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TWO-POINT TAYLOR SERIES FOR THE NUMERICAL
SOLUTION OF TWO-POINT BOUNDARY VALUE PROBLEMS

BY

Y.A.S. AREGBESQLA

1. Introduction. In this paper we consider the two-point boundary
value problems:

1) L(y) = f(z,y), <€R

(1.2) By)=8, =z€0R

where L denotes a general differential operator involving spatial derivatives
of y, B represents the appropriate number ol boundary cenditions and H is
domain with boundary dR.

Problems of the form (1.1) and {1.2) occur in various aspects of en-
gincering, physics and mathematics [5.9]. Various methods, including finite
difference. methods |5,7,8,1,2] and spline methods [4] te mention a [ew, have
been used to tackle this class of problems.

‘The purpose of this paper ig to obtain a numerical solution using the
two-point Taylor series. The methed presented will reduce the work involved
it the numerical solution of the boundary value problein to solving a systein
of linear simultanecus equations. The series, invelving a set of paraineters, is
made to satisfy both the differential equation and the associated boundary
conditions. By using the same nuinber of points unifornity spread in the
range of integration as the number of parameters to be deterinined, equal
number of equations as the parameters tc be determined can be obtained.
These equations can then be solved iteratively.

2. Description of the method. Let ¢ and b be two distincl points.
I f{z) € C*™[a,b], then f(2) can be wpproximated by the pulynomial
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Pyp.o1(x) given as

© om—l AL m—1 . i
(21) sz_l(x} = (.’L‘-—-(I-)m Z fhc(:l;c—'b)'f'((lf—b)m {M—a‘k'ﬂ*
k=0 ' k=0 '
where
_d [ f@) _df T @)
SIS e SR - =
and the remainder is given as | I:
{2m) .
(2:) £(@) = P () = L8 5 _ ymiz iy

(2m)!

and @ < & < b. This is the two-point Taylor interpolation as in [6]. For
m =2 and h = b — a, after some simplifications, we have

(2.4)
(z —b)?

—a)? _ .
Ae) = & e L o) + o f(a) + (2 = )z — )"

[ (0) - 2/ ()

r—air — 2
229820 ) o)

Also, we note that

(25)  Prnci(a) = f(a), Py_y(a) = ['(a),..., PP (@) = fim=1(a)

(2.6).  Porm—y(8) = f(), Pypucy () = F1(b), ..., PR D(b) = Fm=1)(p)
It is assumed that an approximation to the soiution y(z) of (1.1) and (1.2) is
an expression of the form in (2.1) which depends on a number of parameters
A s and By ;. The polynomial P,,_;(z) is made to satisfy equations (1.1)
and (1.2).

3. The Error Estimate. [From equations (2.5) and (2.6), we antici-
pate a resalt of the form

(3.1) y(x) — Pop_y(z) = Clz —a)* (& - b)"
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where C' is a constant to be determined. Define the function

(3.2) F(z) = y(z) = Pyn—y{z) - C{z —a)"(z — b)".
Then

(3.3) - F(a)=F(a)= f"(a)=...= F" Ya) = 0.

(3.4) Fb)y=F'(b) = F'(b)=...= F*"'{(b) = 0.

Since #'(e) = F(b) = 0, applying Rolle’s theorem shows that F'{x) has three
zeros, one between © = @ and © = b and two other at the two end poiants.
Successive applications of Rolle’s theorem now show that F"(z), F"'(x), ..,
F“"‘”Em? has 4,5...n + 1 zeros in fa,b]. Continuing in this manner we see
that F") (), Firtt) (@), FOED(g) O POV (z) have n,n - 1, — 2,...
zeros in [a,b] and F(2")(8) has at least one zero in [a,b] such that e < 8 < b.
In this case

(3.5) FER(g) = 27} (8) — C(2n)! = 0.
Thus

_ e
i =T

Substituting back into equation (3.1) gives

(2n)
o) = Funna () = L (@ = (e - "

4. Numerical examples. To illustrate the method and to demon-
strate its accuracy we will consider the following examples:

1. Solve the differential equation
(1.1) y = (L4 2%y,

subject to the boundary conditions

{4.2) »(0) =1, y(1) = ed.
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[

The exact solution is y(z) = ¢ /2. The function y(z) is approximated by

(4.3) y(z) ~ (= — a)y(b) + (= — B)"yla)+

-1 k m-~1 k
. Bi(xz—b " T — )
+(I — (L) E —k(——k“'—‘-‘)—'" + ('L‘ - b) E Akg—!-c—e!—-—--

k=0 ’ k=0
where ¢ = 0 and b = 1. With m = 2, we have
y(z) = zle® Bo+ {z — 1)2A0 + :1:2(3: - 1By + (z - 1)2zA,.
Substituting back into equation (4.1) gives
2—(1+2})(z - 12+ (2- (1 +2D)ade? + (6z—2— (1+2))(z - 1)) B,

+(6z — 4 — (14 z%)(z — 1)%x)A4, = 0.
With z = 0, %, % and x = 1, we have after some simplifications, Ag = By = 1
and
A; — 0.038022818, = 2.125127196
A; — 20.6923078B; = 38.11838565;

giving

Ay = —1.74265332 and B; = 2.05886660.
It is observed that the accuracy improves as m increases. The results are
shown in Table 1 below.

Table 1.
m | Max. Error
2 [6.349 x 1073
3 16372 x 1079
4 |3.820 x 1078
6 [3.350 x 1077

2. Solve the differential equation
(4.4) y' =y — dxe”
subject to the mixed boundary conditions

(4.5) Y (0) —y(0) =1, ¥ (1) + y(1) = —e.
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The exact solution is y{z} = @{l ~ z)e®. This type of equation requires
special treatment because of the nature of the boundary conditions. The
polynomial P,y (2) in as given in (4.3) must be made to satisfy both
equations (4.4) and {1.5). It should be pointed vut that we need not compute
the constants Ay and [3; as given in (2.2), unless when the values of the
derivatives are required at the boundary points, The resuits obtained fot
m = 4 and m = 6 are shown ia Table 2.
Table 2.

mn | dMax. Error

4 6912 x10~°
6 15761 x10°7

3. Solve ihe difierential equation

3 it ¢ 2 . \ #
(1.€) v =2 —=)e’ + 1/(1 4 x))/3,
ibiect to the boundary conditions
(%) y(0) =0, y{l}=—log, 2
The example is from 1] and the exact solution is j(z) = —log,(1 + z). This
iv o non-iinear cquation and so we need to update the value of Py, ()
aiter each circle of iteration to be able to compute ¢?¥ in (4.6). The results

chtained for m = 4 and m = € are shown in Table 3.
Table 3.

Max. Brror

it
1 [d267 x 1077
6 |i.455 x 1077

4. Soive the differential equation

{4.8) PV ay - (U ae +a® - 'y exp ()
with boundary conditions
(59) (=1) =0, W= 1) = 2fe, y(1) =0, y"(1) = ~6e.

This fourth arder differcntial cquation is from [2,5] with the exact solution
fay . g 1 ¥ o : 4 ..
naj = (1~ z)e*. Asin example 2, the expression (4.3) mst satisty buth
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equations {4.8) and {4.9). The results for m = 4 and m = 6 are shown in
Table 4.
Table 4.

m | Max. Error
4 215 x 1072
6 1487 X107

In all the cases considered the values of the dependent variable yy are
computed ai the grid points x, where

pp= 8Ok iy

(4.10) 5

and & = @ and = b are the lower and upper boundary peints respectively.
The maximum crror at the points in each case is as shown n the above
tables. .

5. Conciuding remarks. It is observed that to get a fairly accurate
results the value of the parameter m must be greater than the order oi the
differential equation by at least 2. The accuracy can be improved further
by tncreasing the number of terms in the series, that is the value of .

The miethod is very simple Lo use and i does not invelve the conipu-
tation of any derivative of the dependent variabie.
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