}+

m+1 g{(u) g'(w) 2
(12)
™ | — ug'{n)  ug”(u) _m+1
= i [l - S SR 41 - B I

forall ze U and t > 0.

Since u € U7, for ¢ > 0, from the conditions (iii) and (12) we obtain
that |H(z,8)] < 1,¥z € U and ¢ > 0, hence, Jw(z,t)} < 1, and the function
w is regular in U, for all z € U, t > 0.

It results that L(z,t) is a Loewner chain and f(z) = L(z,0) for all
z € [/, and we obtain that f is univalent in U.

REFERENCES
l.Pommerenke, Ch. — {Iber die Subardination analytischer Funktionen, J. reine
angew. Math. 218, 159-173 (1965).
2. Ruscheweyh S An extension of Becker's Univalence Condition, Math.

Annalen 220, 285-290 {1976).

Department of Mathematics

Received : 30.X.1995 “Transilvania” University of Bragov
Revised : 22.11.1996 2200 Brasov
ROMANIA





