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0. Introduction. In this paper we study some properties of almost
cosymplectic manifolds. §1 is devoted to the basic definitions and some
preliminary properties of almost cosymplectic manifolds. In §2 ~ §5 we get
some interesting results on almost cosymplectic manifolds {cf.[1},{6], [9]}). By
using some results from §1 to §5, we present §6 and §7 which are ihe main
purposes of this paper, that is, in §6 we determine the curvature tensor of an
almost cosymplectic manifold with € belonging to the k-nullity distribution
except propar almost cosymplectic manifolds with & = 0 and with constant,
¢-sectional curvature. Then we get a generalization of Olszak’s thecrem ([8],

heorera 6.1). And in §7 we study inveriant submanifolds of codimersion 2
of almost, cosymplectic nanifolds, and get, by the way of Sm y t h ({10]), a
theorem which corresponds to L u d d e n ’s theotem {[7], Theorem 4.4}.

1. Almost cosymplectic manifolds. Let (M, ¢, £,n,9) bea (2n+1)-
dimensional almost contact metric manifold, that is, M is a differentiable
manifold and (¢, £, n,g) an almost contaci metric structure on M, formed
by tensor fiedls ¢, &, n of type (1,1), {1.0) and {G,1) respectively, and a Rie-
mannian metric ¢ such that

o= -T4+n®f =0 no¢p=0, nlf) =1,

(X)) =g(X,€),  g{¢X.8Y) =g(X,Y} - n(X}n(Y}).

On such a manifold we may always define 2-form b by ¢(X,Y) = g(¢X. V).
Then (M, ¢,€,nm,7) is said to Le an almost cosymplectic manifold if the
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forms ® and n are closed, i.e., d® = 0, dn = 0, where d is the opera-
tor of exterior differentiation. In particular, if the almost contact struc-
ture of an alinost cosympiectic manifold is normal, then it is sald to be
a cosywmplectic manifold. As it is known, an almost contact netric struc-
ture is cosymplectic if and only if V¢ vanishes, where V is the covariant
differentiation with respect to g (see [5], c¢f.[8]). Hereafter, we simply de-
scribe the almost cosymplectic manifold and the cosymplectic manifold by
acs-manifold and cs-manifold respectively. On acs—manifolds we define
an operator h by h = «3L¢¢, where £ denotes the Lie differentiation.
Then h is symmetric (see [5]). Moreover, in an acs-manifold M we have
Vel =0, Ved=10, Vxl=0¢hX, h{ =0, ¢h+he¢p=0,Trh =0 (where
I'rh is the trace of 1), Ric(€,€) = g(Q€,€) = =Trh? and

(L.1) S (R(E, X)E ~ BRIESX)E) = hX,

where f2, Ric and ) are the Riemannian curvature tensor, the Ricci cur-
vature and the Ricci operator on M respectively (see [5],[8]). Using these
equations, in an acs—manifold M we easily get the foliowing:

(1.2) (Veh)X = h2¢X — $R(E, X)E.

In cs-manifolds, we have R(¢X,9Y)7 = R(X,Y}Z, R(X,Y) =
0, R(X,Y)¢Z =oR(X,Y)Z, ¢Q =0Q¢, Q=0 ([4]).

We need, in the sequel, the following theorem.

Theorem A ([8]). Acs-manifolds of non-zero constant curvature do

not exist in dimension (2n+1) > 5.

2. Locally symmetric acs—manifolds. At first we prove the follow-
ing lemina.

Lemma 2.1. If an acs-manifold M is locally symmetric, then
th- = {,

Proof. Differentiating (1.1) and (1.2) covariantly along £, we obtain
{(Veh)* = 9. Since V¢h is symmetric, we have Veh = 0.
Then we get the following provosition.

Proposition 2.1. et M be a {2n + 1)-dimensional (n > 1) locally
symmetric acs-manifold such that its sectional curvature K (&, X'} with res-
pect to a plane section containing € equals a constant . Then K(£,X) =0
on M.

Proof. Since the acs—manifold M is locally syminetric, we get, from
Lemma 2.1. and {1.2), R(£, X)€ = h?X. By hypothesis we see that h* =
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~C(I — @&}, from which R(§, X)§ = C(~X + n{X)€). Now we assume
that € # 0. Differentiating this equation covariantly along Y and then
replacing ¥ by ¢}, we have R(hY, X)¢ + R{£, X)RY = C(g(hY, X)¢ +
n(X)YhY). And, replacing ¥ by kY in this equation, we get R(Y, X)§ +
RE XYW +209(Y)X = Cg(X, Y€ + n(X)Y). Differentiating this gotten
equation covariantly along Z and replacing Z by ¢7, we find R{(Y, X)}hZ +
R(hZ, X)Y 4+2Cq(hZ,Y)X = C(g{X,Y)hZ + g(hZ, X)Y)}. Replacing Z by
hZ, we obtain

(2.1) R(Y. X} 74+ R(Z,X)Y =C(g(X,Y)Z +g(Z, X)Y —2g9(Y, Z)X)
Permuting X, Y, Z cyclically, we have the following two equations:

(2.2)  R(ZY)X + R(X,Y)Z = ClglY, )X + 9(X,Y)Z - 29(Z, X}Y)

(2.3)  R(X,2)Y + R(Y.Z)X = Clg(Z, X )Y +g(¥, Z)X ~ 29(X.Y)7)

Substracting 2 times (2.2) from 4 times {2.1} and adding (2.3} to the reculting
cquation, we have (X, Y2 = O (g Y, 2)X —g{X, 7}Y). However, Theorem
A which is contradiction in dimension (2n + 1) > 5 Therelore we have
K{&, Xj=0o0on M in dimension {2n 1) > 5.

3. Acs-manifolds with £ beicnging to the F-nullity distribu-
ton. The k-nullity distribution of a Riemannian manifold (M, g), for a
real number &, is a distribnution N{&) : p — N (k) = {Z ¢ Tp,(M) |
X, Y)VZ = k(gtY, 2)X — ¢(X, Z}Y) for any X, Y € T,{M)}. From now
on, we suppose that M (4, €, 1, ¢) is & (2n+1)- dimensional acs-manifold
with & belonging to the k—nullity dist:ibution, i.c.,

(3.1) R(X,Y)E = k(p(¥)X = n(X)Y).

Then if M?"H is a cs-manifold, we can sce that k = 0 easily (the
converse falis in general). From this, acs-manifolds with £ belonging to the
non- zero A-nullity distribution are proper acs—-manifolds (i.e., non cs—acs—
mantfolds).

Lemma 3.1.  Let M?*"**! be an acs—manifold with £ belonging to the
k-nullivy distribution, Then we have

{3.2) Q€ = (2nk)¢, R = k¢® (k <0),
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(3.3) (Vi)Y = —g(hX,Y)E + n(Y)RX,

(34) (VxR — (Vyh)X = h(29(X, $Y)E + (n(X)$Y — n(¥)$X)),

for all vector fields X,Y on M?"*1(h? = k¢? in (3.2.) holds good in any
acs-manifold. However, (3.3} and (3.4) hold good except for proper acs-
manifolds with k = 0, see the proof of Proposition 4.1 in [5]).

Proof. Tor the proofs of (3.2) and (3.3), see the proof of Proposition
in [5]. So we prove {3.4). At first we prove that on any acs—-manifoid

(3.5) 9(R(E, X)Y,Z) = ~g(X, (V20h)Y — (Vyoh)Z)

is valid. Because, we first get R{Y, X)€ = Vy{dh)X — Vx(ph)Y easily,
from which we obtain (3.5). By (3.3), (3.5) turns into —g(.X, ¢((Vzh)Y —
(Vyh)Z)) = g(R(&, X)Y, Z). 1t follows that

(3.6) —(Vyn}Z+(Vzh)Y —g((Vzh)Y — (Vyh)Z,£)§ = ¢R(Y, Z)¢.

However, using (Vzh is symmetric and (3.2), we find g((Vzh}Y,€) =
= g(¥.(Vzh)§) = —kg{Y,8Z). lence, using this, (3.1) and (3.6). we have
—(Vyh}Z -V h)Y = =2kg(Y,02)§ - k(n(Y)}dX —n(Z)¢Y). This com-
pletes the proof of the lemma

Lemma 3.2.  Let M be an acs-manifold with £ belonging to the k-
nullity distribution and except proper acs-manifolds with k = 0 Then wr
have the followings:

(3.7) R(X,Y)6Z — dR(X,Y)Z = k(5){Y)g(oX, Z)~

—{(X)g(dY, Z)E + g(hX. Z)phY — g(RY, Z)Sh X +
+g{pn X, 2)RY — g(dhY, ZYhX + kn(Z) ({ X }pY - (Y X

(3.8) g(GRGX, dY )7, ¢ W) = g[R(X.Y)Z W)+
+Hen(Yin(W)g(Z, X) ~ (Y in{Z)g(W, X) + kn{ X )n(Z)g(W ¥) ~
k(X Vn(W)g(Z,Y ) — g(hW, X)g(hZ.Y) + g(hZ, X)g{hW.¥)
—g($hW, X)g(hZ, $Y) + a($hZ, X yy(hiV, Y ).
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(3.9) BR(X,BY)$Z + R(X,Y)Z = k(n(X)g(Z, Y)E~
—(Y)9(X, 2} + (Y )n(Z) X — eta(X)n(2)Y).
Proof. At first we prove (3.7). Assuming that X,Y, Z are {local) vec-
tor fields such as (VX), = (VY), = (VZ), = 0 for a fixed point of p of M,
the Ricci identity for ¢ is given by R{X, YipZ—¢R(X,Y)Z = (VxVyd)Z~
(VyVxd)Z ~ (Vix.y)9)Z. Thus we get at the point p, RIX,Y)pZ -
—R(X.Y)Z = Vx(Vy$)Z — Vy(Vxé)Z. So, using Lemma 3.1 and this
equation we easily get (3.7). Using (3.1) and (3.7) we also obtain (3.8) easily.
Last we prove (3.9). Replacing X and Y by ¢.X and ¢Y respectively in (3.7)
and taking the inner propduct with ¢W, we obtain, by {3.8), our result.

Theorem 3.1. Let M be an acs—manifold with £ belonging to the k-
nullity distribution and except proper acs-manifolds with k = 0. Then we

have Q¢ = ¢Q.

ProoE Let {E, = F;, E‘H.n = ¢E;,£,1 < i< n} be a ¢-basis. Putting
Y =2 = E;, € in (3.9) and summing over i, we get ¢QépX — PR(PX,E)E +
QXN — R(X,£)§ = 2nkn(X)E. On the other hand, from {3.1) we find ¢QéX +
QX = 2nkn(X)¢. Operating ¢ to this equation and using (3.2), we obtain
Qd = ¢Q.

Present author [5] proved the following proposition.

Proposition A. Let M be an acs-manifold. If £ belongs to the k-
nullity distribution. Then k < 0. If k < 0, then M admits three mutually
orthogonal and integrable distributions D(0), D()) and D(—2) defined by
the eigenspaces of h, where A = /=F.

Here we show that neither D(~X) @ D(0) nor D(X) ® D(0) is integrable
in acs—manifolds. At first we prove the following lemma.

Lemma 3.3. Let M be an acs-manifold with £ belonging to the k-
nullity distribution {(k < 0). Then V¢X € D()) (or VeX € D(—A)) for any
X € D(A) {or X € D(=A)).

Proof. Let X € D(}A). Using (3.1} and (3.2), we calculate
—kX = R(§, X} = V¢ ($hX) - phl¢, X] =
= ASVX — phV X — kX,

So, ¢hVeX = AV X. Operating ¢ and using g(VeX,£ = 0, we get
hVeX = AV¢X. This means that V¢X € D(A). Now supposing ¥ € D(A),
then X = ¢Y € D(X) ans =0 hVeX = AVeX or hVY = -AV.Y. This
completes the proof of the lemma.
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Proposition 3.1. Let M be an acs-manifold with { belonging to the
k—nullity distribution {(k < 0). Then neither the distribution D(=)\) & D(0)
nor D(X\) @ D(0) is integrable in an acs-manifold.

Proof. We suppose that D(~X) ® D(0) is integrable. Let X € D(—A}.
ie., hX = —AX. Then, from (3.1) and Proposition A, we find kX
R(Y,6)€ = —Ve(dhX) — X, €] = AV — Gh[X,€]. Thus, $hLX, €]
A$pV X — A2 X. Operating ¢ and using g(V¢ X, §) =0, we get

0o

(3.10) h[X,€] = AV X — A'¢X.

Since D(—)) @ D(0) is integrable, we must have either h[X,£] = 0 or
h[X,€) = = A[X, &]. If we suppose that h[X,€) =0, then
we have, from (3.10),

(3.11) AV X = MoX
If R[X,€] = —A[X, &), then we get, by (3.10),
(3.12) MoX = —2%pX.

Next, we also suppose that D(\) @ D(0) is integrable. Let X € D{A),
ie., hX = AX. In the similar way with the former X € D(--A) we get
AVeX = —A2¢X and AoX = — 22X . However, (3.11), (3.12) and these
results lead us to the contradiction from Lemma 3.3 and A > 0.

4. Acs—manifolds with harmonic curvature. The curvature of a
Riemannian manifold is said to be harmonic if the divergence of its curva-
ture tensor is zero. And it is well-known that a Riemannian manifold has
harmonic curvature if and only if the Ricci operator } satisfies

(4.1) (VxQ)Y = (Vy@)X

for any vector fields X and Y. Here we prove the following lemma.

Lemma 4.1. Let M be an acs—manifold with £ belonging to the non-
zero k-nullity distribution. If the curvature is harmonic, then, hQ) = Qh.

Proof. Using (3.2), we have g((VxQ)Y,£) = gtY, Vx(QE)) ~
—g{(Y,QV x&) = 2nkg(Y, ¢hX) — g(Y,Q¢hX). It follows that
0 = g((VxQ)Y — (VyQ)X,6) = ~g(Y, (Qoh + hQ#)X). Thus we get
Qh + hQ¢ = 0. Using Theorem 3.1 and (3.2), we obtain hQ = Qh.

From this lemma we prove the following theorem.
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Theorem 4.1. Let M?*"+! be an acs-manifold with € belonging to the
non-zero kj-nulhty distribution. Then the curvature on M*"*+! is harmonic
1G2nd only if M*™*! is Einstein and the scalar curvature of M2*+! s 2n{2n+
1)k.

Proof. At first we suppose that the curvature of M?*t! is harmoenic.
Let X,Y € D(}). Using Lemma 4.1, we find QX € D()). Thus, bv Lemmma
;‘1.3, we get Ve(QX) € D(A), from which ¢(V¢(QX),9Y) = 0. Therefore
by Lemma 3.3 and the assumption, we get g{(VxQ)¢,4Y) = 0, so thatl
?n.kg-'(fo, #Y) = y(Q@odhX,¢Y). Using Theorem 3.1 and Lemma 4.1 we’
obtain g(hQX,Y) = 2nkg(hX,Y). This meass g(QX,Y) = 2nkg(X,Y).
If Z,W € D(~)),$Z,¢W € D(A). Thus we gev g(QdZ, $W) = 2nkg(dZ
¢W). Using Theorem 3.1 and (3.2}, we obtain ¢(GZ, W = 2nkg(Z W),
From (3.2) we see that M2"+1 is Einstein and the scalar curvature of M21+1
is 2n(2n + 1)k. The converse is evident.

.5. Acs—-manifolds with R(£, X)  C = 0. Next we consider an acs
mal‘nfold M ($, £ m,g)(n > 1) with £ belonging to the k- nullity distri-
bution such that R{¢, X)-C = 0, where C is the Wey! conformal curvature
tensor and R(£, X) is considered as a detivation of the tensor algebra at
each point of the manifold for tangent vector X. Denote the Weyl confor-
mal curvatuse tensor on M*" ! (n > 1) by {5 is the scalar curvature)

(1) CX,Y)Z = RX,Y)Z — 5——(9(QY, )X - 9(QX, Z)Y +

+90, 2)QX — (X, Z)Q¥) 4 g I)kgfv, 25X - g(X, 2)Y).

Then we have the following theorem by the same way as [1).

_ Theorem 5.1, Let AM**t(n > 1) be ar acs—anifold with £ belong-
ing to the nor-zero k-nullity distribution. {f R(€,X)-C =0 is satisfied on
MY then M s n--Finstein.

- - L . N
Proof. Using (5.1}, we can easily obtain 5" C{X, Bi)E; = 00{J5;} is an

orthonormal frame}. Moreover, using 13.1', (3.2} aud this 2quation we get
[ - | A oo > ¥ 2 o s
fronn {5.1) and R(E, £3) - V(L DV = 4,

(5.2} gl (€, YV &) = —--1— f(5 i\s oy (Y 7
! 'k * il Q)= .;,,1"_1 -:)ﬁ o »/y(l,ﬂ)mg\Q'l’,Zj-'

EA L]

~
.

)
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(5.3) 2nkg(CE, Z)W,€) = 0.

Since k # 0, from (5.3) we find g{C(£, Z)W,€) = 0. Therefore we get, {rom
(5.2), our resuit.

6. Acs-manifolds of constant ¢—sectiona! curvature. For any
vector X € T (M) (M is an acs-manifold) which is arthogonal to £, the
sectional curvature K (X, ¢.X) is caled the ¢-sectional curvature of the plane
{X,4X} at point m € M. If K{X,pX) does not depend on the choice of
X € T, (M), M is called that M has the constant ¢~ sectional curvature at
. Next we consider an acs-manifold with pointwise constant ¢—sectional
curvature. Then we get the following theorem.

Theorem 8.1. Let M*™! be an acs-maniipld with £ belonging to

the k-nullity distribution and except proper acs-manifolds with k = 0. If

M3HL i of pointwise constant ¢—sectional curvature H, then the curvature
tensor las form

(6.1) AR(X,Y)Z = H{g(Y,2)X - g(X, 2)Y + ){ X} Z}Y —n{¥Y)n(Z) X +

+n(¥)g{X, 2} = n(X)g(Y, Z)E + ¢(¢Y, Z)$ X -
—g($X, Z)Y — 2(dX,Y)$Z) + dk(n(VIn(Z)X -
—p(X)ZY)Y 4 p(X)g(Y, Z)€ = n(Y)e(X, £)6)+
12(g(RY, ZYhX — g{hX, )Y + g(dhX. Z)phY — g(dhY Z)¢hX),

where H is constant on M if n # 1. Especialiy, when M is 1 cs- aanifold
ie., k=0, (6.1)is reduced io the Blair's foimala fsec {T]).

Proof. By the assumption we have g{f¢(X, o X)X, 0 X)+H,, | X {[*==
at any point m € Af and for any X € T (A}, X & It is clear that lh’S
condition implies

(62)  g(R(6X,6*X 10X, 0" X) + Hmg(¢X,$X)g(6X 6K} =0

at any point m € M and for any X & T,,(M). Set P(X,Y,Z, Wy =
g ROX, Y )9Z, $*W) + Hng(¢X,0Z)g(0¥, $W). The tensor P satishies
P(X,Y,Z,W)=P(Z,W, X,Y). Therefore {6.2) is equivalent tc

(6.3) F(X,Y,Z, W)+ P(X,Y,W,Z) + PY, X, 2,W) + PY, X, W, Z)+
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+P(X,W,Y,Z)+ P(X,W,2,Y)+ P(W,X,Y,Z) + P(W, X, Z,¥)+
FP(X,Z,Y,W) + P(X,Z,W,Y) + P(Z,X,Y, W)+ P(Z,X.W,Y) =

By using (3.7) and (3.1), (6.3) leads us to, after some lengthy computation,
(6.4) 29(R($X,Y)0Z, W) + 29(R($X, W)Y, Z)+

F29(R(HX, 2)PW,Y) + k(n(Y )1 Z)g (X, W) + (Y }n(3¥ ) (X, Z)+
F(Z)(W)g(X,Y) = n(X)n(Y)g(Z, W) = n(X)n(Zg(¥, W)~
(X )n(W)a(Y. 2} + (k = 2H ) (n( X}n(Y)g(Z, W) 4-n(X)n{ Z)g{Y, W)+
Fp( X n(W)g(Y. Z) + n(Y)n{Z)g(X, W)+ n(YIn(W)g(X, Z)+
4n(Z)n(W)g{ X, Y) + 2H{g(X,Y)g(Z W) + g(X, D)g(YV,. W+
+g (X, Wig(Y, 2}) + 6(11 = £}y X )n(Y)q(Zin{W) = 0.
Using {3.7). {3.8) and (3.1), we obtain

(6.5)  39(R($X,Y)9Z W) - g(RIY, 2)X. W) + g(R(W,Y)X. 2) &

(k= H)Y(n(Y)n(Zjg{X W) -+ 9(Y)n{V)g(X, Z) + n{Zjn(W)g(X ¥ )+
(XY ig(Z, W) -+ n(XIn{Dg(Y, W) -+ n{X)n(W)g(Y, 2))+
F3k((YIN(W) (X, 2) = g{Z)n(W)g(X, V) - 5(X ¥ ) et Z. W)+
+H{gIX,Y)g(5 W)+ gt X, DoV, W) 4 0l X, W)g(Y, £))+
F29(RY . D g(hX WY — olbY Wig(ha, Z) — (AW, ZYg(h X, Y )+
Fg{phW, Y g(dh X, Z) + y(@l X, V) g{phZ. W)

—2g{dh X W)g(dhY, Z1 5 JH = by X (Y )n(Z)n(W' = 0.
Replacing ¢X and &4 instead of X and 7 in (6.5) respectiveiy, and using

{3.1) and (3.8), we have
{6.6) GLR(Y,9Z)e X, W), = dg(R{X,YIZ, V) — y(R(Y, W)X, Z)+

FH(g($X,Y)glos, W) — 4l X Wiy (@Y, Z) + g(X, Z)g(Y, W)~
k2n(YVin(2)g(X, W)~ 29(X5n(W)glY, 2) + a(Z)n(W)e(X, Y+
A X)(Y)g (2, W)+ (ak = H)y(M)n(W)g(X, Z)+
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+(3k — H)n(X)n(Z)g(Y, W) — (k — H)n(X)n(Y)n(Z)y(W) -
—g(hY, Z)g(hX , W)} +g(hY, W)g(hX, Z) ~ g(¢hW,Y)g(¢h X, Z)+
+g(¢h X, W)g(ahY, Z.

Exchanging Y for W in (6.6}, moreover exchanging Z for W i the gotten
equation and using (3.7), we obtain (6.1). Next we show that H is constant
on M if n # 1. From (6.1) we get the following easily:

(6.7) Ric(Y, 7) = ((i%—llﬁ + A) oY, 2)+
+ (o0 - CEDY pynz)
(6.8} S =n(n+ 1}H + 4k.

On the other bhand, from the Bianchi identity, we get
In+1

2 Z (Ve Ric)(E;, Z)—VzS =0 ({E;} is an orthonormal frame). Substi-

tutmg (6.7Y and {6.8) into this equatlon we find (n - 1)VzH + 9{£)V H =
0, from which, putting Z = £, we have ViH = o. Therefore we get
(n —~ 1)V z#H =0, which completes the proof.

From {6.7) we get the following.

Theorem 6.2. Let M**! be an acs—nanifold with £ belonging to
the k-nullity distribution and except proper acs—manifoids with k = 0. If
MY fas A constant d-sectional curvature, then M*™*' is y-Einstein.

Corollary 8.1, Let M*™*! be an acs-manifold with £ belonging to
the k-nullity distribntion, except proper acs—manifolds with & = 0 and with
a constant ¢-sectivnal carvature /. Then Finstein manifolds M*"T! with

@ 4 (—’(‘—EL% do not exist.

Remark 8.1. C s 2z a k ({8], Theorem 6.1) proved Theorem A in
£1. In an acs—manifold M** ¥ of non~zere constant curvature, f helongs to
the non—zero A-nullity distribution and M2™*! has a constant ¢— scctional

curvature H. Then Il = k # 0. Therefore, if n # 1, k # i?;;’w On

the other hand, M*"*! is Einstein. So, Corollary 6.1 is a generalization of
(Nszak’s Theorem 6.1.
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7. Invariant submanifolds of an acs—manifold with ¢ belonging
to the k—nullity distribution. Let M2"*! be a (2n + 1) dimensional

C'*®-submanifold of a (21 + 1)-dimensional acs-manifold M r+1(¢> &7,9).

We simply describe M- 1" and M2+ by M respectively. M is said to
be invariant if the structure vector field £ is tangent to M everywhere on
M and ¢X is tangent to M for any vector field X tangent to M at every
point of M. If M is an invariant submanifold of M, we can put ¢X =
¢X,E = £,7(X) = 5(X). Then it is well-known that if M($,£,7,7) is an
acs~manifold (resp. cs—manifold), then M is also an acs—manifold (resp. cs—
manifold) with respect to the induced structure {¢,£,1,9) (¢ is the induced
metric) (e.g., see [3]). Here if we define an operator h = 3L¢¢ on an
invariant submanifold M of an acs—manifold M, then we have the results
that h is symmetric and h anti-comutes with ¢ (i.e., ¢h-+ h¢ = 0). And, by
the definition of  we can see that AX is tangent to M and A X = AX for
any vector field X € T, (M). So, the induced structure (¢,€. 9, h,g) on an
acs—manifold M satisfies the identites in §1. The Gauss formula is given by
VxY =VxY + 5 g(HaX,Y)N4 and the Gauss equation is
A

(72) “g‘(_E(X, Y)Za W) - g(R(X,Y)Z, W)_
— > a(HgY, Z)g(HusX, W)+ g(HpX, Z)g(HpY. W)
B B

for any vector fields X,Y¥,Z and W on M, where V denote the induced
Riemannian connection on M and Hp(B = 1,2,...,2(r — n)) denote the
second fundarmental forms of M. We need the following theorem later and
moreover we have Lemma 7.1.

Theorem B ([2] and [3]). Let M be an invariant submanifold of
an acs— manifold M. Then M is minimal and Hs¢ = —¢H 4, especially
Haf =0(A=1,...,2(r —n)).

Lemma 7.1. Let M be an.invariant submanifold of an acs-manifold
M with £ belonging to the k-nullity distribution and except proper acs—
manifolds with k = 0. Then Hah =hH, (A=1,2,...,2(r —n)) are valid.

Proof. First, by the Gauss formula we calculate Vx (RY) in two waies:
Vx{hY) = (Vxh)Y +h(VxY)+

+ 3 gUHAX hY )Ny =
A

(VxR)Y + A(VxY)+ ‘
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+> g(HpX,Y)hNp
B

Thus, (Vxh)Y + 3 g(HAX,hY )N, = (Vxh)Y + 3. g(HpX,Y)hNg. Here,
A B

we interchange X and Y in this equation and subtract these two equations.
Oun the other hand, by (7.2} and Theorem B, £ = £ belongs to the k-nullity
distribution on M. Se, using this result and (3.4}, we get our result.

From (6.1) and (7.2) we get the following theorem easily.

‘Theorem 7.1. Let M*™*! be an acs-manifold with § belonging to
the k—nullity distribution, except proper acs-manifolds with k = 0 and with
a constant ¢-sectional curvature H. If M**+! is an invariant submanifold
of M**1, then the curvature tensor of M?*™+! is given by

(7.3) g(R(X.Y)Z, W) = %(Q(X:W)G(Y, Z) - 9{X, Z)g(Y, W)+

+{ X)n(Z)g(Y, W) + n(YIn(W)g(X, Z) — n(X)n(W)g(Y, Z)—

- Y ) Z)g( X, W) + g(¢ X, Z)g(oW,Y) — g(¢ X, W)g(6Z,Y )+
+29(6X,Y)g(¢W, Z)) + k(n( X )n(W)g(Y, Z) + n{Y)n(Z)g(X, W)~
—{X)n(Z)g(Y, W) — n(Y)n(W)g(X, 2)) + %(g(hY, Z)g(hX,W)-

—g(hY, W)g(hX, Z) + g(¢hW,Y)g(¢hX, Z) — g(0hX, W)g(dhY, Z))+

+> g(HgY, Z)g(HpX, W) = 3" g(HpX, Z)g(HgY, W)
B B

Using (7.3} and Theorem B, we get, in the assumption of Theorem 7.1.,

(n+1)
2

(7.4) Ric(Y,Z) = ( H+ ic) g(¥, Z)+

+ ((2n Y ““—;I—)H) 1V)0(Z) - 3 g(HpY, Hp ).
B

(7.5) S = n(n+1)H+4k ZT?‘H% (S'is the scalar curvature on M?741),
B

Let M2"*® be an acs-manifold with £ belonging to the k—nullity dis-
tribution, except proper acs-manifolds with & = § and with a constant
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¢—sectional curvature H. Hereafter we consider an invariant submanifold
M***! of codimension 2 of M?"*3, From now we simply denote M2™+3 and
M+ as M and M respectively. Let V be a unit normal vector field on M
in M. Since M is invariant under the action of ¢, we can set

(7.6) VxY = VxY + by (X, V)V + hy(X, V)GV

for any vector fields X and Y on M. By g(V,V) = 1, we get VxV =
-A(X)} + H{X)¢V, where A(X) is the second fundamental form on M and
tis a 1-form on M. Then, operating ¢ to this equation and using (3.3), we
find Ay (X, Y) = g(AX,Y) and ho (X, V) = g(pAX, Y). Here, we need the

following lemma.

_ Lemma 7.2. Let X be any vector field on M. Then we have
Ric(X,Y) = Ric(X,Y) - 2dt(X, ¢Y).

Pro?f. At first we generally prove that on any (2n + 1)-dimensional
acs~ manifold M*"*1(g, € 1, g) with £ belonging to the k-nullity distribution
and except proper acs-manifolds with k£ = ¢

(7.7) 9(Q@°X,Y) = g(QX,Y) - kg(X,Y) - (2n — 1)kn(X)n(Y)
2n
Z-f;]g(R'an¢Y)Ei,¢Ei) ({£:} is an or-

fu=

is valid, where g(Q"X,Y) = -1

thonormal frame).

2nti
9@ X, Y)=-1 Zl {9(R(#Y, E;, X) — g(R(E;, X)9Y,4E))}. Or the

other hand, using (3.1), (3.7), (3.2) and Theorem 3.1, we get (7.7). Next we
compute R(X,Y)V. From (3.3), (7.6) and Theorem B we have

(78)  R(X,Y)V = ~{{VXA)Y ~ (VyA)X ~ t(X)$AY + t(Y}$AX }+

+2{dt(X,Y) — g(¢A’Y, X) }4V.
Here, we also calculate
= o 2n+l_ i _ _
9(@*X,Y). GQ*X,Y) = —} Z:] §(R(X, ¢Y) B, E)~G(R(X, 9Y )V, $V).
Using (7.2), Theorem B and (?‘_8), we have
(7.9) G(QX.Y) = g(Q"X,Y) - 241(X, §Y).

Qn t.he (.Jther hand, since M is invariant, § = £ belongs to the I:'—-nullity
distribution on M. Thus, by (7.7) we obtain our result.
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Here, we consider an invariant submanifold M with harmonic curvature
in M. Since M is invariant, £ = & belongs to the non-zero k- nullity
distribution on M. Thercfore, from Theorem 4.1 M is Einstein and we have

(7.10) Ric(X,Y) = 2nkg(X,Y)

for any vector fields X and Y on M. So, by (7.2), (7.4), (7.10) and Theorem
B we see that

) 290a7x,v) = (LA - -y )) (60X, ¥) = n(X)a(¥)).

If A2 = 0 (that is, M is totally geodesic), then k = é—%ﬂ—%(n # 1)L,k =
H(n=1).

Except for this possibility, we can set D\t = {X € TI(M)IAX = /\X},
D, = {X € Tx(M)]AX = —)\X} forz € M, Dy = Dyt @ D,~, where
A>0and Dp = {X € T.(M)|AX = 0}. Then these distributions are
mutually orthogonal. And, from (7.11) we get

(7.12) 227 = H—(2n - Dk,

(n+1)
2

which shows that the characteristic roots of A are constant on M. Moreover,
using Theorem B, ¢ interchanges Dy* and D,~. This means that the
dimensions of Dyt and D).~ are equal to n. Here we have the following
three lemmas.

Lemma 7.3. If X,Y € D\(X # 0}, then VxY € Dy. In particular
D, is involutive,

Proof. If X,Y € Dyt (or Dy7), then g(Y,£) = 0, so that g(VxY.{ +
g(Y,®hX) = 0. On the other hand, from Lemma 7.1 we see that if X € DyF

(or Dy~), then hX € Dyt (or Dy~ ). Tlerefore we get Vx¥ € Dy. Next |

if X € D\Y, Y € Dy, then ¢Y € Dy*t, so that Vx{(¢Y) = (VxP)Y +
#(VxY) € Dy. Here, using (3.3) and Lemma 7.1, we get ¢(VxY) € Dy.
Thus VxY € Dy. Similary we obtain VxY e Dyif X € Dy™, Y € Dyt

Lemma 7.4. If X € Dy, Y € D\*(A # 0}, then (VxY )y~ =
X )oY .
Proof. First, from (7.6) the Codazzi equation is V x(AY) = Vy{4X) -

A(X,Y])—t(X)pAY +t(Y)pAX = 0. Suppose X € D)7, then this Codazzi
equation becomes, by Theorem B, AVxY + AVy X — A[X, Y]~ At(X)oY -
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A(Y)pX = 0. It follows that (VxY),~ = %t(X)¢Y and (Vy X))t =
%t(}’)q‘)X when X € Dy~ and Y € D,*, where the components of a vector
field X in the distribution D)% and Dy~ (A # 0) generally denote by Xt
and X~ respectively. When X € Dyt and (Y) € D%, @Y € D,~.
So, by the above latter equation, we have Vy(¢Y) = %t(z\')qﬁz}’. Thus
(Vx@)Y +¢(VxY) = ~1t(X)Y. Operating ¢ to this equation, we get, by
(3.3) and Lemma 7.3, VxV = L1t(X)¢Y . Therefore (VxY),y™ = $t{X)pY,
which completes the proof.

Lemma 7.5. If Z € Dyt is a unit vector field and A # 0, then
G(R(Z,82)$2,7) = dt($2, 7).

Proof. If X, Y € D,, then, using Lemmas 7.3 and 7.4 repeatedly, we
obtain VxVyZ = L} X(¢(Y))¢Z + Lt(Y)(Vx$)Z - Lt(X}(Y)Z +
LY)$(Vx 2t + 1(X)(VyZ)Zt +(Vx(VyZha Pt Since Z is a unit
vector in D,*, this equation yields, by (3.3), ¢(VxVy Z,4Z) = $ X (t(Y)).
By virtue of Lemma 7.3 the distribution D, is involutive, so that [X,Y] €
Dy and from Lemma 7.4 we obtain g(Vix y)Z,¢Z) = 3t{[X,Y]). Thus
A R(X,Y)Z,9¢Z) = dt(X,Y), from which ¢(R(Z,¢Z)dZ, Z) = dt(¢pZ, Z).

tHlere we get, from Lemma 7.5, the following theorem.

Theorem 7.2. Let M?™*3 be an acs-manifold with & belonging to the
non-zero k-nullity distribution and with » constant ¢~ sectional curvature
7, and M?*™t! be an invariant submanifold of codimension 2 in M?"+2,
Then the curvature of M+ s harmonic if and only if M s totally

geodesic and k = %’%‘:’—‘lﬁry(n A1, k=H(n=1j.

Proof. First we suppose that the curvature of M*"t! is harmonic.
Il Z € Dy*, ¢(4,Z) = 1. We have, by Lemuna 7.5, ¢(R{Z.¢Z)¢Z,7Z) =
dt{¢Z, Z). However, from (7.2) and Theotem B we find g(R(Z, ¢Z)dZ, Z)}
Thorefore we obtain di{¢Z, Z) == H — 2X*. On the other hand, from (6.7)
we see that Ric(Z, 7) = @H + k, so that, by Lemma 7.2, Ric(Z, Z) =
in;'z) H +k+2dt(Z,62). However, we have Ric(Z, Z) = (—"%QH +k—2A°
because of (7.4) and Thecremn B, Therefore we get ¥ = L H. From this we
have > 0 and when H = 0, A = 0, which is the contradiction to A # 0.
Thus H > 0. Moreover (7.12) and A* = i Teads us to $H — (2n— 1)k = 0.
By means of (3.2), k <0, and H > 0, which is the contradiction. Thercfore

we sec that M™% is (otally geodesic and k = ;?zt;l—)i‘; (n# 1), L=H{n=

i

1). By (7.4) the converse is evident.
Remark 7.1. Ludden ([7], Theorew 4.4 proved the following:
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Theorem C. Let M2"*! be an invariant submanifold of codimension
2 of a cs-manifold M*™*3, Then M?"%! is totally geodesic if and only if
M 2n 4 1) is of constant ¢-sectional curvature. In Theorem C, if M"+1 js of
constant ¢-sectional curvature, then M2"*! is y-FEinstein (see the proof of
Theorem 4.4 in (7]). Thus the curvature of M*™*! js harmonic. So, Theorem
7.2, in the case where M?"*! js a proper acs-manifold, is a theorem which
corresponds to Theorem C.
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SEMI-INVARIANT SUBMANIFOLDS OF A
QUASI-K-SASAKIAN MANIFOLD

BY

C. CALIN

0. Introduction. The notion of semi-invariant submanifold intro-
duced by A, Bejancu-N.Papa g hiuc (3] has been mtcnswely
studied by many people (see references in [2]). In [7] O u b i fi a have
obtained a clasification for almost contact siructures, and in [5] D. C h i
n e a obtained scme results on invariant submanifolds of quasi-K-Sasakian
manifolds.

it is the purpose of the presenl paper to consider and study the con-
rept of semi-invariznt submanifolds in case of a quasi-K-Sasakian manifold.
First we present some general formulae and vasic results from the theory
of quasi -K- Sasaki manifoids in order Lo use them in the nexi sections.
Next we cbtain necessary and sufficient conditions for the integrability of
distributions defines on a semi-invariant submanifold of 2 quasi-K-Sasakian
manifold. Finally we a dealing with totally contact nmbilical semi-invariant
submanifolds of a quasi-K-Sasalian manifeld. More precisely, we prove that
a totally contact umbilical semi-invariant submanifold of M is totally contact

goodesic if dimD* > 1 and fN(X,Y) e (D@ {£P forany X, Y € (D).

I. Preliminaries. Let M be a real 2n+!-dimnensional differentiable
manifold with (f.€, n,¢) an almost contact meiric structure. In this case
we have

(n {f2 ==I+tn3E 96 =1 7iX)=g(X,¢)
' nof=0; f(§)=0, g(X.fY)+g(fX,Y)=0,

for any vector fields X,Y on M, where 1 is the identity on the tangent bundle
TM of M.





