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SPINOR BUNDLE OF ORDER TWO ON
THE INTERNAL DEFORMED SYSTEM

BY

P.C.STAVRINOS, V.BALAN, N.PREZAS and P.MANOUSELIS

Abstract. Using the Hilbert–Palatini technique for a Utiyama–type Lagrangian

density in the deformed spinor bundle S(2)M × R, the authors determine the explicit

expressions of the field equations, generalising previous results; also, the equivalence prin-

ciple is shown to represent an extension for the corresponding one from S(2)M .

1. Introduction. In previous papers [4], [5], was presented the con-
cept of a spinor bundle S(2)M and its relation to the Poincarè group. This
group, consisting of the set of rotations, boosts and translations, gives an
exact meaning to the terms: “momentum”, “energy”, “mass”, and “spin”
and is used to determine characteristics of the elementary particles. Also, it
is a gauge, acting locally in the space-time. Hence we may perform Poincarè
transformations for a physical approach. In that study we considered a base
manifold (M, gµν(x, ξ, ξ)) where the metric tensor depends on the position
coordinates and the spinor (Dirac) variables (ξα, ξ

α
) ∈ C4 × C4. A spinor

bundle S(1)(M) can be constructed from one of the principal fiber bundles
with fiber F = C4. Each fiber is diffeomorphic with one proper Lorentz
group.

In our study we apply an analogous method as in the theory of deformed
bundles developed in [6], for the case of a spinor bundle S(2)M = M×C4·2

in connection with a deformed internal fibre R. Namely our space has
the form S(2)M × R. The cosideration of Miron d–connections [1], which
preserve the h– and v–distributions is of vital importance in our approach,
as in the previous work. This standpoint enables us to use a more general
group G(2), called the structural group of all rotations and translations,
that is isomorphic to the Poincarè Lie algebra. A spinor is an element of
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the spinor bundle S(2)(M) × R where R represents the internal fibre of
deformation. The local variables are in this case

(xµ, ξα, ξ
α
, λ) ∈ S(2)(M)×R = S̃(2)(M), λ ∈ R.

The non–linear connection on S̃(2)(M) is defined analogously, as for the
vector bundles of order two [2], [3]

T (S̃(2)M) = H(S̃2M)⊕F (1)(S̃(2)M)⊕F (2)(S̃(2)M)⊕R,

where H,F (1),F (2), R represent the horizontal, vertical, normal and defor-
mation distributions respectively.

The fundamental gauge 1–form fields which take values from the Lie
algebra of the Poincarè group will have the following form in the local bases
of their corresponding distributions

(1) ρµ(x, ξ, ξ, λ) =
1
2
ω∗ab
µ Jab + haµ(x, ξ, ξ, λ)Pa

(2) ζα =
1
2
θ(∗)abα Jab + ψaαPa

(3) ζ
α

=
1
2
θ
(∗)αab

Jab + ψ
αa
Pa

(4) ρo =
1
2
ωabo Jab + LaoPa

where, Jab, Pa are the generators of the four–dimensional Poincarè group,
namely the angular momentum and linear momentum, ω(∗)ab

µ represent the

Lorentz – spin connection coefficients, Ψ
αa

, Ψa
α, θ

(∗)ab
α , θ

(∗)αab
are the given

spin–tetrad and spin – connection coefficients, and Lao deformed tetrad co-
efficients. We use Greek letters λ, µ, ν, . . . for space–time indices, α, β, γ, . . .
for the spinor, a, b, c, . . . for Lorentz ones, and the index (o) represents the
deformed variable; λ, α, a = 1, . . . , 4. The general transformations of coor-
dinates on S̃(2)M are

(5) x′µ = x′µ(xν), ξ′α = ξ′α(ξβ , ξ
β
), ξ′

α
= ξ′

α
(ξ
β
, ξβ), λ′ = λ
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2. Connections. We define the following gauge covariant derivatives

(a)D(∗)
µ =

δ

δxµ
+

1
2
ω(∗)ab
µ Jab (b)D(∗)α =

δ

δξα
+

1
2
Θ

(∗)αabJab

(6) (c)D(∗)
α =

∂

∂ξ
α +

1
2
Θ(∗)ab
α Jab (d)D(∗)

o =
∂

∂λ
+ ωabo Jab

where,
δ

δxµ
=

∂

∂xµ
+Nαµ

∂

∂ξα
−Nα

µ

∂

∂ξ
α −N o

µ

∂

∂λ

(7)
δ

δξα
=

∂

∂ξα
−Nαβ

o

∂

∂ξ
β
,
∂

∂λ
= Lµo

∂

∂xµ

The non–linear connection coefficients are defined further. The space
–time, Lorentz, spin frames and the deformed frame are connected by the
relations

(8) (a)
δ

δxµ
= haµ

δ

δxa
(b)

∂

∂ξ α
= Ψ

αa ∂

∂xa

(b′)
∂

∂ξ
α = Ψa

α

∂

∂xa
(c)

∂

∂λ
= Lµo

∂

∂xµ

The relation (8a) is a generalization of the well – known principle of
equivalence in the total space of the spinor bundle S(2)M . In addition, the
relations (8a, b, b′, c) represent a generalized form of the equivalence princi-
ple, since the considered deformed spinor bundle contains spinors as internal
variables.

The absolute differential of an arbitrary contravariant vector Xν in
S̃(2)M , has the form

(9) DXν = (D(∗)
µ Xν)dxµ + (D(∗)αXν)dξα+

+(D(∗)
α Xν)dξ

α
+ (D(∗)

o Xν)dλ

The differentials Dξα, Dξα, Dλ can be written

Dξβ = dξβ +N o
αβdξ

α
+ Ñ oα

β dξα +Nβµdxµ
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(10) Dξβ = dξ
β

+N β
oαdξ

α − Ñ βα
o dξα −N

β

µdx
µ

D◦λ = dλ+N ◦
κdx

κ − Ñα
◦ dξα −N ◦

αdξ
α

where,
N = {N ◦

αβ ,Nβµ, Ñ oα
β ,N β

µ, Ñ βα
◦ ,N β

oα,N ◦
κ , Ñ β

◦ ,N ◦
α}

represent the coefficients of the non-linear connection which are given by

Nβµ =
1
2
ω(∗)ab
µ Jabξβ , N β

µ = −1
2
ω(∗)ab
µ Jabξ

β
,N ◦

µ =
1
2
ωαboµJab

(11) Ñ oα
β =

1
2
θ
(∗)αabJabξβ , Ñαβ

◦ = −1
2
θ
(∗)αabJabξ

β
,

Ñα
◦ =

1
2
ωab◦ Jabξ

α
,

N ◦
αβ =

1
2
θ(∗)abα Jabξβ , N β

oα = −1
2
θ(∗)abα Jabξ

β
, N ◦

α =
1
2
ωab◦ Jabξα.

The metrical structure in the deformed spinor bundle S̃(2)M has the
form

(12) G = gµν(x, ξ, ξ, λ)dxµ ⊗ dxν + gαβ(x, ξ, ξ, λ)Dξα ⊗Dξ∗β+

+gαβ(x, ξ, ξ, λ)Dξα ⊗Dξ∗β + goo(x, ξ, ξ, λ)Dλ⊗Dλ

where
′∗′ denotes Hermitean conjugation. The local adapted frame is given

by
δ

δζA
= { δ

δxλ
,
δ

δξα
,
∂

∂ξ
α ,

∂

∂λ
}

and the associated dual frame

(13) δζA = {Dxκ ≡ dxκ,Dξβ ,Dξ
β
,D◦λ},

where the terms δ
δxλ ,

δ
δξα

,D◦λ,Dxκ,Dξβ ,Dξ
β
, are provided by the relations

(7), (9), (10).
The considered connection in S̃(2)(M) is a d- -connection, having with

respect to the adapted basis the coefficients

(14) ΓABC = {Γ(∗)µ
νρ , Cµνα, C

µα

ν ,Γ(∗)µ
νo ,Γ

(∗)α
βλ , C̃βαγ , C̃

βα
γ ,Γ

(∗)β
◦γ ,



5 THE INTERNAL DEFORMED SYSTEM 55

Γ(∗)β
αν , Cγβα, C

γα
β , Cαβ◦,Γ

(∗)◦
◦µ , C

◦α
◦ , C◦

◦α, L
◦
◦◦}

defined by the generic relations

(15) D δ

δzC

δ

δzB
= ΓABC

δ

δzA
,

δ

δAz
∈

{
δ

δxµ
,
δ

δξα
,
∂

∂ξ
α ,

∂

∂λ

}
.

It preserves the distributions H,F (1),F (2), R, and its coefficients are defined
by

D δ
δxρ

δ

δxν
= Γ(∗)µ

νρ

δ

δxµ
, D ∂

∂ξ
α

δ

δxν
= Cµνα

δ

δxµ
,

D δ
δξα

δ

δxν
= C

µα

ν

δ

δxµ
, D ∂

∂λ

δ

δxν
= Γ(∗)µ

νo

δ

δxµ
,

D δ

δxλ

δ

δξα
= Γ

(∗)α
βλ

δ

δξβ
, D ∂

∂ξα

δ

δξβ
= C̃βαγ

δ

δξγ
,

D δ
δξα

δ

δξβ
= C̃βαγ

δ

δξγ
, D ∂

∂λ

δ

δξβ
= Γ

(∗)β
oγ

δ

δξγ
,

D δ
δxν

∂

∂ξ
α = Γ(∗)β

αν

∂

∂ξ
β
, D ∂

∂ξ
α

∂

∂ξ
β

= Cγβα
∂

∂ξ
γ ,

D δ
δξα

∂

∂ξ
β

= Cγαβ
∂

∂ξ
γ , D ∂

∂λ

∂

∂ξ
β

= Cαβo
∂

∂ξ
α ,

D δ
δxµ

∂

∂λ
= Γ(∗)◦

◦µ
∂

∂λ
, D δ

δξα

∂

∂λ
= C

◦α
◦

∂

∂λ

D ∂

∂ξ
α

∂

∂λ
= C◦

◦α
∂

∂λ
, D ∂

∂λ

∂

∂λ
= L◦

◦◦
∂

∂λ
,

The covariant differentiation of tensors, spin-tensors and Lorentz – type
tensors of arbitary rank is defined as follows:

∇κTµ...ν... =
δTµ...ν...

δxκ
+ Γ(∗)µ

ρκ T ρ...ν... + . . .− Γ(∗)ρ
νκ Tµ...ρ...

∇αTµ...ν... =
δTµ...ν...

δξα
+ C

µα

κ Tκ...ν... + . . .− C
κα

ν Tµ...κ...

∇αTµ...ν... =
∂Tµ...ν...

∂ξ
α + CµκαT

κ...
ν... + . . .− C

κ

ναT
µ...
κ...
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∇◦T
µ...
ν... =

∂Tµ...ν...

∂λ
+ Γ(∗)µ

κo Tκ...ν... − . . .+ Γ(∗)κ
νo Tµ...κ...

(16) ∇κΦα...β... =
δΦα...β...

δxκ
− Γ

(∗)γ
βκ Φα...γ... − . . .+ Φγ...β...Γ

(∗)α...
γκ

∇δΦα...β... =
δΦα...β...

δξδ
− C̃γδβ Φα...γ... − . . .+ Φγ...β...C̃

αδ
γ

∇δΦα...β... =
∂Φα...β...

∂ξ
δ
− CγβδΦ

α...
γ... − . . .+ Φγ...β...C

α
γδ

∇◦Φα...β... =
∂Φα...β...

∂λ− Γ
(∗)γ
oβ

Φα...γ... − . . .+ Φγ...β...Γ
(∗)α
oγ

∇(∗)
µ V a...c... =

δV a...c...

δxµ
+ ω

(∗)a
µb V b...c... + . . .− ω(∗)b

µc V a...b...

∇(∗)αV a...c... =
δV a...c...

δξα
+ . . .+ θ

(∗)a
αb V b...c... + . . .− θ(∗)bαc V

a...
b...

∇(∗)
α V a...c... =

∂V a...c...

∂ξα
+ θ

(∗)a
αb V b...c... + . . .− θ(∗)bαc V

a...
b...

∇(∗)
◦ V a...c... =

∂V a...c...

∂λ
+ ω

(∗)a
ob V b...c... + . . .− ω(∗)b

oc V a...b...

The covariant derivatives of the metric tensor gµν are postulated to be zero:

D(∗)
µ gκλ = 0,D(∗)αgκλ = 0,D(∗)

α gκλ = 0,D(∗)
(o)gκλ = 0.

3.Curvatures and Torsions.
From the relations (6) we obtain the curvatures and torsions of the

space S̃(2)M

(18) [D(∗)
µ ,D(∗)

ν ] = D(∗)
µ D(∗)

ν −D(∗)
ν D(∗)

µ = RaµνPa +
1
2
RaµνJab
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with their explicit expressions given by{
Raµν = δha

µ

δxν − δha
ν

δxµ + ω
(∗)a
µb hbν − ω

(∗)a
νb hbµ

Rabµν = δω(∗)ab
µ

δxν − δω(∗)ab
ν

δxµ + ω
(∗)aρ
µ ω

(∗)b
νρ − ω

(∗)ρa
ν ω

(∗)b
µρ

(19) [D(∗)
µ ,D(∗)

α ] = P aµαPa +
1
2
P abµαJab

P abµα = δθ(∗)ab
α

δxµ − ∂ω(∗)ab
µ

∂ξ
α + θ

(∗)b
αc ω

(∗)ac
µ − θ

(∗)a
αc ω

(∗)cb
µ

P aµα = δψa
α

δxµ −
∂ha

µ

∂ξ
α + ω

(∗)a
µc ψcα − θ

(∗)a
αc hcµ

Similarly to [5], the other four curvatures and torsions result from the
commutation relations

(20) [D(∗)
µ ,Dα] = P

aα

µ Pa +
1
2
P
abα

µ Jab

(21) [D(∗)
α ,D(∗)β ] = Sβaα Pa +

1
2
Sabβα Jab

(22) [D(∗)
α ,D(∗)

β ] = QaαβPa +
1
2
QabαβJab

(23) [D(∗)α,D(∗)β ] = Q̃αβaPa +
1
2
Q̃abαβJab

The contribution of the λ – covariant derivative D(∗)
◦ provides us the

following curvatures and torsions

(24) [D(∗)
◦ ,D(∗)

µ ] = RaoµPa +
1
2
RaboµJab

{
Raoµ = δLa

µ

δλ − δha
◦

δxµ + ω
(∗)a
µb Lb◦ − ω

(∗)a
bo hbµ

Raboµ = δω(∗)ab
µ

δλ − δω
(∗)ab
◦
δxµ + ω

(∗)aρ
µ ω

(∗)b
oρ − ω

(∗)ρa
◦ ω

(∗)b
µρ
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(25) [D(∗)
◦ ,D(∗)

◦ ] = 0, Rab◦◦ = 0, Raoo = 0.

(26) [D(∗)
◦ ,D(∗)α] = P

aα

◦ Pa +
1
2
P
abα

◦ Jab

P
aα

◦ = ∂ψ
aα

∂λ − δLa
◦

δξα
+ ω

(∗)a
oc ψ

αa − θ
(∗)a
c αLc◦

P
abα

◦ = ∂θ
(∗)αab

∂λ − δω
(∗)ab
◦
δξα

+ θ
(∗)ab
c ω

(∗)ac
µ − θ

(∗)aα
c ω

(∗)ab
◦

(27) [D(∗)
◦ ,D(∗)

α ] = P a◦αPa +
1
2
P aboαJab

P aoα = ∂ψa
α

∂λ − ∂La
◦

∂ξ
α + ω

(∗)a
oc ψcα − θ

(∗)a
αc Lc◦

P aboα = ∂θ(∗)ab
α

∂λ − δω
(∗)ab
◦
δξ

α + θ
(∗)b
ac ω

(∗)ac
◦ − θ

(∗)a
αc ω

(∗)cb
◦

4. Field Equations. In the following, we derive by means of the
Palatini method the field equations, using a Lagrangian of the form

(28) L = h(R+ P + P +Q+ Q̃+R◦ + P ◦ + Po)

which depends on the tetrads and on the connection coefficients,

L(κA, δMκA) = L(h, ω(∗), ψ, ψ, θ(∗), θ
(∗)
, ω

(∗)
◦ )

where,

κA ∈ {(haµ(z), ω(∗)ab
µ (z), ψaα(z), ψ

αa
(z), θ(∗)abα (z), θ

(∗)αab
(z), ω(∗)ab

◦ (z))},

(29) δM =
δ

δzM
∈

{
δ

δxµ
,
δ

δξα
,
∂

∂ξ
α ,

∂

∂λ

}
, z = (zM ) = (xµ, ξα, ξ

α
, λ)
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and 
R = hµah

κ
cR

c
µκ, P = hµψαc P

c
µα, P = hµψαcP

cα

µ ,

Q = Qabαβψ
α

aψ
β

b , Q̃ = Q̃abαβ = ψαaψβb, S = ψ
α

aψβbS
abβ
α ,

R◦ = L◦
κh

µ
c h

κ
aR

ac
◦µ, P ◦ = L◦

κh
κ
aψαcP

acα

◦ , P◦ = L◦
κh

κ
aψ

α

c P
ac
◦α.

The Euler–Lagrange equations are generally given by

(30)
δL
δκ(A)

= ∂M

(
∂L

∂(∂Mκ(A))

)
− ∂L
∂κ(A)

= 0,

with ∂M = ∂
∂zM ∈

{
∂
∂xµ ,

∂
δ∂ξα

, ∂

∂ξ
α , ∂∂λ

}
.

From the relation (30), the variation of L with respect to the tetrads
hνb gives us the first field equation

(31) ∂µ
∂L

∂(∂µhνb )
+ ∂α

∂L
∂(∂αhνb )

+ ∂α
∂L

∂(∂αhνb )
+ ∂◦

∂L
∂(∂◦hνb )

− ∂L
∂hνb

= 0,

where we denoted ∂◦ = ∂
∂λ . Finally, after some calculations we get,

(32) H̃b
ν −

1
2
hbνH̃ = 0,

where we put,

H̃ = R+ P + P +Q+ Q̃+ S +R◦ + P ◦ + P◦,

H̃b
ν = 2Rbν + P bν + P

b

ν +Rboν + P
b

oν + P b(o)ν ,

{
Rbν = hκcR

bc
νκ, P bν = ψ

α

c P
bc
να, Rb◦ν = L◦

κh
κRboν + L◦

νh
µ
cR

bc
◦µ,

P
b

ν = ψαcP
bcα

ν , P
b

oν = L◦
νψαcP

bcα

◦ , P b◦ν = L◦
νψ

α

c P
bc
◦α

The equation (32) is the Einstein equation for empty space, in the
framework of our consideration. Also, the variation of L with respect to
ω

(∗)ab
µ gives,

(33) ∂ν
∂L

∂(∂νω
(∗)ab
µ )

+ ∂α
∂L

∂(∂αω(∗)ab
µ )

+ ∂α
∂L

∂(∂αω
(∗)ab
µ )

− ∂L
∂ω

(∗)ab
µ

= 0.
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From this relation we get the second field equation in the following form,

(34) ∂ν [h(hµah
ν
b − hµb h

ν
a)]− ∂α[hhµaψαb]− ∂α[hhµaψ

α

b ]− ∂◦[hL◦
ah

µ
b ]−

−h[ω(∗)d
κ(a h

(κ
b)h

µ)
d + hµa(ψ

α

c θ
(∗)c
αb + ψαcθ

(∗)αc
b )+

+hµd (ψ
α

b θ
(∗)d
αa + ψαbθ

(∗)αd
a )− L◦

κω
(∗)c
ob hµ[ch

κ
a] = 0,

where the parantheses () and [] are used to denote symmetrization and
antisymmetrization respectively.

The variation of L with respect to ψaα provides the field equation

(35) ∂ν
∂L

∂(∂νψaα)
+ ∂β

∂L
∂(∂βψaα)

+ ∂β
∂L

∂(∂βψaα)
+ ∂◦

∂L
∂(∂◦ψaα)

− ∂L
∂ψaα

= 0,

having the explicit form

(36)
1
2
ψ
β

cS
cα
βa +

1
2
P baµαh

µ
b + Q̃dγαa ψγd = 0.

From the variation with respect to ψ
αa

(37) ∂ν
∂L

∂(∂νψ
αa

)
+∂β

∂L
∂(∂βψ

αa
)
+∂β

∂L
∂(∂βψ

αa
)
+∂◦

∂L
∂(∂◦ψ

αa
)
− ∂L
∂ψ

αa = 0,

we get the fourth field equation

(38)
1
2
P
baα

µ hµb +
1
2
ψβbS

bβ
aα + ψ

γ

dQ
d
aγα = 0.

Finally, we write down the other three field equations which are derived
from the variation of L with respect to the connection coefficients θ(∗)abα ,
θ
(∗)αab

and ω(∗)ab
(◦)

(39) ∂µ(
∂L

∂(∂µΩ(?))
)+∂β(

∂L
∂(∂βΩ(?))

)+∂β(
∂L

∂(∂βΩ(?))
)+∂◦(

∂L
∂(∂◦Ω(?))

) = 0

with Ω(∗) ∈ {θ(∗)abα , θ
(∗)αab

, ω
(∗)ab
(◦) }, which have the corresponding detailed

forms

(40)


∂ν(hhνaψ

α
b ) + ∂β(hψ

(β
a ψ

α)

b )− ∂β(hψ
α

aψβb)+

∂◦(hL◦
κh

κ
aψ

α

b )−−h[ω(∗)d
µb hµ(dψ

α
a) + ψ

[γ

d ψ
α]

(aθ
(∗)d
b)γ +

θ
(∗)βd
b ψ

α

(aψd)β + L◦
κω

(∗)
ob h

κ
(dψ

α

a)] = 0
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(41)


∂ν(hhνaψαb)+ ∂β(hψa[βψα]b)+ ∂β(hψ

β

aψαb)+

∂◦(hL◦
κh

κ
aψαb)− h[ω(∗)d

bµ hµ[dψa]α+ θ
(∗)d
βa ψ

β

[dψb]α+

2θ(∗)γda ψγ[dψb]α+ L◦
κ(h

κ
dψαaω

(∗)d
ob − ψαdh

κ
bω

(∗)d
oa )] = 0

(42)


hL◦

κ[h
µ
ah

κ
dω

(∗)d
µb − hµdh

κ
bω

(∗)d
µa + hκaψ

α

c θ
(∗)c
αb −

θ
(∗)d
αa ψ

α

b h
κ
d+ hκaψαcθ

(∗)αc
b − θ

(∗)αd
a ψαbh

κ
d ]+

∂ν [hL◦
κh

ν
bh

κ
α]+ ∂β [hL◦

κh
κ
aψ

β

b ]+ ∂β [hL◦
κh

κ
aψβb] = 0

Conclusions. In this paper we studied the spinor bundle of order
two S̃(2)(M), which is a foliation of the structure of the spinor bundle pre-
sented in [4], [5]. In the present approach the generalized tetrads and the
spin–tetrads define, by means of the relations (8), a generalized principle
of equivalence in the spinor bundle S̃(2)(M). Also, employing the Miron –
type connections, we cover all the possibilities for the S - bundle connections,
which represent the gauge potential in physical interpretation. These have,
in the framework of our considerations, the remarkable property of isotopic
spin conservation. The introduction of the internal deformed system (as a
fibre) in S̃(2)M), is expected to produce as a natural consequence , for a
definite value κ, φα ( where κ is a constant and φα a scalar field), the Higgs
field. This will be derived within the developed theory, in a forecoming
paper.
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ory, Poincarè Gravity. Proceedings of 8-th Nat. Sem. on Finsler, Lagrange and

Hamilton Spaces 1994, to appear.

5. S t a v r i n o s, P.C. and M a n o u s e l i s, P. – Nonlocalized Field Theory over Spinor
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