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SPINOR BUNDLE OF ORDER TWO ON
THE INTERNAL DEFORMED SYSTEM
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Abstract. Using the Hilbert—Palatini technique for a Utiyama-type Lagrangian
density in the deformed spinor bundle SE M x R, the authors determine the explicit
expressions of the field equations, generalising previous results; also, the equivalence prin-

ciple is shown to represent an extension for the corresponding one from S0

1. Introduction. In previous papers [4], [5], was presented the con-
cept of a spinor bundle S M and its relation to the Poincaré group. This
group, consisting of the set of rotations, boosts and translations, gives an
exact meaning to the terms: “momentum”, “energy”, “mass”, and “spin”
and is used to determine characteristics of the elementary particles. Also, it
is a gauge, acting locally in the space-time. Hence we may perform Poincare
transformations for a physical approach. In that study we considered a base
manifold (M, gw,(:r, 13 ,E)) where the metric tensor depends on the position
coordinates and the spinor (Dirac) variables (£4,& ) € C* x C4. A spinor
bundle S (M) can be constructed from one of the principal fiber bundles
with fiber F = C?*. Each fiber is diffeomorphic with one proper Lorentz
group.

In our study we apply an analogous method as in the theory of deformed
bundles developed in [6], for the case of a spinor bundle S M = M x C*?
in connection with a deformed internal fibre R. Namely our space has
the form S? M x R. The cosideration of Miron d-connections [1], which
preserve the h— and v—distributions is of vital importance in our approach,
as in the previous work. This standpoint enables us to use a more general
group G2, called the structural group of all rotations and translations,
that is isomorphic to the Poincare Lie algebra. A spinor is an element of
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the spinor bundle S®®)(M) x R where R represents the internal fibre of
deformation. The local variables are in this case

(2,60, €7 0) € SO (M) x R= 8@ (M), X € R.

The non-linear connection on S (M) is defined analogously, as for the
vector bundles of order two [2], [3]

TSP M) = H(S?M) a FO(SP M) e FO(SPDM) @ R,

where H,F1) F2) R represent the horizontal, vertical, normal and defor-
mation distributions respectively.

The fundamental gauge 1-form fields which take values from the Lie
algebra of the Poincare group will have the following form in the local bases
of their corresponding distributions

e 1 *Q a e
(1) p#(ll)gag?)\) = iwu bjab+hﬂ($a€7£a>‘)Pa
1 (*)ab a
(2) Ca = 50(1 Jab + wapa
—a 1—(x)aab —aa
(3) C 250 Jab"'w P,
1 ab a
(4) Po = 5o Jap + LEP,

where, Jup, P, are the generators of the four—dimensional Poincare group,

(*)ab
o

namely the angular momentum and linear momentum, w represent the

Lorentz — spin connection coefficients, Waa, we. 0&*)%, 5(*)aab are the given
spin-tetrad and spin — connection coefficients, and L% deformed tetrad co-
efficients. We use Greek letters A, u, v, ... for space-time indices, «, 3,7, ...
for the spinor, a,b,c,... for Lorentz ones, and the index (o) represents the
deformed variable; A\,a, a = 1,...,4. The general transformations of coor-
dinates on S@ M are

(5) o't = mly(xl/),gzlx - g:x(gﬁvgﬁ)vga = ?a(gﬁ’§5)7)‘/ =A
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2. Connections. We define the following gauge covariant derivatives

) 1 0 1—()aab

() — 7 (x)ab (o _ 7 =
(@)D = 5o T 5% Tab (b)D' = 5. + 2@ Tab
0 1 d
(%) - 7 T (x)ab (%) - Z ab
(6) (C)Da 85& + 2@a Tab (d)Do I\ +w, Tab
where,
) 0 d —a 0 , 0
san ~ aon T Nenge, ~Nuge ~Nigy
) 0 —ap 0 0 0
2 _ Y _ g 9 _u 2
(7) 6504 6§a © agﬁ ’ oA ° oxH

The non-linear connection coefficients are defined further. The space
—time, Lorentz, spin frames and the deformed frame are connected by the
relations

5 .6 0  —aa

®) @ on =Misee O, =V ua
0 0 0 0

N_— a T u_Z

g =Yg O3 =g

The relation (8a) is a generalization of the well — known principle of
equivalence in the total space of the spinor bundle S M. In addition, the
relations (8a,b, ¥, c) represent a generalized form of the equivalence princi-
ple, since the considered deformed spinor bundle contains spinors as internal
variables.

_ The absolute differential of an arbitrary contravariant vector X" in
S@IM, has the form

(9) DX¥ = (D) XY)dz" + (DX )déo+
+(DYXV)dE" + (DS X7)dA
The differentials DE,, DEQ, DA can be written

Dég = dés + Nde" + N§“dEq + N dz"
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(10) D’ = d&’ + NP dE™ — NP*dg, — N dac'

DoX = d\ + N2da" — NOdEo — N°dE®
where,
N = (N2, Nigyo, Ngo N, N N NS NP NS}

represent the coefficients of the non-linear connection which are given by

a <70 *)a o a
Ng, = iwlg) b Tarés, N, = 5w W Ty 5 NS = —woﬁjab
~ 1—(x)aad ~ (*)aab
(11) Nﬂoa = 59( : jabé.,@:-/\/’c?ﬁ = _5 : jab§ )

~ 1 —a
NG = §wgbjabf ;
o 1 (%)ab (6] 1 (x)ab = o 1 ab
Naﬂ = §9a jabé@v Noa = _50‘1 jab§ 7Na = iwo jabgow
The metrical structure in the deformed spinor bundle S@ M has the

form
(12) G = g (2, & E N da" © da” + gos(w,&,E, )VDE” @ DT +
+9*P(2,£,6, \) Dy ® DES + Gool(w,€,6, \)DA @ DA

where "*" denotes Hermitean conjugation. The local adapted frame is given
by
0 6 o0 0

f_{éx)\adé agcwa)\}

and the associated dual frame

(13) 5CA = [Da* = da™, Dey, DE”, Do},

where the terms 5%, 55%, Do\, Dx"™, DEg, Dgﬁ, are provided by the relations

(7), (9), (10). i
The considered connection in S® (M) is a d- -connection, having with
respect to the adapted basis the coefficients

(14) The = TGk v The TCn TG ¢o oo T

vp ) voo vo - BA Y Hay oy
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s o

oav ) ,306’

O3, 05, TG0, 02, L2}

defined by the generic relations

5 5 5 § & a9 0
1 D =T34, — el = = = U
(15) 70 528 BOG A 54 e{éw“’éfa’ago"ﬁ)\}

It preserves the distributions H, FM, F(2) R and its coefficients are defined
by

1) ) ) )
— T = —Cr 2
Dé%ﬂ oxv ve o §xr’ D@%“ oxY Cla dxh’
0  —pa 0 5 () )
P = 5o Page =Tw' 5
5 _—(*)a 5 (5 _ AB 5
Posse, =t be Pitse ~ Cmdey
) ) 1) —x)B 0
Dy — =CPr Dy — =T =
a0y 0g, ¥ T T
D 8:r<*>ﬁa Daizmi
527 9 v —f3 e 8Eﬁ Ba 857’
DL ? —Cga (?’y: ID@ (2 = go ?aa
o 356 o€ ox 85'8 )
0 (x)o O 0 oa O
D — =TI/ =, Ds —=0C,
=7 9N L Zax % o
0 ., 0 0 ., 0
’D%ﬁzcoaa? D%E_Looaj7

The covariant differentiation of tensors, spin-tensors and Lorentz — type
tensors of arbitary rank is defined as follows:

oTH

V, Th = —5;; + T - TG
OTH- — o —KQ
VT = e + O TS+ ... = C T
(63
_OT

R~ V...

VoIl il + OB TS+ = O T
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oT#

VoTh- = W T L Kot VGO T
6% ~
Qe B... ()Y x ... coa(R)an.
(16) Ve = L TG g~ e T
véq)a g _61’75(1)01 o +(I)’Y---Ca5
B 556 B8 T B...7y
« ﬁ .. (3
V@3 = P Cos®5 =+ 257 O,
a5
Vol = —— @S — L BT
oN—T
of3
* a... 6‘/6(1 *)ayrb... *)byra...
5va... —(*)a
VO = S B = 00
Vo
VOV = Tg F )V e
* a... a‘/ca *)a * a...
Vv = o +W£b) Vi = WiV

The covariant derivatives of the metric tensor g, are postulated to be zero:

Dl(j,*)gfi)\ - Oap(*)agﬁ)\ - O7D((1*)gfi)\ - Oapgzgg,‘i)\ =0.

3.Curvatures and Torsions.
From the relations (6) we obtain the curvatures and torsions of the
space S M

* * * * * * 1
(18) [DL ), D] = DL )p() — D¢ >DL ) = RY, P, + 5R;‘;,,Jab
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with their explicit expressions given by

Shi, _ ohy (®)app (®)app
a — M v
{RMV — Sxzv  Jdak +w,ub hl/ — Wp h,u

a Sw(¥)ab 50.)1(,*)“” *)a *)b x)pa ()b
Ru?/ = 5av Sah W!(L) p‘”gp) U”(’ ” “‘(W)
* * a 1 po
(19) [DEL)’D&)} _PuaPa+§ .Ufl;éjab

§o(x)ab Quw(*)ab *)b  (*)ac *)a  (x)cb
= S B o e

Suv® Oh® * *
S

Similarly to [5], the other four curvatures and torsions result from the
commutation relations

(20) (D), D] = PP, + %F,‘f’%ab
(21) (D), D8] = 530y + 558y
(22) DL, DY) = QAP+ 5 Qs
(23 (DO, D] = G, + 200

The contribution of the A — covariant derivative Dc(,*) provides us the
following curvatures and torsions

* * a 1 a
(24) (D8, DY) = Re, Put 5 RepJuy

o dxH

Sw(x)ab S (¥)ab b
Rab _ w Wo _{_wlg*)apw(()’;) _

5Ly 6hd (*arbp (¥)ayb
a J— 22 o
{R =5 - Wb Lo — wy, hu

(*)pa, (%)b
ow = Tox " oxn Wo = Wyp
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(25) D), pS1=0, R®=0, R =0.

* —aa 1—aba
(26) DY, Do) = P° Fg+—§}gb Job

Faoc _ aaaa _ 5Lg + wgz)aaad . gi*)aaLg

) O\ 0&a -
—aba () oab Swl ab —(*)ab  (x)ac A(x)ac (x)ab
P, = 898>\ TN +90. W/(i) — 0. wc(’ )
. 1
(27) (D57, D) = PouPa + 5 P

ol oL?

Po = 3 — G + w05 — 002" LS
(*)ab (*)ab

Pgab _ 895>\ B Ju;%a + ac(;z)bwg*)ac . ec(x*c)aw(()*)cb

4. Field Equations. In the following, we derive by means of the
Palatini method the field equations, using a Lagrangian of the form

(28) L=hR+P+P+Q+Q+Ro+ P, + Po)

which depends on the tetrads and on the connection coefficients,

LKA, Sark™) = L(h,w™),,7,00),87 W)
where,

(*)aab

KA € {(h%(2), WP (2), 92(2), 07 (2), 0579 (2), 87" (2), wE (2))},
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and
R= MR, P= WP, P =, P
Q = Qg%wa wba Q = Qabaﬁ = waaw,@ba S = ¢a wﬁbsgbﬁa
Ro = LOWERERY, Po= Lohip, Py,  Po = Lyhiy, P,

The Euler-Lagrange equations are generally given by
oL oL oL
30 —— =20 — =0
(30) ) M <3(3MK(A))> OKx(4) ’

8 9 9
dar ? 50E.° §g” 7 O [

From the relation (30), the variation of £ with respect to the tetrads
hy gives us the first field equation

with Oy = 5% € {

I R TGN T I TN TR

=0,

where we denoted 9, = %. Finally, after some calculations we get,

1
(32) 1ﬁ—§@H:Q
where we put,

H=R+P+P+Q+Q+S+R,+Ps+P,,

A =2R' + P+ P+ R + P + P,

-« o o
{ R% = hg“Rf,%, P,f; =1, Pﬁg, . R’;,, = Lﬂh”Rgu + L,,thg;,
P, =vacP,, Po, =L, P. , Pb, = LSy, P

The equation (32) is the Einstein equation for empty space, in the

framework of our consideration. Also, the variation of £ with respect to

(x)ab .
wy ' gives,

oL .

oL oL oL
(x)ab +0 (x)ab
0(Oywy ™) (0w ™)

+ - ~0.
a(aawl(;«)ab) awl(;k)ab

(33) 9,
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From this relation we get the second field equation in the following form,
(34) O [h(hkhy — hyRY)] — 0% [hhltbas] — Dalhhliy] — Do[hLohY]—

—hlwS AR + R0 + vacly )+

k(a

Rl (P 0507 + apfl) — Low(y R = 0,

K ob [¢'"a

where the parantheses () and [ are used to denote symmetrization and
antisymmetrization respectively.
The variation of £ with respect to 12 provides the field equation

oL oL oL oL oL
35) 9,——uv—+0" +0 + O, - =0,
B5) 0 5,0m T st T P awmen T F o) ovs

having the explicit form

1 ~
SPYhy + Qg = 0.

1*/5 ca
(36) iwcs a+ 9" o

From the variation with respect to @aa

oL 5 OL oL o éﬁa —0,

v —aa +0 —aa —|—(3/3 —aa +0, —aa
A0 ) 90y ") 09 ) 00y ) O

(37) @

we get the fourth field equation

1 —bac 1 —Y

§Pu hy, + §¢ﬁb52§ + winw =0.

Finally, we write down the other three field equations which are derived
9((1*)(1177

(38)

from the variation of £ with respect to the connection coefficients

5(*)(”17 and w((z;ab

oL oL oL oL
7= 8 B O (—————
a(alug(*)))‘i‘a (8(669(*)))+ 5(8(8[39(*)))+ (6(809(*)))

(39) aﬂ( =0

*)aab

with Q) ¢ {9&*)@,5( ,w((:gab}, which have the corresponding detailed
forms
v —a) —a
0 (U5 + Do b’y ) — O (b ) +
010 *)d o | Th=al j(x)d
(40) 0o (RLEHEDy ) — —hlwiy) B2 + $g 604 +
057G bays + Lo W] = 0
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v —
DM )+ O (Wbagvap)+  Op(hiytbas)+
(A1) S Bo(hLehfpar)—  hlwl Wibgat 05 Dutyat
2057 et LY (WGP ey = Paahfiwls )] =0

hL2 (PR — Bl hpwis) '+ B, 0%, —
(42) 085 s+ hwaceb’"“— 8. Do+
O [hL2hEhEl+  DglhLehigy) )+ OP[ALShE ] = 0

Conclusions. In this paper we studied the spinor bundle of order
two S (M), which is a foliation of the structure of the spinor bundle pre-
sented in [4], [5]. In the present approach the generalized tetrads and the
spin—tetrads define, by means of the relations (8), a generalized principle
of equivalence in the spinor bundle S®)(M). Also, employing the Miron —
type connections, we cover all the possibilities for the S - bundle connections,
which represent the gauge potential in physical interpretation. These have,
in the framework of our considerations, the remarkable property of isotopic
spin conservation. The introduction of the internal deformed system (as a
fibre) in 5‘2)A1),is expected to produce as a natural consequence , for a
definite value k, ® ( where k is a constant and ¢“ a scalar field), the Higgs
field. This will be derived within the developed theory, in a forecoming

paper.
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