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Introduction. Oscillations of delay differential equations have been
extensively discussed by numerous authors. However oscillatory behaviour of
integrodifferential equations especially those with infinite delay has received

littie attention in the literature. . .
In population dynamic models of integrodifferential equations, oscil-
lation of model systems has certain ecological and evolutionary regnificance

([1-11]).

In this paper, we examine a necessary and sufficient condition for all
solutions of the neutral integrodifferential equations of the form

(1.1} gz x{t) — ¢ [ H{s)z(t — s)ds +a/k(s)x(t — s)ds + bz(t} =0
0 0

to have at least one zero on (—o0,+00) under the assumptions:

(=)

{A) /k(s)ds =1, /sk(s)ds < o0, K:[0,00) — [0,00)
[ 0

and

oD o0
fH(s)ds < oe, [sH(s)ds < oo, H:{0,00) — [0,00};
0 0



&

50 AAS ZAGHROUT and S.H. A.T'I‘ALAH 2

(B) @,b and ¢ are real positive constants such that

oo

c/H(s)ds < 1.
0
Definition 1.1. Solutions of (1.1) which have at least one zero on

R = (—00,+00) are said to have “zerc crossings”. On the other hand if
there is a solution z of (1.1) such that either z (t) >0 on R orz (t) < 0 on
R, then such a solution is said to have no “zero crossing”, (sometimes these
solutions are said to stay away from zero). For literature related to stability

characteristic of neutral integrodiflerential equations we refer to K ol m a
novskiiand Nosov[7]

Our condition is based on the nature of the roots of the characteristic
equation associated with (1.1) which is
o0 o0
(1.2) Apl- c/ H(s)e *ds | + a/k(s)e'“ds%— b=10
) 0

In our study we follow the analysis of Gopalsamy [23] and
generalizing the results in [3] to the equation (1.1).

2. Zero-Crossings. We shall derive a necessary and sufficient con-
dition for all nontrivial solutions of (1.1) to have “zero crossings™ (i.e. have
at least one zero on R). Our condition is based on the nature of the roots
of (1.2}.

We need the following lemma

Lemma 2.1.  Suppose K : [0,0c) — [0,00), K # 0 on some
suinterval of [0, 0o); let a, b be positive constants and 0 < ¢ < 1. If (1.2) has
not real roots, then there exists a positive number M such that,

< (=
(2.1) a/k(s)e_‘\’ +b>A[1~¢ /n(.q)e-f‘*ds + M
0 0

o0 [e e}
where A€ R, [ecH(s)ds< 1, [ K(s)ds =1,
0 0

Proof. Define F as follows:

o0 o0
(2.2)  F(A) =2 l—c/H(s)e Mds | +a [ k(s)c ds + b.
0 ¢

3 NEUTRAL INTEGRODIFFERENTIAL EQUATIONS 51

We note that the equation F{A) = 0 will be supplemented with nonnegative
initial value on {--00,0] such that #(0) > 0. Now, from (2.2) we obtain:

F(0)=a [k(s)ds+b>0
0

lim F(A) = oo
A — too
F(A) =0 has no real root

inf F(A) >0
AER

If \int;{ F(A) = 0, then there exists a sequence {A,} C R, IAnI < 00 such
\E

that F(A,) — 0 as n — oo. Since the sequence {A,} is bounded, there
ecxists a convergent subsequence, say {A,, }, such that

Any — AT and F(Ap,) — 0 as np — o0,
Since F'is continuous in A, it will follow that
F(Xx,,) — F(A") =0 as n; — o0,

and hence A” is a real root of F' which is contradiction. Thus there exists a
positive number M such that,

o] o0
(2.3) F(A\) = A l—cfH(s)e'“d.s +a]k(s)e_)"ds+b> M, Ae R,
o 0

from which the result follows.
Theorem 2.2. Let a,b ¢ (0,00),c€ {0,1),H : {0,00) — [0, ) be
o0
such that ¢ [ H(s)ds < 1 and that k{s), H(s) are eventually nonincreasing,

0
H,k # 0 on [0,00). A necessary and sufficient condition for all nontrivial
solution of (1.1) to have “zero crossing” is that the characteristic equation
{1.2) has no real root.

Proof. The necessity of the condition is easily seen; for instance if
F(A) = 0 has a real root, say u € (—00, 0}, then (1.1) has a solution of the

form,

(2.4) z(t) = Ae*, A € (~o00,0),

which has not zero crossings. Thus the necessity of the condition follows.
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The sufficiency part of the condition is proved as follows: we shall
assume that (1.1) has a solution y which is strictly positive on (—00.00) and
then show that this will lead to a certain contradiction. The technique is
smilar to those used in the case of neutral differential equation with infinite
delays.

Let y be a positive solution of (1.1} on (—oc0,c0). Define a sequence
{zn} as follows:

oo

zo(t) = y(t) — ¢ [ H(s)y(t — s)ds,

,

(2.5) { ’ 0

\ g (t) = z,(t) — c‘{ H(s)zp{t — s)ds.

It can be verified that (2.5) and (1.1) imply

{ o0

() = —aof k(s)zo(t — s)ds — bzo(t),

2.6) ﬁ ()= —a 6[ k(s)z(t — s)ds — bz (1),

) o
2 (t) = —a [ k(s)zay(t — s)ds — bz (), n=1,2. .,
\ 0
where #(t) = —a [ k(s)y{t — s)ds — by(t).
0 .
Since y is a positive solution of (1.1), we have from (1 1) that y(¢) -
¢ { H(s)y(t — s)ds is decreasing as t increases. Thus if y(¢) — cf H(s)y(t -
0

s)ds becomes zero or negative for some ¢t = {o, then for all ¢ > ty we will
o0

have, y(t) — cf H(s)y(t — s)ds > 0.
As a consequence there exists a § > 0 such that, y(t) —« f H{s)y(t — sids <

o0
—6, fort —t; = to + 1, and therefore for ¢ f JI(s)ds < 1, we have, u(l) <
0
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-§+rc _OF.FI(S)y(t —s)ds < =6+ cofoH(s) [—6 + c}oH(n)y(L —2n)dn} ds <
0 0 0

nln(cfh’(s):is)
—=— | +y(to)e 0 , t = ns 4+ ty, if t is large enough,
l-cfH(s)ds

then it will follow from cf H(s)ds < 1 and the above that,

y(t) < —2—o, wh1ch is impossible. Thus we conclude that,
1-cf H(s)ds
(]

(t)—c/H y(t — s)ds > 0, for t € (~o00,00).

Now, we note from,

(2.7} Znga(t —a | k(s)zn(t — 8)ds — bz, (1),
h
that
t) —c | H(s)za(t —s)ds = —a [ F(s)za(t — 5)ds — bz, (2)
! /
or
(2.8)

.,n(t)—cfH(s)zn(t——s)ds-l—afk(s)zn(t—s)ds—i—bzn(t) =0,n=0,1,2,...
0

Consider now the set v, of real numbers defined by
(2.9) = {A > 0] 24(t) -+ Azn(t) < 0 eventually for ¢ > 0}.

Now we show that the existence of a positive solution of (1.1j implies that
the set v,, has the following contradiction

() ¥n is bounded ,
(i) tor A€ yn = A+ M€ yn.
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Clearly A = 0 € v, v, is nonempty, v, € [0, 00).
To establish (i), we have to show the existence of an upper bound of
Yrn- Now integrating both sides of (2.7) on [t — a,!]:

2a(8) — 2ot — 0} + a j (7k(s)zn_l(u - s)ds) du + b j zp—1(8)ds =0,

t—o 0 f—o
implying that
4

/ I:a/k(s)zn_l(u — s)ds 4+ bzn_l(u):! du =z, (t —a) — 2,(t) < z4(t — a),
0 .

t—a

4

/ [a/k(s)zn_l(u —- s)ds + bzn_l(u):l du = z,(t — a)
0

t—o

or

aa | zp_1(t — s)k(s}ds + bazn-(t) € z,(t — @),

0\8

for all ¢ > 0 large enough.
Hence

(2.10) a/zn_l(t _ s)k(s)ds < i«zn(t — @) = bz (0).
0

Now we have z,.(t — &) by choose positive numbers «, 3 such that

8
J k(s)ds > 0, k # 0 on some interval [0, 0o}, we have from (2.8)

0=z,(¢) - c/. H{s)z, {t — s)ds + afk(s)zn(t — s)ds + bz, (t)
0 0

0o B
> () — c[ H(s}z,(t — 8)ds + afk(s]zu(t — &}ds + bz, (1),
0 o
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g i)
én(t)—!-a/k(s)zn(t—cr)ds—}-bzn(t.) < é,,(t)-i—a/k(s)zn(t -s)ds+bz, (t) < 0.

o

Since z, is decreasing, we have,

g
Zn(t)+a /k(s)zn(t —a)ds+ bz, (t) < 0.

8
If we take a [ k(s)ds = A, then

(2.11) () + Azp(t — @) + hza(t) < 0.
Integrating both sides of the inequality (2.11) on [t -4, t] we obtain

t

2(t) — 2p (t—-g) + A zn(s —a)ds +b / zn(8)ds < 0.

|
ul&\ o

2
¢ t—%
Hence
(87 43 o
N — )= + boza(t) <0,
(2.12) 2alt) = 2n (1 2) + Aza(t = )5 + b3 (8) <
or
[0 54 o o . - 2
Szt - a) € SAz(t - @)+ Fhen(t) < 20 (¢- 5) ~ 2t} < 2a (2 2)

o o
ey EAZn(f = Cl‘) § Zy (t == 5) 5

Similarly, if we integrate (2.11) on {t,¢ + ] we obtain,

(2.13) Ag—zn (t- g) < 2a{t)

From (2.12), (2.13), we obtain,
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Substituting in (2.10), we get

(4]

a/zn_l(t — s)k(s)ds < -l—zn(t —a) — bz, (1),
0

or

z,,(t)

RI=

(2.14) a!zn_l(t —s)h{s)ds + bz, (t —a) < (Aa)

Then from (2.7) and (2.14) we have,

0= Zn(t) + a/k(s)zn_l(t - s)ds + bzn_l(t)
0

4

< 2, (t) + (Aa)2 za(t),

but m = A > 0, i.e., which show that A € ,,. v, is bounded. Then (i)
is true. Now we prove part (ii). Let {¢,} be the sequence defined by

(215) ‘bn(” - P'\ Zn( ) A € Yn,

Then we have,

(2.16) d’n(t) = ¢ [2a () + Az (t)] < 0.

Since
(1) + Aza(2) <0,

then
Pn(t) <0,

i.e., ¢, is non increasing. We have from (2.7). (2.15), (2.16} and lemma 2.1:

bgt (0 4 (A M)zngs (1) =

= —aj k(s)zn(t — s)ds — bz, (t) + (A + M) {.zn(t) -—c[f{(s)zn(t - s)ds:t =

0
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/ k(s)e M= (1 — s)ds — be ™M (L) 4 (A + M) [e™ a (1) -
Q

_p[n(s)e Mtcs) g (£ s)ds} < e_)"[—afk(s)e\s¢n(t)ds b (£} +

o 0

HOH M0~ O+ Me [ Hla)egn(0)ds] =
0

=e¢ Mo (t) 1:-(1 / k(s)eds —b+ (A + M) — (A+ M)c e)"H(s)d.s]
[ [

< 0. Hence
Eng1(t) + (A + M)znpa{t) < B_At¢n(t)'

. {—aj‘k(s)e\’ds —b+4 (A + M) (1 —c/H(s)e""ds)ji <0.
0

0

Therefore {(A\+ M) € v, which establishes (ii). Since (i), (ii) together cannot
hold for +,,, we have a contradiction. Thus (1.1) cannot have a positive
solution on (—o0, oc); since (1.1) is linear, in a similar way 1t cannot have a
negative solution on (-~00,00). This completes the proof.

Corollary 2.3. Assume that a,b,c, k{(s), H(S) are as in Theorem
1.2. If,

{2.17}
o l [e 0] o0
a/sk(s)ds > —emin [(1 —c]ll(s)ds) . (1 —~2bce/sf!(s)ds)}
0 0 0
then afl nontrivial solutions of (1.1) have zero crossing.

Proof. Suppose that (1.1) has a solution without zero crossing on
(—o0,00). Then by Theorem 1.2, the characteristic equation of (i.1) has a
real root; that is,

o [as]
(2.1%) F(X\) = AL - c/ H{s)e™ds) + a [k(.e)e--“ds +b=0.
0 i

1
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has a real root. Since

(2.19) F(0)=a [k(s)ds +b6>0, F(A) >0 for A >0,
the rcal root has to be negative. Let A = —p, s > 0 be such a root; then u
satisfies,
(2.20) I (I - c/H(s)e’”ds) =a [k(s)e‘”d(s) + b,
0 0
or

=
SO
|
(%
=
&
N—
1\
=
TN
o\g

H(s)e‘”ds) =,ua/k s-——ds+b
0

or
o0 oo
1-c¢ / H{s)ds > ea/sk‘(s)ds,
[} 0
or

a[sk(s)ds < é (1 —c/H(s)ds) .
0

0
But this contradicts (2.17), so
H(s)ds) .

sk(s)ds > ! (1 —-c
e
[e.a) [s0)
(2.21) w= ,uc[ H{(s)e"’ds + a/ k(s)e**ds +b.
i 0

&
o\g
o\g

We also have from (2.20} that,

Thus

oo

g>b and pu> ;Lc/ I {s)e**ds.
0

From (2.21) we get,
> b('/ H(s)e*?*ds+ b + a/k(s)e“’ds.
0 0

Thus

o0 o0
e#? b e”*
1> bcfsh’( )—--—ds+ +a/sk(s)—ds
ys (s

0 oo b (s 0]
> bucfsff(s)ds+ae/sk(s)rls+ f/H(s)e“’ds.
0 0

Then . . .
1> bce[sH(s)ds+ae/sk(s)ds+ bc/sH(s)ids
0 0 0 He
o0 oo
> 2bce/sH(s)ds—f-ae/sk(s)ds,
0 0
or

oy o=

aO/.sk(s)ds < - (1 - 2bce0/sH(s)ds) ,

but this contradicts (2.17}, and the conclusion is

a | sk(s)ds > ~ (1 — 2bce | sH{(s)ds)
[ /

hold, and this completes the proof.

3. An application to level crossing. We shall now consider briefly
the nonlinear logistic integrodifferential equation

(3.1) df:;t(t) =rN(t) l:l - % (a/k(s}!\f(t — 8)ds + bN(t)):' .
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where a,b,¢,r € (0,20) and

N(s) = ¢(s) >0, 36( 00, 0]); ¢{0) > 0;

&2 k:[0,00) — [0, o0); fk Jds =1

We derive sufficient conditions for all positive solutions of (3.1) to cross the
positive equilibruim level in the sense that there exists a t* € R for which

(3.3) N(™) = a>0,b>0

c .
a+b’
Solutions satisfying (3.3} can be called equilibruim or “level-crossing” for
short. The integrodifferential equation (3.1) represents a generalization of
the familiar delay equation,

dfi—it) = rz(t) [1 - %(""’3(5 -+ bx(t))] ’

with a finite discrete delay .

In the case b = 0, equation (3.1) represents a gencralization of the familiar
delay logistic equation,

dﬂ;f) = ra(t) [1 - %x(t - T)] :

The following result shows that if the linear variational system corresponding
to the positive equilibrium of (3.1) has zero crossings, then the nonlinear
system (3.1) has level crossings.

Theorem 3.1. Let r,a.b,c,€ (0,00); suppose k is not identically
zero on some subinterval of [0, oo} and that k is eventually nonincreasing.

if
(3.4) GLM [a‘/k(s)e‘\’ds+ b| > A for A € (0, 00),

0

then ull positive solutions of

3.1)  N{t)=rN{) 1——2 a/k(s)]\’(t~—s)(l.s+bN(t)
0
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have level crossings.
Proof. First we note that every solution of (3.1) and (3.2) satisfies,

(3.5) N(t)>0fort >0.
We let

c
(3.6) N = S+ (o)

in (3.1) and derive that u is governed by

[e.e]

b bu(u)
a+b a+b

u(t) = r(1 + u(t)) k(s)(1 4+ u(t — s))ds —

. .
Since [ k(s)ds =1, then,
4]

(3.7) a(t) = . 1 + u(t [k u(t — s)ds + bu(t)

It is easily seen from (3.5) and (3.6) that the problem of level crossing of N

about a_%E is equivalent to that of “zero crossing” of u, where u satisfies
(3.7).

As in section 2, one can show the existence of a positive number M
such that,

(3.8) S (/ ak(s)e™ds + b) > A+ M for X € R.
a-+b
0

Now suppose that {3.7) has a solution without zero crossing; for instance
let u(t) > 0 for t € R. It follows from (3.7) that u is decreasing on R and
therefore,

u(t) —1>0 ast — oo,

One can show that { = 0, since otherwise u can become negative
eventually for large ¢, contradicting the positively of u on R. Similarly one
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can show that if (3.7) has a solution » such vhat u(t) < 0 on R, then u will
be nondecreasing since (1 + u(t) > 0) on R, implying that,
u(t) — 1 < 0ast —+ o0,

and one can show that { =0
We now rewrite (3.7) in the form

(3.9) d"“ [/ ak(s)u(t — s)ds + buft )] =0,

0

where

(3.10) { Pt) = a—_';"z;(l +u(t)) >0 on R,

P(t)ﬁa%b- as f — 00,

whenever u(t) denotes a solution of (3.9) without zero crossing. Suppose
{3.7) has a solution u satisfying u(t) > 0 on R.
Define a set -, as follows:

(3.11) tu = {A > 0] i(t) + Au(t) < 0)

eventually for all large t. It is easily seen that A = 0 € ¥, and that 7, is a
subinterval of [0, co).

The rest of the proof is accomplished by showing the set v, has contradictory
properties P, and Py:

P, : v, is bounded

P:A€v, = A+ M€y, where M is as in (3.8).

Define ¢ as follows:

(3.12). B(t) = eMu(t), A€ 7
We note from (3.21) and (3.11) that
{3.13) P{t) = e M[a(t) + Au(t)] <0, eventually

and so ¢ is nonincreasing eventually and ¢ is positive. We have from (3.9),

w(t) + (A + Mu(t) = —p(t)[f ak(s)u(t — shds + bu{t)] + (A + M)u(t)
0
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t) f ak(s)e M g(t —
0

s)ds — p{t)be (1) + (A + M)e™Mg(t)

Y [—p(n [ k(o) 6t - s)ds - ple)pg(e) + (1 + M)é(t)]
1)

1]

< e—/\t \:—p(t)tﬁ(t)ﬂfk(s)eASdS — bp(t)l,ﬁ(t) + (A + M}é(t):l

= p(t)e " | - (t)a/ k(s)eMds + (A + M) — bp(t)}
0

= ¢(t)e~ ™ | —p(t) (a/ k(s)eds + b) +{(A+ M):|
L 0

< e Mg(t) [_(tlirr;infp(t) (a/ k(s)e"’ds+ b) + (A4 M)]

0
E_Atqﬁ(t) [a—_:b

(a/k(s)e)"ds—i—b) + (/\+M)} <0,
0

showing that A + M € 7, and hence the validity of P follows, which com-

pletes the proof.
Remark. Our results, in this paper namely Corcllary 2.3 and Theo-

rem 3.1 are generalizations io the corresponding results in [2} & [3], which
can be obtained from ours by taking b= 0.
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CONE VALUED LYAPUNOV FUNCTIONS
AND LIPSCHITZ STABILITY
OF CERTAIN NONLINEAR PERTURBED SYSTEMS

BY

OLUSOLA AKINYELE

1. Introduction. The method of Lyapunov functions offers a very
flexible and effective mechanism in the study of qualitative properties of
nonlinear differential systems [8, 9, 10, 11, 13, 14]. However, the limitation
of the method led to the use of arbitrary cones rather than the standard cone
R" which is utilized in the method of vector Lyapunov funcions {7]. Besides,
it is now well known that making use of cone valued Lyapunov functions is
beneficial in applications [1, 6, 7, 12]. .

The concept of Lipschitz stability in differential equations was sntr_o—
ditced by Dannan and Claydi [4, 5]. In this paper, we study Lipsrht-tz stabil-
ity using the technique of cone valued Lyapunov functions. In section 3, we
obtain a necessary and suflicient conditions for ¢p—uniform Lipschitz stabil-
ity while in section 4, our result is applied to obtain sufficient conditions for
the Iipschitz stability of certain nonlinear perturbed systems. In the special
case when the cone is the usual cone in R”, we deduce new results in terms
of vector Lyapunov functions.

2. Notations and definitions. Coasider the differential system

(1) ¥ = flt,z), z(te) =z

where f € C(Ry x R*, R™), Ry = [0,00), f(t,0) = 0 and z(t) = z(t, to, To)

is the solution of (1) with z(tp,tp,zo) = 7o, and {o > 0. .
Let i~ C R™ be a nonempty cone, that is, A" is closed, convex with

AK C K forall A > 0and AN (—K) = {0} with interior K° # .





