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ON THE THERMAL STRESSES IN VISCOELASTIC CYLINDERS

BY

S. DE CICCO and L. NAPPA

Summary. The paper is concerned with the problem of thermal stresses in vis-
coelastic beams within the quasi—static theory. The body is subjected to a prescibed
thermal field is a general polynomial in the axial coordinate. The problem is reduced to

plane strain problem.

1. Introduction. Most of papers concerned with thermal stresses
in cylinders are devoted to elastic materials (see e.g.[1-4]). In this paper,
by using some results established in [2,4,5], we solve the problem of ther-
mal stresses in the context of quasi—static thermal theory of linear thermo-
viscoelasticity. The material is assumed to be isotropic with constitutive
coefficients that are independent of the axial coordinate.

We study the defomation of a cylinder when the temperature distri-
bution is a general polynomial in the axial coordinate. In the first part of
the paper we solve the problem assuming that the temperature field is in-
dependent of the axial coordinate. Then, we use the method of induction
to obtain the solution when the temperature field is a general polynomial in
the axial coordinate.

The problem under consideration is solved using some results concern-
ing Saint—Venant’s problem for non—homogeneous elastic cylinders.

2. Statement of the problem. Throughout this paper B denote the
interior of a right cylinder of length h, with generic cross section ¥ and the
lateral boundary S. We call 0B the boundary of B. We use a rectangular
Cartesian coordinate system Ozp(k = 1,2,3). The Catesian coordinate
frame is chosen such that x3 axis is parallel to the generators of B, and the
x10x2 plane contains one of the terminal cross sections. We denote by I’
the boundary of the generic cross section 3.
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In what follows we shall employ the usual summation and differential
conventions: Greek subscripts are understood to range over the integers
(1,2) and Latin subscripts over (1,2,3); summation over repeated subscripts
is implied, and subscripts preceded by a comma denote differentiation with
respect to the corresponding Cartesian coordinate. Moreover, we use a su-
perposed dot to denote partial differentiation with respect to the time t.

Let u; denote the components of the displacement vector field. Then,
the components of the infinitesimal strain field are given by

1
(21) €ij§(ui7j "‘uj,i)-

We study the quasi—static theory of viscoelasticity. The equilibrium equa-
tions, in the absence of body forces, are

(22) tijyj == O,

on B x I, where t;; are the components of the stress tensor.

We suppose that B is composed of a nonhomogeneous isotropic vis-
coelastic material which is assumed to have been at rest up until time ¢t = 0.
We denote by L, M and 3 the relaxation functions and assume that

(2.3) L= L(x1,z2,t), M = M(x1,22,t), = (x1,22,t) (x,t) € Bx1I,

where I = [0,00). Moreover, we suppose that L, M and ( are smooth
functions on B x [0, 00) and that

(2.4) 3L(0) +2M(0) >0,  M(0) > 0.

Here we have suppressed the dependence upon the spatial variables. The
constitutive relations are [6-§]

(2-5)tij = L(O)ETT&'J‘ =+ QM(O)EU—F
+ /[L(t — T)err(T)0i5 + M (t — T)eij (1) — B(t — T)éijT(T)]dT,
0

where T is the temperature measured from the constant absolute tempera-
ture of the body in its reference state.

In what follows we assume that the functions L, M, (3 and T are pre-
scribed.
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We study the deformation of the cylinder caused by the temperature
field T" and assume that the mechanical loading are absent. On the lateral
surface S we have the conditions

(2.6) taila =0

on S x I, where (ni,n2,0) are the components of the outward normal to
the lateral surface. We assume that the loading applied on the end located
at x3 = 0 is statically equivalent to zero. Then, for z3 = 0 we have the
conditions

(2.7.1) /tgada =0,

%

(272) /t33da = 0,

%

(273) /[Eat33da = 0,
b

(2.7.4) /53a5wat53da =0,
>

where €;;;, is the alternating symbol.

The problem consists of solving Eqs. (2.1), (2.2), (2.5) on B x I with
the conditions (2.6)—(2.7.4).
We assume that

(2.8) T = ZTk($17w27t)33§7
k=0

where T}, are given. In what follows we study the problem under considera-
tion using some results established for Saint—Venant problem for viscoelastic
cylinders. The solution of Saint—Venant problem for anisotropic viscoelastic
cylinders has been presented in [9].
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Let us denote by P(™ the problem of solving Eqs. (2.1), (2.2), (2.5) with
the conditions (2.6)—(2.7.4) assuming that the function 7" has the form

(29) T = Tn(x1>$27t)xg7

where n is a positive integer or zero and the function 7}, is known. If we
know the solution of the problem P(" for any n, then, according to the
linearity of the theory, we can determine the solution when the temperature
has the form (2.8). To solve the initial problem we use the method of
induction. First, we solve the problem P(?), then we establish the solution
of the problem P("*t1) when the solution of the problem P is known.

If we introduce the notation [6]

t
(2.10) (ko 1)) = KO F0) + [ kit =) ()i
0

then the constitutive equations become
(211) ti; = Losrréij +2M05i]‘ —A(Si]‘,
where

t
(2.12) A, 1) = / Bzt — 7)'(z, 7)dr.

0

3. Auxiliary plane—strain problems. The isothermal state of plane
strain of the cylinder B, parallel to the plane 105, is characterized by

(3.1) Uy = Ua(T1, T2, t), u3 =0, T =0, (r1,22) € X, t € I.
This restriction implies ¢;; = t;;(z1,x2,t), and that
(3.2) tag = Loeppéaﬁ—i—QMO&aﬂ,

where

1
(3.3) €ap = 5(Uas + Upa)-
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Given the body forces F,, = F,(z1,22,t), F3 =0, (z1,22) € 3, t € I, the
equations of equilibrium reduce to

(34) tai,a +F, = 07
on X x I. We consider the boundary conditions
(35) tagnﬁ = ;a,

on I', where t, are prescribed functions independent of z3. We assume
that the domain X, the relaxation functions and the given forces satisfy the
smoothness hypoteses requested by the existence theorem (cf. Fichera [10]).
The necessary and sufficient conditions for the existence of the solutions for
the quasi-static plane strain problem (3.2)—(3.5) are [10].

[ Foda+ [tads =0,
% r

3.6 ~
( ) ngananga + fE3alg$atgd8 =0.
by T

In what follows we will have the occasion to use the solutions of three
particular planestrain problems denoted by D*) (k = 1,2,3). We denote

by u&s),esg and tSﬁ) the components of the displacement vector field, the

components of the stress tensor field, respectively, from the problem D).
The problems D®*) are characterized by the equations

k k k k k k
o) fer = LoSan b 2Mocul 2e) =l + s,

t0) g+ (Lap)a =0, £+ La=0, (p=1,2),
on ¥, and the following boundary conditions on 9%

(3.8) t&’gnlg = —Lx,na, tS’ﬁ)ng = —Ln,,

for each t € [0,00). It is easy to see that the necessary and sufficient condi-
tions (3.6) for the existence of the solution are satisfied for each boundary
value problem D®), (k = 1,2,3). In what follows we shall assume that the
functions ul” (k=1,2,3) are known.

4. Plane temperature field. We first consider the problem of a
cylinder subjected to the temperature distribution

(41) T:f(l'l,l'g,t), (xl,Ig) e, tel,
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where f is a prescribed function of class C2.
We seek the solution of this problem in the form

3
_ 1 2 (k)
(4.2) Ug = _Eaa(t)x3+k§1ak0“a + vo (1,20, 1),
us = [a1 (t)xl + ag(t)xz + a3(t)]$3,
where ugk) are the components of the displacement field from the problem
D)y, are unknown functions of the variables x1,z2 and ¢, and a; are
unknown continuous functions of the variable t.
It follows from (2.1) and (4.2) that

3
(4.3) €ap = Yop t zas ° 5235), €a3 =0, €33 =a171 + agwz + as,

s=1

where

1
(4'4) Yo = i(ya,ﬂ + Vﬂ,oc)'
By (2.5) and (4.3) we obtain

3
tap = Lo (a1x1 + asxa +az)dap + > aso tSﬁ) + 008, tas =0,
s=1

(4.5) 3
tss = (L +2M) o (a121 + agws + as) + 3. a5 05 + L o Yyaa — H,
s=1
where
(4.6) Oap = Lo ”)/pp(sag +2M o YaB — H(Sa/g,
and

t .

(47) H(l‘l,l‘z,t) = ‘({B(xlax27t - T)f(xlax%T)dT’

) = Loel), (s=1,2,3).

It follows from (3.7) and (4.5), that the equations of equilibrium (2.2) reduce
to

(4.8) oap,p =0,
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on ¥ x I. The boundary conditions (2.6) become
(49) Oaplg = 07

onI'. Thus, from (4.4), (4.6), (4.8) and (4.9) we conclude that the functions
v, are the components of the displacement vector field in a thermoviscoelas-
tic plane—strain problem corresponding to the temperature distribution f.
Clearly, the necessary and sufficient conditions for the existence of the func-
tions v, are satisfied. Therefore, we can assume that the functions v, are
known.

The conditions (2.7) and (2.7.4) are satisfied on the basis of the relations
(4.5). From (2.7.2) and (2.7.3) we obtain for the functions a; the following
Volterra integral equations

where

Dop=[ zal(L+2M)zs + t$3]da, Das=[ za[L +2M + t53)da,
by by

(411) Dsa=[[(L +2M)zo + t$31da,  Das=[[L +2M +t$]da,
> >
da:f xa[H — Lo pr]dav d3:f[H —Lo ’YPP]da'
3 >

It is known (see [4]) that the matrix (D;;(0)) is symmetric and inversable.
Since d; are continuous on (0,t1), we conclude that the system (4.10) has
one and only one solution continuous on [0, ¢1).

Thus the problem P(©) is solved.

5. Recurrence process. We denote by u;,e;; and ¢;; the compo-
nents of the displacement vector, the components of strain tensor and the
components of the stress tensor from the problem P("), respectively, and by
U;, €45, t;; the analogous functions from the problem P+ Tet us estab-
lish the solution of the problem P("*t1) when the solution of the problem
P(™ is known. We shall use the method given in [2]. As the solution of the
problem P(™ is supposed to be known for any 7),, we known the solution
of the probelm P when T = T, 1(x1,x2,t)2%. Thus, the problem can
be presented as follows: find the functions u;,€;;,t;; which satisfy the equa-
tions (2.1),(2.2), (2.5) on B x I and the conditions (2.6)—(2.7.4) when the
temperature field has the form

(5.1) T = g($1,$2,t)l‘g+1,
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assuming that the functions u},ej;,tf; which satisfy the equations (2.1),

(2.2), (2.5) on B x I and the conditions (2.6)—(2.7.4) for the temperature
distribution

(52) T:g(.Tl,.fUQ,t).Tg,

are known. We assume that g is prescribed function of class C?.
We seek the solutions of the problem in the form

[x3 3
Uo = (n+1) | [ uides — 1ba(t)zf + 3 b o ul +
LO s=1
+€3gab4<t)$g(£3 + U}a(l’l, X9, t):| s
(5.3) :

uz = (n+1)| [ uides+ (bi(t)z1 + bo(t)zo + b3(t))z3+
LO

+b4 o ¢ + \11(1'1,1‘2, t):| )

where u&s) are the components of the displacement field from the problem
D®) w,, ¢ and ¥ are unknown functions of the variables z1, x5 and ¢ of class
C?, and b, (n = 1,2, 3,4) are unknown continuous functions of the variable
t.

From (2.1) and (5.3) we obtain

T3 3
cap = (n+1) [f ergdas + 3 byoul) + eaﬁ} :
0 s=1

T3
€as = (n+1) {f ehadrs + 2bso ¢ o+ U o + e3pabaz s+
0

(5.4)
+UZ<$171’270J)]},
T3
€33 = (n + 1) |:f €§3d5173 + bix1 + boxo + b3 + U§($1,$2,O,t)] ,
0
where

1
(5.5) Cap = 5(Wa,p + Wp,a).
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In view of (2.11), (5.1)—(5.4) we obtain
x3
taﬂ = (n + 1) {f tZde?) + Lo [b1$1 + boxo + b3+
0
3
+u§(m1,x2, 0, t)](sa[g + 52:31 bs o t((j,; + Tag, }

T3
t33 = (n + 1) {f t§3d$3 + (L + 2M) ¢} [bliﬁl + boxo + b3+
0

(5.6) 3
+ul(z1,22,0,t)] + 52:31 bs o ti(%) + Lo epp} )
tag = @p+n{?ﬁgmg+ﬂlwm0¢a+wa—€m&%M+
+uk (x1, xa, O,t)]},
where
(5.7) Tag = L oep 00 +2M o eqp.

We consider the following boundary value problem for the function ¢

(5.8) (Mo¢q)a=hon ¥xI, Mo¢ang =gon T,
where
(5.9) h = esap(Mzg) o, g = €303TNa M.

The necessary and sufficient condition for the existence of the boun-
dary —value problem (5.8) is (Fichera) [10])

(5.10) !ﬁdazzgd&

If we take into account the relations (5.9) we see that the condition (5.10)
is satisfied. Therefore, the function ¢ can be assumed to be known.
The equation of equilibrium (2.2) reduce to

5.11 Tag.g + Ga =0,
8,8
and

(5.12) (MoW,) =P,
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on X, for each t € I. We have used the notations
(5 13) Go = t23<$1,$2,07t) + {[L © ug](x1>$2707t)}7a ’
' P = —t35(21,22,0,t) — {[L o u})(z1,22,0,8)} , .

The boundary conditions (2.6) reduce to the conditions

(5.14) TapNg = qa,
and
(5.15) MoV ,n, =5,

on I', for each t € I. We have used the notations
(5.16)  qo = —ng[Louj|(z1,z2,0,1), S = —no[M oul](x1,22,0,t).

The necessary and sufficient condition for the existence of the solution of
the boundary value problem (5.12), (5.15) becomes

/tgg(xl, x2,0,t)da = 0.
)

We note that this condition is satisfied since ¢3, satisfies the condition (2.7.2).
We conclude that the functions w, are the components of the displacement
field in the isothermal plane strain problem characterized by the equations
(5.5), (5.7), (5.11) on ¥ and the boundary conditions (5.14). It follows from
(5.13), (5.16) and the divergence theorem that

[ Gada+ [ qads = [tis(z1,22,0,t)da,
(5.17) : .

[ esapraGpda+ [ e30510qpds = f53aﬁxatg3(a:1,:v2,0,t)da.
5 r 5

Since the components ¢, satisfy the conditions (2.7.1)— (2.7.4), wee conclude
from (5.17) that the necessary and sufficient conditions (3.6) for the existence
of a solution to the boundary value problem (5.5), (5.7), (5.11), (5.14) are
satisfied. We will assume that the functions w, are known.

If we take into account (5.6) and (5.8), then from (2.7.4) we obtain the
following equation for by

5.18 Doby=— [ e3a8M o[V g+ uj(x1,29,0,1)|da,
B8 B 8
by



11 ON THE THERMAL STRESSES 201

where

(5.19) D= / M o (e305Tat,s + 77 + 23)da.

We note that D(0) is the torsional rigidity in classical elasticity, so that
D(0) > 0. The equation (5.18) uniquely determines the function by.
In view of (5.6) the conditions (2.7.2) and (2.7.3) reduce to

(5.20) Djjobj = Ay,
where D;; are given by (4.11) and
Ao == [zo|Loe,, + (L +2M) o uj(z1,x2,0,t)]da,

(5.21) o

M—

[Loey,+ (L+2M) ous(zq,x2,0,t)]da.

The system (5.20) has the same form as the system (4.10). It follows that
the functions b; are determined by (5.20).
We note that

f tSada f t3q + Tl i3, z f xat3,8 NG) + Totss3 3]da -
b b
(5.22)

= [zatsgnpds + (n+ 1) [ zatisda.
r )

In view of the conditions (2.6) and (2.7.3), the relations (5.22) imply that
the conditions (2.7.1) are identically satisfied. Thus, the initial problem is
solved.
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