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CONE VALUED LYAPUNOV FUNCTIONS
AND LIPSCHITZ STABILITY
OF CERTAIN NONLINEAR PERTURBED SYSTEMS

BY

OLUSOLA AKINYELE

1. Introduction. The method of Lyapunov functions offers a very
flexible and effective mechanism in the study of qualitative properties of
nonlinear differential systems [8, 9, 10, 11, 13, 14]. However, the limitation
of the method led to the use of arbitrary cones rather than the standard cone
R" which is utilized in the method of vector Lyapunov funcions {7]. Besides,
it is now well known that making use of cone valued Lyapunov functions is
beneficial in applications [1, 6, 7, 12]. .

The concept of Lipschitz stability in differential equations was sntr_o—
ditced by Dannan and Claydi [4, 5]. In this paper, we study Lipsrht-tz stabil-
ity using the technique of cone valued Lyapunov functions. In section 3, we
obtain a necessary and suflicient conditions for ¢p—uniform Lipschitz stabil-
ity while in section 4, our result is applied to obtain sufficient conditions for
the Iipschitz stability of certain nonlinear perturbed systems. In the special
case when the cone is the usual cone in R”, we deduce new results in terms
of vector Lyapunov functions.

2. Notations and definitions. Coasider the differential system

(1) ¥ = flt,z), z(te) =z

where f € C(Ry x R*, R™), Ry = [0,00), f(t,0) = 0 and z(t) = z(t, to, To)

is the solution of (1) with z(tp,tp,zo) = 7o, and {o > 0. .
Let i~ C R™ be a nonempty cone, that is, A" is closed, convex with

AK C K forall A > 0and AN (—K) = {0} with interior K° # .
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For any z,y € R", welet x > y iff y — z € R and for any functions
u,v: Ry = B* u>viff u(t) > v(t)on Ry. Let K* = {p e " : (p,2) > 0
for all x € K} and K§ = K*\ {0}.

Definition 2.1. A function g : R™ — R" is sait to be quasi niono-
tone nondescreasing relative to the cone K C R™ if there exists a ¢ € K
such that z > y and (p,y — z) = 0 implies (¢, g(y) — g(x)) > 0.

Consider the comparison system

(2) u=g{t,u),  ulto) =
where ¢ € C(Ry x K,R"). Let u(t) = u(t,to,uo) be any solution of the
system (2) such that u{ty,to, ug) = uo.

Definition 2.2. A generalized norm from R™ to Ri is a mapping
It -llc : R* — R defined by ||z|lc = (1), ....., @n(z)) such that
(i) |lzllc >0 (i.e ai{z) > 0 fori =1,2,3,....5.),
(i) llzlle =0ifz =0,
(i) |Pzlle = 1A\ =zll6,
(iv) llz+ylle < l|lzlle + Ivlla-

If R" = R} = RY, then we have a generalized norm lullz for u € R}
defined by |lullz = (|ur], s Jtn]) = {1y .. ytun). Define §7 = {z € R™:
lzllg < pp € K} and S*(p) = {u € K : |lu|lz < p,p € K.

Definition 2.3. The differential system (1) is said to be p
uniformly Lipschilz stable if 3 M > 1,6 > 0 and ¢y € K§ such that
(0, z(t, to, 20}) < M{po, ¢ ~ 0) for (po,x0) < § and t > t;.

3. Converse theorem. In this section, we give necessary and suf-
ficient conditions for wich we have wy-uniform Lipschitz stanility of the
system (1) by the metliod of cone valted Lyapunov functions.

Theorem 3.1. Assume that f € C(R, x K, R"), f(t,0) = 0 and for
cach t € Ry, | f(t.z) — f(t, 9|55 L(t)|e — o] 5. Then the zero solution of
(1) is po-uniformly Lipschitz stable if and-only if there exists a cone valued
Lyapunov function V(t,z) such that '

(DV e C(Ry x 5*(p),K, V({t,0) =0 and locally Lipschitzian in =

relative to I’ for each t € R,

(1) (w0, llzllg < (o, V(E, 7)) < (w0, Lli#li3), for wo € K§ and some
constant L > 1,
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( I} D*V'(t, ) 50.

Proof. We show that the zero solution of (1) is wp—uniformly Lip-

schitz stable if (I}, (1), and (II) hold. Clearly, we have (o, lzll5) <
(90, VI(t,z(t 80, 20)) < (w0, V(to,20)) < (wo,Lllzollz) < Liwo. lizaliz),
which is the pg—uniform Lipschitz stability of then zero solution of (1}. Con-
versely if the zero solution of (1) is wp—uniforinly Lipschitz stable, define a
cone valued function V as follows:

Vit,z2) = si;p{”w(t + 7t 2l + 6777
T20

V(¢,0) = 0,7 := 0 and by uniqueness of solutjons, lzliz % V{t, 7). Hence we

can find g € K¢ such that (v, lzllz) < (o, V(¢, 7).
Besides,

(o, V{2, 2)) = sup{(1 + e ) o ll=(t + 7,8, 2) || 2)}

< sup{(vo. Mllzollz) (1 + e777)} < (¢0, 2Mllz0ll3) = (20, Lllzollz)-
T--.

Since f is locally Lipschitzian in z relative to K and uniformly in ¢, there
exists L = L(M,§) such that ||z(t + ,¢,2) - y(t + T,t,y)||8§el""}|:t: —
yllg, Lemma 4.7 in [1], for llzllz < dliwllz < 6 and 7 > 0. Now,
(pollz(t-+7,t, <)1) < (0o, Mllzll) < (o, M) and (po, lu(t+7,t, 2)ilz) <

(@0, Milyllz) < (@0, M), hence if weset M = eT, then sup{||lz(t +
T2>0
rtellz(14+e777h)) < sup{”w“a(eT +eT=U+™ ), Then sup is attained if
>0
0<t+7<Tinthecase t <T and if 7 = 0 in the case t > 7. Therefore,
for lzf|5z < é and lyliz < 4,

Vit.z) - Vit y)lig# sup{lis(t + 7.4, 2) =yt + 7,1, 9)ll5(1 + 7 77)}

7 supletllz ~ yliz(1+ 777,

where 0 <t 47 < Tift <Tand 7T =01if¢ > T. Hence, [|V{t,z) —
Vit g < Rlle=yllz. Also [V(t+h,a+y)— VL, 2)llz 5 IV(E+h o+
y) - V(t+ hoellg + iVt +h2) -Vt h ot + hot s o+

HIV{E+ bzt + bt 2) — VL, 25
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V{t,z) is loca'ly Lipschitzian in z relative to K and z is continous,
then the first two terms can be made small if 4y and h are small. As h — 0,
the third term tends to zero, hence V (¢, ) is continuous in all its arguments.
Finaiiy,

1
DYV{t,x) = msup —{V(t +h,o(t + h,t,2)) = V(¢ 2)}
h—0 he

= limsup{sup(fla(t + A + 7,8 2} 5(1 + emt=7=h))

h-s0) 130

—sup{jlz(t + 7 & 2) |21 + e 7T}
r>0

= Him sup{sup ||e{t+7.1, :c)||a(l~i-e"t“")—supH:v(t-}-r, t, :r;)||a(1+e_'_70} 50 1}
>0

hsG T2h

and the proof is complete.

Remark 3.2. If K = 7 and ¢ = (1,1, ..., 1) then we have a special
case of Theorem 3.1. In this case we have the method of vector Lyapunov
functions for a necessary and sufficient, condition for the uniform Lipschitz
stability of the zero solution of (1), which 1= also a new result.

4. Apvolication of Results. In this section we apply the result of
the lasi section to the nonlinear perturved system

(3) y' = fltoy) + H{ty), yiig) =y t >0

where f,H ¢ C({H, x 87(p), £*) and f{1,0) = H(t.0} =
The {ollowing result sives sufficient conditions for the yy—uniform Lip-
achitz stability of the perturhed system {3).

Theorem 4.3.  Let the zero solution of (1) be pg-uniformly Lipschitz
stable with Lipschitz constant M and theie exists g € C{Ry x K, K} such
that g(¢,0) =0 and g(¢, u) is quasimonoions nondecreasing in u refative to
K for pack t ¢ Ry and such that

HHE uilig & Myt flilg)-

.

If the zero solution of

{4 u' = Mgt  u), ulfo) = wo 2 0,
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is wo—uniformly Lipschitz stable, then the zero solution of (3) Is aiso -
uniformly Lipschitz stable.

Proof. The zero solution of {4} is pp—uniformly Lipschitz stable, so
by Theorem 3.1, there exists a cone valued Lyapunov function V(¢, «) with
properties (I), (II) and (HI}. Therefore,

(3}V(‘t vl Mglt, llyliz)

Let r(t, 20, uo) be the maximal solution of (4) existing for £ > {5, then
if (tpo,||yo||§) < 177 and y(t, to, Yo} is any solution of (3), Theorem 1.3.4.
in [11] imply

(5) V(tv y(t, 503 yﬂ)).ér(ts tO) T.t-u). L 2 i(h

if we set ugp = V(¢,y5). Hence property (1) of Theorein 2.1 and {5) imply
(9701 ”y(t! to, yo)”a) S ((190 V“‘l ?j(‘{-, to. 7:’(1)) S (900: T‘(t, to, "'-"0) Since (4 ( 13 @n—
uniformly Lipschitz stable, then (o, 7(t, {a, u0)) < L{eg, ug) if {120, i|y0||G
747, and

(o, llyltsto, wo)llz) < Liwo, uo} < Livo, Mlinlla} = Mil(wo, llullz) ¢ 2> to,

where M| = LM. The precf is \ omolete,

Remark 4.2. The case K = [t} and 5 = {1,1,...,1} recduces to
a special case of Theorem 4.1 and it is the method of vector Lyapuuov
functions for uniform Lipschitz stability wich is also new,
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TWO-POINT TAYLOR SERIES FOR THE NUMERICAL
SOLUTION OF TWO-POINT BOUNDARY VALUE PROBLEMS

BY

Y.A.S. AREGBESOQLA

1. Introduction. In this paper we consider the two-point boundary
value problems:

(1.2) B{yy=8, =z€dR

where L denotes a general differential operator involving spatial derivatives
of y, B represents the appropriate number of boundary cenditions and H is
domain with boundary dR.

Problems of the form (1.1) and {1.2) occur in various aspects of en-
gineering, physics and mathematics {5.9]. Various methods, inclnding finite
difference. methods |5,7,8,1,2] and spline methods [4] te mention a few, have
been used to tackle this class of problems.

‘The purpose of this paper ig to obtain a numerical solution using the
two-point Taylor series. The method presented will reduce the work involved
it the numerical solution of the boundary value problein to soiving a system
of linear simultanecus equations. The series, invelving a set of paraineters, is
made to satiefy both the differcntial equation and the associated boundary
conditions. By using the same number of points uniforndy spread in the
ranige of integration as the number of parameters to be determined, equal
number of equations as the paraineters tc be deterwined can be obtained.
These equations can then be solved iteratively.

2. Description of the method. Let a and b be two distinct points.
If f{z) € C*]a,b}, then f(z) can be approximated by the polynomial





