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COMPARISON BETWEEN STRONG SHAPE GROUPS AND
SHAPE GROUPS FOR A POINTED TOPOLOGICAL SPACE

BY

CORINA MOHORIANU

Abstract. Strong homotopy groups for inverse systems of pointed topological
spaces are defined. Using resolutions of topological spaces we define strong shape groups
and 7T -stage shape groups for arbitrary topological spaces. The main result of the paper
asserts that for every pointed topological space exists an exact sequence involving strong

shape groups and limits of 7 -stage shape groups.

1. Introduction. First, the theory of strong shape for arbitrary
topological spaces based on an explicity constructed coherent prohomotopy
category C'PHTop which involves higher homotopies of all orders, was in-
troduced by S. Mardesié¢and JuT. Lisicain [5], 1984.

We denote inv—Top, the category of inverse systems of pointed topo-
logical spaces (X, ) = ((Xx, *), pﬁ,, A) and morphismsof inverse systems

f=(p.fu) (X, %) — (¥, %) = (Y, %), 0, M)

where ¢ : M — A is an increasing function and f, : Xy, — Y, are
morphisms in Top, for all ue M.

We define pro—Top, the category of inverse systems over cofinite
directed index sets and of equivalence classes of morphisms of inv—Top, ,
see [10, p.7].

The category CPHTop. , defined in [5], has inverse systems as objects
and coherent homotopy classes of coherent maps as morphisms.

Let A" ={t € R"™Y t = (to,t1,...,tn), t; >0, i=0,...,n, Y ot; =
1} denote the standard n -simplex.

By 9} : A" 1 — A™ and o} : A"t — A", 0 < j < n, we denote
the usual face and degeneracy operators.
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They are given by
8f(t0,t1, e -tn—l) = (to,tl, .. .tj_l,O,tj, .. -tn—l), n > 1

O';L(t(),tl, .. .tn+1) = (to, c. ,tjfl,tj +t]‘+1,t]‘+2, . .tn+1), n > 0.

Let M be a directed cofinite set and let M™ = {i = (po, ... tn); Wi €
M, i=0,...n, po <1 < ... <}, forall n >0 be the set of all finite
increasing sequences in M . We denote M* =UM"™ . On M™* we also have
face and degeneracy operators.

The j-th face operator for 0 < j <mn and n > 1, takes g € M"™ to
ﬁj = (:u(b s =15 Hj—15 Hj4+1, - - - ,un) € Mt

The j-th degeneracy operator for 0 < 7 < n and n > 0, takes
BEM™ to 0 = (Hoy sy s Hjs- - i) € M™ . These maps satisfy
the usual commutative conditions.

Let X = (X)\,pﬁl,A), Y = (Y, qﬁ/,M) denote inverse systems in
inv—Top.

A coherent map of systems f : X — Y (or just a coherent map)
consists of an increasing function ¢ : M — A and of continuous maps [ :
A™ X X,y — Yy, » one for each increasing sequence fi = (po, ..., tn) €
M™, n >0, such that the following conditions hold:

qﬁéfﬁo(tvz) ‘ ] =0
O e =dets =T
PHn s
Fi (t’ptp(#n_ﬂ) J=n
and
(2) faloit,z) = fu(t,x), 5=0,...,n.

For n =0, we identify A° x KXoo(uo) With X0 -
Note that inverse systems and coherent maps do not form a category,
see [5].

A coherent homotopy, which connects coherent maps f = (o, fa)s
f = (¢, fa) + X — Y is a coherent map F : I x X — Y, given by
P: M — A, and Fy: A"XIX Xg(,,) — Yy, for o= (po, ..., pn) € M™
such that
(a) ®>¢, ¢ and

P n
(b)  Fa(t,0,) = f (t.pge) (@)

Fa(t,1,z) = f(t,poif) (@) for t € A and z € Xa,,)
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We note F: f~ f

The relation ~ of coherent homotopy is an equivalence relation.

We define CPHTop, the category whose objects are inverse systems
and morphisms are coherent homotopy classes of 7 -coherent morphisms,
that is in the definition of a coherent map the index i € M™ is considered
only for n=20,...,r.

In order to define the composition h = gf of f = (¢, fp) : X —
Y and g = (,95) : Y — Z = (Z,,r% ,N), one decomposes A™ into

vylpy

subpolyedra P/ =2 A" x A" i = 0,n where t = (to,...,t,) € P,

provided ) t; < % < >t
j=0,i—1 §=0,i

One also considers maps ol : P* — A"~ % : P" — A’ given by

al’(t) = (#,2ti41,...,2t,), BI(t) = (2to,...,2t;—1,7#) where # stands for
1 minus the sum of the remaining terms. We now put x = ¢y : N — A
and define hy : A" x Xy () — Zuy, V= (Vo,...,Vp) € N® by hy(t,z) =
Gro...v; (/an(t)7 fw(l/i)‘.W(Vn)(a?(t)’ ), t € Py

The construction of Ho(proTop) introduced by Edwards and Hastings
in [2] determines a category isomorphic to CPHTop, see also [3].

2. The group structure on the set of coherent homotopy
classes of strong paths. We define the set of p-strong paths for an inverse
system (X, #): Q(X, %) = {w = (@x)xear a0 | ws 2 A% x (I7,917) —

(Xx, %)}, where A = (Ag,...,As) € A°, and w is a coherent map, that is

PA WA, (t ), j=0

(1) wx(0jt,2) = § wrgn,_iny0on (tz) j=1,s—1fors>1
w/\o__./\sil(t,[]?), ]: S

and

(2) wx(o5t, ) = wr,.. a0, (@), 5=0,s and s > 0.

Using the homeomorphism ¢ : (I?,0IP?) ~ (DP?,SP~') and 0 :
DP/SP=t — SP induced by the map 0 : (DP,SP~1) — (SP %) we es-
tablish a bijection [(SQD’ *)7 (la *)]CPHTOP* i}[(Ipa alp)a (Xa >k)]C’PHTop* .

If we denote the coherent homotopy classes [(S?,*), (X, *)]cPHaTop.
and the r-coherent homotopy classes [(S?, ), (X, *)|lcpaTopr We can define
a group structure on these sets in an obvious way.

Let w = (wi)xeann=01..» T = (Tx)icann=01.. be p-strong paths
for the inverse system (X, %), p>1.
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For wy = wagar..ans TX = Tagh;.. A, @ A" X ([P, 0IP) — (X,,,*) we
define the path 05 = w5 *x 75, 65: A" x (IP,0I7) — (X),,*) to be

i [ ws(s,tyte, ., 2ty) Lty €0, 4]
Ox(s,t1 b2, tp) = {m(s,tl,tQ,...,%pp— 1 ,ti e[} 1
where s € A", (t1,...,t,) € IP.
Then 0 = (05)xean n—o.1... isacoherent map 0 : (I7,017) — (X, ).
If wy,w, and 7,7, are p-strong paths in (X, *), coherently homotopic
w; ~w, and m; ~ 7, then are coherently homotopic w; *m; >~ wy * 1y . S0
in the set [(I?,0I7), (X, *)|cpHTop. We define (][] = [w+*x] for w and 7
p-strong paths. With this definition [(I?,0IP), (X, *)|cpuTop. has a group
structure for p > 1 and for p > 2 the sets [(I?,0I7),(X,*)|cpPuTop. are
abelian groups.
For CPHTop" we consider in the above definitions the coherent maps
only for n=0,...,r.
Now we define the coherent homotopy groups for an inverse system
(X, %), ﬂgOh(K, %) = [(SP, %), (X, *)|cpHTop, and the r-coherent homo-
topy groups TWIC)Oh(X, $)[(SP, %), (X, *)|cpHaTOopr - SO We have WgOh(X, *) =
{lw] | w e QX 4)}
Let be the inverse systems X = (XA,pil,A), Y = (Yﬂ,qﬁ,,M) and
f = (¢, fa) : X — Y a coherent map of inverse system of pointed topo-
logical spaces, that is an increasing function ¢ : M — A and the con-
tinuous maps fz : A" X Xy(u,) — Yy, one for each increasing sequence
= ({0, pbn) € M™, n>0. Then the induced map i# CO(X, %) —

Q. (Y, *) is given by the composition of coherent maps,
i#(g) = ((i#g)ﬁ)ﬁej\/‘[s’sz[)’l’__ that is for (¢,x) € A® x I? we have

(i#g)ﬂ(tv .Z‘) = fuomm (ﬂf(ﬂ?wtp(#i)-nsﬂ(#s)(af(t)’ $)) .

If f=(p,f.) isamapin inv—"Top,,thatis f, : (Xy(u,*) — (Yu,*)
o) for iy > o and (1) > (o),
then (i#(g))ﬂ = fruoWo(uo)...o(us) forall o= (po,...ps) € M.

For [f] € [(X,*),(Y,*)]cpaTop. we define

T L] (X ) — (Y *)

T fllw] = [fw]. It’s not difficult to proof that the definition is

correct, and W;Oh [f] is a homomorphism of groups and
m" [f]lg] = 7" £l [g]

with the condition ¢4l fu, = fu.p

3. Coherent shape group for a pointed topological space. The
important notion for defining Ssh category is the ANR-resolution of a space
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X, introduced by S. M arde§iéin [10], 1981. It consists of an inverse
system X = (XA,pﬁl, A) of ANR’s X, and maps pﬁl and of a morphism
of pro—Top, p = (px) : X — X satisfying certain additional conditions,
see [10]. These conditions insure that the X, ’s give sufficiently good ap-
proximation of X .

The most important property of ANR-resolutions, fundamental to our
construction of strong shape groups is expressed by this factorization theo-
rem, proved in [9]:

“if p: X — X is a resolution, Y is an inverse system of ANR’s and
f:X — Y is a morphism of CPHTop, then there is a unique morphism
of CPHTop, g: X — Y such that gC(p) = f".

Here C(p) is the coherent morphism induced by p.

This theorem has its immediate consequence the following fact: if p :
X — X and p' : X — X' are two ANR-resolutions of the same space
X , then there is a unique isomorphism of CPHTop, i : X — X' such
that iC(p) = C(p’) . Clearly, i induce a canonical isomorphism:

: Wf,Oh(X, *) = (X %) .

Since every X admits an ANR-resolution p : X — X, we can de-
fine the coherent shape groups or the strong shape groups of (X,x*) to be
(X, %) = wgoh(g, %) .

For every map f: (X,*) — (Y, %) we consider the ANR-resolutions
p:(X,x) — (X,%), ¢: (V,x) — (Y,%) and g : (X,*) — (Y,*) the
only morphism in CPHTop, for which gC(p) = C(qf). So, we define
fip 1 75 (X, %) — 7, (Y, %) the homomorphism given by g_: T (X, %) —
wﬁOh(X, %) such that 9.p, = g*f*p .

It’s readly seen that one obtains, in this way a functor:

L

*

Set, p=10
7, Tope —  Grp, p=1
Ab, p>2

Remark 1. This definition of coherent groups isn’t canonical because
it involves a choice of ANR-resolutions. But this is also an advantage because
in every case one can choose a suitable resolution.
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4. Strong homotopy groups for pointed topological space.
Using [4] and [7] we have for G = (G()\),p} ,A) an inverse system of abelian
groups G(\) and homomorphisms p} : G(N) — G()\), N > X, over a
directed cofinite set (A, <) (every element has finitely many predecesors) the
s-derived limit lim® G is the cohomology group H*(R(G)) of the cochain
complex R = R(G) of abelian groups R® = R*(G) defined as follows:

(1) if s<0 then R*=0
(2) if s > 0 let A® denote the set of all increasing sequences A\ =

(Mo, A1,-.yAs) of A; € A for ¢ = 0,1,...s. We denote G(\) =

G(\o). Then R* = [[ GO\) = I  G(\). We will denote
AEA® Aoy Ae)EA®
the elements x € R® by
v H Tro.. Xs1 Trg..Xs € G(XNo)-
(Xoy--As)EAS

The coboundary operator of R is the Roos operator 0 : Rl — R

(02)x0.x. = (PR (@Arx.) + 22 (1) zxg.n,.n, for o€ REL.
J=1,s

Now we have: lim*G = 0 for s < 0, lim°G = limG, lim*G =

H*(R(G)) forall s >1.

A homomorphism of pro-groups f:G — H induces a cochain map-
ping f: R(G) — R(H), consisting of homomorphisms f* : R*(G) —
RS(H), 56 = 6f°7" where (f°(¥)uoope = Fuo(@o(uo)...o(ns)) - Beeing a
cochain mapping, f : R(G) — R(H) induces a homomorphism of coho-
mology groups lim®f : lim°G — 1lim°H defined (lim® f)[z]

= [f*(z)] for z € ker(§ : R*(G) — R**1(@Q)).

~ For the inverse system of pointed topological spaces (X, *) = ((Xy, *),
Py, A) we may consider the pro-groups m,(X,*) = (m,(Xx,*), (p3 ), A)
for p > 1 and the corresponding homomorphisms of groups.

We may define lim® m,(X,*) for p>2 and all s >0. For p=1 we
may consider the definition of lim® 7, (X, *) using the cohomotopy groups,
for s =0,1 (see also [1]).

So we have R*(mp(X,%)) = ][ mp(Xx,,*) and the map

AEAs
§: R (mp(X, %)) — R*(mp(X, %)) given by

. |
() sen smranr) = Ealon 2]+ X (1Y [wy o]
j=1,...s

for w € RSil(ﬂ—p(Xu *))7
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where we have denoted the operation in the abelian group m,(X),,*) by
“4+”. This map is a coboundary map because dod =0.
Using [10, p.167] and [1, p.251] we define the morphisms between the
pro-groups:
i*p cmp(X, %) — mp(Y, %) where i*p = (fu,ueM)p
limi*p limp (X, *) — limm, (Y, %)
lim* i*p :lim! 7, (X, %) — lim" 7,(Y, %) for all p > 1 (for all groups
abelian or not) and
lim*® i*p s lim® 7y (X, %) — lim® 7, (Y, %) for all p > 2 and all s >0
(in the abelian case).
For the inverse system (X, *) = ((X}, *),pﬁ/, A) we define the set
K(X,*) = (K, (X,*))n>1 as follows
[e.°]
Kp(X, %) = [T [{w | w = (ws)x , where
s=0 A*®
wy : A% X (IP,0I7) — (X, %)} -

As in first paragraph we may consider the composition “ * ” on K, (X, *).
o

If we denote w € K,(X,*) by w= [] I Who oo s s
s=0 S\Z(Ao,...AS)EAS
we may consider the coboundary operator

d: H (w]w= (w5 : AL x (IP,0IP) — (X, %)) 5ene—1} —
Asfl

— [T | @' = (@ A% x (17, 017) — (Xag, 9)renc}
As

dw defined using the Roos operator, dw : A € A® — (dw)sx
(dw)xens x=(ro,... 00) =

A _ Y,
:(p/\(law)‘lm)‘s)*(w/\oﬂ...)\) 1*("‘))\0)\1?2..‘,\ )*"'(wh..f \ )( DYy .

E] AjeAs

where “*” is the composition of coherent paths in JTop = Coh / _, the
category defined in [11] and ()~! is the inverse path.

For p > 2 we have the homotopic commutativity of the composition,
so dod is coherent homotop with the constant path.
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Now we define the strong homotopy groups (the Steenrod homotopy
groups) of (X, x) to be

7y (X, *) = {[w] | [w] is the homotopy class of

W= (QX)XGAS,S:O,L... € Kp(X, *)} .

These are isomorphic with the coherent groups of (X, ).
In the same manner we define for the inverse system (X, x) = ((X», %),

pﬁl,A) and each integer 7 > 0 the complexes: K"(X,x) = (K}(X,*))p>1

s
as follows KJ(X,*) = [] [[{w | w = (wy)x, where wy is the map wy :
s=0 As
A% x (IP,0PP) — (Xy,,*), for s=0,...,r}
For r < 0 we put K] = 0. Then the r-strong homotopy groups of
(X, ) are "my (X, *)={[w]|[w] is the homotopy class of w=(w5)xeas s=0.1,..r
€ Kp(X,#)}.

3

Remark 2. For [w] € "m5(X,*) we have that the component

wy : AT x (1P, 9IP) — (X),,*) is the constant path, where \ =
()\0,...,)\,~+1) € AT—H . SO wko,__kr(a}’t,x) = w>\0--->\j>\j--->\r(t7x)7 j = O,T’
and r > 0 is constant.

From the coherent conditions for wy,.

A1
Apgd we ha‘ve p)\owAl...)qulv

O VS VU WL EERL SV S WINEREREL SURP SR constant.

For the construction of exact sequences in strong homotopy theory we
consider the following groups and morphisms.

We may define the strong shape groups for a pointed topological space
(X, *) tobe 7,(X,*) =7, (X,*) where (X,x) is a resolution of (X,x*).

For a map f = (¢, fu) € inv—Top,((X,*),(Y,*)) or in pro—Top,,
we have the induced maps:

i# : KP(K? *) - Kp(xa *)
i#:gzl_[i I[I  wvenr—fw=

o
= H H fﬂowv(uo)y--w%(ﬂs)

5=0 A=(X0,...\s)EAS®

and in strong homotopy
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£, (X, %) — mp(Y, ) given by i*[g] = [fw].

We have also the coresponding maps

ir# P K (X, ) — K (Y, x) and f7 2 "mp (X, %) — "mp (Y, %),
Now we consider the natural projections

T

t _
2 Ky (X0 = [[[[Hw | w = @R)senr smo,..0t — K H(X)
s=0 As

mi{w | w= (wx)x} = (@) = (@})zear1,
where wf = wy for A€ A®, s=0,...,r —1}.

Using the coherent conditions for coherent maps we have a mapping
between the strong homotopy groups

Tap 0 (X, %) — Tﬁlﬂ';(x, ) with 7. = (m)_1) .

We define the r-stage shape groups for a pointed topological space
(X, ) or for its resolution ((X,*), p= (pr)rea) by:

F2(X. ) = (w). (s, #)) and

(X, #) = (mp ) (T (X )

Then we have (1) 7,(X,*) =0 for » <0 and

(2) (X, %) =limm, (X, ).

Remark 3. So is the elements of 7)(X, %) are (mg).([w]) € 75 (X, )
for w € Q)(X,*) with w = (w5)seas =01 @ 1-coherent map. Since
(AL, 04(1),01(1)) =~ (1,0,1) and wy,, (05(1),2) = p:\\éw,\l(x) and
Wrpr, (01 (1),2) = wx, (z), © € IP we have [wy,] = (P3})xlwa, ).

For (X,*) a pointed topological space and ((X,x),p) an ANR-
resolution, for (X,#) we denote shape groups of (X,#) to be 7,(X,*) =
lim pro —m, (X, %) where pro—m,(X,*) = m,(X,*). So we have 7)(X, *) =
7p(X, %) . This explains why we call 7,(X, ) the r-stage shape groups.
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We can verify without difficulty that the following relations are satis-

fied: w7 ml*! =77*] and we see in the following diagram that m, (%)) C
S
’”'HTrf)(X, %) — TW;(X,*) I T_IW;(X,*)

) i
(71'77:+1)*(T+17T;152(X7 *)) = ﬁ-;ITJ(K> *) - (7-‘-7‘71)*(7'71-;(&7 *)) - 7“[-;*1(&7 *)

T

The restrictions of 7, to 7,(X,*) are homomorphisms and we denote
these 7, = (m]_y)p : 75 (X, %) — 77 71X, %) .

So, for a morphism f = (¢, fu) € inv—Top.((X, ), (Y,+)) we have
the induced homomorphism fl"p s (X *) — T (Y %)

5. Exact sequences in strong homotopy theory. Now we establish
some exact sequences for the strong homotopy groups of an inverse system of
pointed topological spaces (X, *). Similar results are established for strong
homology by S. Mardesié¢and Z. Miminoshviliin [7], 1990.

First we recall some facts on exact couple of bigraded abelian groups
and then we use them in the theory of strong homotopy.

An exact couple of bigraded abelian groups consists of bigraded
abelian groups D = (D), E = (E}), r,n € Z and homomorphisms
i:D— D, j:D—FE, k:E — D of given bidegrees such that the
diagram

D — D
AN /s exact at every vertex.
E

A homomorphism of exact couple (D, E,i,j, k) — (D,E,E,j, k)
consists of homomorphisms f : D — [) and g : E — E of bidegree
(0,0) such that fi=if, gj =jf, fk=kg.

With every exact couple (D, E,i,j,k) one associates its derived ex-
act couple (D' E’ i j' k') defined as follows.

D' = i(D). Since (jk)? =0, (E,jk) is a bigraded differential group
and E’ is its homology group E' = H(FE,jk). Furthemore, i/ =i | D’.
If d =i(d), de€ D, then j'(d') = [j(d)] is the homology class of j(d). If
e/ € E' and €' is the homology class [e] of a cycle e € ker(jk) C E, then
E'(e') =k(e).

Furthemore, a homomorphism of exact couple (f,g) induces a homo-
morphism between derived exact couple (f’,¢’). The homomorphisms f’,
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g' are defined as follows. f'=f|D.If ¢’ =[e] € £, where e € ker(jk
E, then ¢'(¢') = [g(e)] is the homology class of g(e ) in £/ = H(E,j
Then the following diagram commutes.

) <
k) -

k/ i/ -/

El EEAIN D/ LN D/ ]_> EI/
l l l l

E/ _E% AD/ _z% AD/ _i; E/
We apply this to our situation in strong homotopy theory.
For the inverse system (X, *) = ((Xy,*),p3 ,A) we define the following
sequence of spaces which is exact:

R 1 | R | 1

)\EA" T’)\GAS §= 07"'77'715\61\6'

with X,,... = X\, . The first morphism is the inclusion and the second is
the projction.

Now we consider the complex K" = (K}(X,*)),>1, with K, =0
if » < 0 and the complex L" = L"(X,*) = (L,(X,*))p>1, by putting
L, =0if r <0 and L}, = [[{w | w = (wx)xear , where wy is the map

AT

wy AT X (I, 0I™) — (X, %), With [wx] € Tppn (X, *)}-

Remark 4. If [w ] € mp (L") , it induces a path from (I"*",9I""") ~
(A" x I, A" x 9I™ U U 8TAT 'x I™)) and for X € A" we have

w>\1 (t, ), j
NCARD Mo (bx),  j=1r—1
j=r

,,.

constant. So 7, (L") = [ mrin(Xag,*) -
AEAT

For the construction of exact sequences in strong homotopy theory we
define the following groups and morphisms using the complexes K" and
L.

T T Xagorn®)27a(L7) = {[w] | w = (w3)5, where wy is the

map wy : A" x (I",0I") — (X,, %), [wx] € Trin(Xny,*)} and
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ol TT TT Xagerss®)Em(K7) = {lw] | @ = @3)sensr 5 =00yt
S:O,...,’I‘ S\GAS
and where wy is the map wy : A® x (I™,0I") — (X),,*) , for s =
0,...,7}.
Let w: L" — K", u = (u,) the natural embedding. Then we have
the short sequence of sets:

u T=(Ty_1)n _
DN A (A G A

Consequently there exists a long exact sequence of homotopy groups:

(1) o T (KT 2o, (D7) A, (KT 2

(K™Y — 1 (L") — ...

Here we have defined A to be the map induced by the coboundary
morphism:

41 {0 = @rre} — [T | = @nen -

For [w] € 1 (K1), w = (wx)xens,s=0,....r—1-

wy @ AS x (I 9ty — (X, %), and s = 0,...,7 — 1 we may
consider the maps wf, : AT x (I",0I") — (X, ,) induced by wy using
the following facts:

ASTL o (I7,01™) =~ A x (A x (I, 01™)) ~

~ AS x (InJrl,Al % a]") C AS x (InJrl’aInJrl)

Now if we put:

D' =7, (K"), BN =7, (L), i=m,, j=A, k=u,
then (1) shows that (D, E,i,j,k) is an exact couple of bigraded abelian
groups with homomorphism i, j, k of bedegree (—1,0), (1,—1),(0,0) respec-
tively. We consider its derived exact couple defined as follows:

(D), = (D5 = ma(ma(KTH)) = 75X, 5)

(") = Hm" w40 (X, %) ( for we have m, (L") = [[mntr(Xng, %))

AT

/
2

n n

A
[T mntr(Xnxg,*). Then @', 5/, k¥’ have bedegrees (—1,0), (2,—1), (0,0).

Ar+1

and jk = Au, : B — E’T! coincides with § : Tpar(Xng, %) —
1 : 0

From the long exact sequences of groups:

@) . (DB D (D (B

n+1 n n n n—1

we have the following results:
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Proposition 1. For every inverse system (X,*) and p > 2 there
exists an exact sequence:

(S1) —>ﬁ;+%(X *) — Hm "1,y (X, %) — 7 (X, %)

TN (X ) — " (X )

which is natural with respect to morphisms of inverse systems. Since

V;Jr%(X x) =0 for r <1, (S1) begins with

(3) 0 — lim 'y 1 (X, *)—>7r (X, %) (X *) — ...

Proof. Follows from the above considerations.

The naturality of this sequence results from the following commutative
diagram induced by a morphism of inverse systems in inv—Top, or in

pTO—TOp*, i - ((Pafu) : (Xa*) - (X7*) .

0— L'(X,x) % K(X,x) = K YX,x) —0

l ! l
0— L'(Y,¥) - K'Y, — K(Y,x) —0

and from the corresponding strong homotopy sequences for (X, x) and
(X, %) -

Now we discuss another exact sequence for an inverse system (X, ).
We already have "7, (X, *), 7,(X,*) and the homomorphisms

(7Y o 71 “T“(X *) — 7 (X, %) and

(W?“)*pi”l mp (X, %) — " (X )

Therefore we have towers (mverse sequences) of groups

*W;(Xa *) = (TW;(Xv *)) (ﬂ-:’drl)*)rzo

(X, ) = (1 (X, %), (77 )0 -

Moreover we have mappings 7" = (m))p>1 : Kp(X, *) — K} (X, *)
given by the natural projections, which induce the homomorphism of strong
homotopy groups: 7 : mp (X, x) — 7 (X, *) C "7 (X, *) .

Since (77_1)«(7")s = (777 1), these homomorphisms determine

o (X, %) — li;n”w;(g,*) and 7 : 7y (X, *) —>hm7r (X %)

Also a morphism of inverse systems in inv—Top, or in pro—Top,

f=(p, fu): (X,x) — (Y, %) induces the map
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i; P Kp(X, %) — KJ(Y,*), r > 0 which commute with 7;._; and
therefore define the level preserving homomorphisms of towers:

i; Dra(X, *) — *mo (Y, +) and ip L (X, ) — 7 (Y, *) which in
turn induce the following homomorphisms of groups:

fp sHm e (fr (X, *)) — lim * (75 (Y, %)) and

p
jp:th(ﬁ;(g,*)) — lim*(#5(Y, %)) for s=0,1, p>1.

Proposition 2. For every inverse system (X,*) and p > 2 there
exists an exact sequence

(52) 0 —lim'ay (X, %) — m(X, *)Lh?m%;(g, £) — 0

which is natural with respect to morphisms of inverse systems.
The proof is based on a lemma of tower of spaces (see also [10, p.178]).

Remark 5. If (X,x) is such as 75, (X,x) = (7.1(X, %),
(#71))r>0 is Mittag-Leffler, then liinlﬁ';H(X,*) = 0 (see [10, p.173])
)

T
and the strong shape group is the limit of the r-stage shape groups, (X, *
~ lim, 7 (X, *) .

Lemma 1. Let (X,*) = ((X,,*),p""!) be an inverse sequence in
Top, and let p = (pyp) : (X,*) — (X, *) be an inverse limit. If all p)*!
are surjective (weak fibrations) then there exists an exact sequence:

5 0 — lim Y71 (X, %) — 7, (lim (X, %)) 25 lim 7, (X, %) — 0
p p p

which is natural with respect to level-preserving morphisms of inverse sys-
tems indexed by N .

Remark 6. Here lim(X,«) is the pointed topological space (X, ).
We consider the corresponding pro-—set:  Q,(X,x) = (Q,(Xy,*),
Q,(p"*1), N) and the sets lim ,(X, x) for each p > 1. The natural projec-
tion of the inverse limit are the mappings, p, : lim Q, (X, %) — Q,(X,,, %)
which induce homomorphisms:

(Pn)sp + m(lim (X, %)) — 7(Qp (X, %)),

pap : Tp(Im(X, %)) — lim 7, (X, %)).

Proof of lemma (a different proof is in [10, p.178]). Let P = (P,),
P, = P, (X, %) = 0, (Xg,*). We denote w =[] wk, wp €
k=0,1,... k=0,1,...
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2, (Xk, %) . We define a mapping D P, (X,*x) — P,(X, %), 5(@) =
(P(w)k)k>0, where P(w)r = (pitwpi1) * (wr)™', k € N. Then kerp =
h,gn Qn (X, #) = lim Q,, (X, *) . Moreover, since each pF*' is onto, so is p.

Therefore we have an exact sequence

* — thn(Ka *)Lpn(ga *)LPH(X7 *) — %

where ¢ is the inclusion and is therefore given by the restrictions of the
projections py : lim Q,, (X, ¥) — Q,, (X, *) . From the definition of P, we

have 7, (P(X,*)) = [] mn(Xk,*). So the homotopy sequence for (4)
k=0,1,...
has the form:

= T e ()25 T s (K ) — i (lim (X, ) —
N N

25 T (k)25 T o (XK %) — .
N N

This implies:
0 —> cokerp, —> T (lim (X, %)) 25 ker p, — 0

with coker P, ~ lim' Tnt1(X, *) and ker P, & lim 7, (X, %) (see also [7]).
Proof of the proposition 2. We will now apply Lemma 1 to the epi-
morphic tower
K(X,*) = (K"(X,*), 7 )0 with K7(X,#) = (K7 (X, %))n>1

y o r

Clearly lim K"(X,*) can be identified with K (X, *) = (K, (X, %)), ,

o0
Kn(X, %) = HOAH{Q | @ = (Wx)xens s=0,1... » Where
s—0 A
wy @ A% x (I",0I") — (X»,,*)} and therefore ﬁn(liinKT(X, %))
coincides with the strong homotopy group (X, *). Moreover we have
m(K*(X, %)) = (mn(K7(X, %)), (771)+) = "mp(X,*), with
Tn (K7(X, %) = "y (X, %).
Therefore, (5) from lemma 1 yields an exact sequence:
(6) 0 —lim" "7, 1 (X, %) — 75 (X, %) 25 lHm* 78 (X, %) — 0
which is natural with respect to morphisms of inverse systems
[ = (o, fu) + (X,%x) — (Y,%). This is because f induces a level
preserving homomorphism of towers: i; P Kp(X,x) — K, (Y,*) for all



188 CORINA MOHORIANU 16

r > 0. In order to complete the proof note that (X, *) C m,(K"(X, *)) =
"7 (X, x) . Therefore the inclusions define homomorphisms: lim 7} (X, *) —
li;n(’“ﬂ;(l, %)) and li}n L (X, «) — li;n '("m5(X, %)) . Together with the
identity id : 75 (X,*) — w5 (X,*) they yield a homomorphism of se-
quences:

0— lim'#0,, (X, %) —a3(X,*) — lm#al(X,*) —0

(7) ! ! |

0— lim"™as (X, %) — a3(X,*) — lLm"73(X,*) — 0

Moreover it is easy to see that both of these homomorphisms are iso-
morphisms fot they satisfy M o r i t a condition [10, p.112].

7?{,“(&,*) LN 7?{)(&,*)
(8) ! /+1 !

’""’17@(57 ¥) T— Tmi(X, *)

All these facts implies that the exactness and naturality of the (6)
determines the exactness and naturality of ( S2).
Now we can state the main results:

Theorem 1.Let (X,*) = ((Xx,#),p3 ,A), (V%) = (Y, %), ¢, M)
be inverse systems and f = (¢, f,) a morphism in inv—Top, or in
pro—Top, . If f induces the isomorphisms : lim" [ lm" 7, (X, %) —
lim" 7, (Y, *) for all » > 0 and all p > 2 (or for r = 0,1 and p=1)
then f induces the corresponding isomorphisms of strong homotopy groups:
[ WE(X,*) — (Y, *).

Proof. Let f = (¢, fu) : (X,*) — (¥, %) a morphism of inverse sys-
tems which induces isomorphisms lim" f : lim" m,(X,*) — lm" m, (Y, *)
as in the hypothesis. We first show that f induces the isomorphisms

f: 7 (X, %) — 7,((Y, %)) for all r > 0. The proof is by induction

on r. If r <0, both groups vanish.

*

It » =0, f is an isomorphism, because it coincides with lim f :
lim® 7, (X, %) — lim® 7, (Y, %) .
We now assume that the assertion holds for all p > 2 and s < r. Consider
the commutative diagram whose rows are the homomorphisms induced by
J as in Proposition 1. Then the assumption and the five lemma yield the

desired conclusion that i 27y (X, %) — m, (Y, %) is an isomorphism.
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Now we consider the commutative diagram whose rows are the se-
quences (S2) for (X, x), (Y,#*) and the vertical arrows are the homomor-
phisms induced by f. Since f o 7 (X, %) — 7, (X, *) are isomorphisms,
then lim f : lim 7)) (X, ) — lim 7} ((¥, *)) and limli - lim! 7, (X, %) —
lim! 7,((Y,*)) are also isomorphisms and the five lemma shows that f_:
7o (X, *) — m, (Y, *) is an isomorphism. This completes the proof of The-
orem 1.

As consequences of these results we can prove without difficulty the
following three corollaries.

Corolary 1. If f = (p, fu) induces isomorphisms of homotopy pro-
groups i*p s (X, %) — 7, (Y, %) for p > 1 then f induces isomorphisms

of strong homotopy groups: f_: T (X, *) — (Y, %) .

Corollary 2. For f: (X,%) — (Y,%) a shape morphism such that
pro—m,(X,*) ~ pro—mp(Y,*) for all p > 1, then the strong shape groups
are isomorphic 7, (X, *) = 7, (Y, *) .

Corollary 3. Let f : (X,%) — (Y,%) a shape morphism such that
the shape groups and the r-stage shape groups of (X,*) and (Y, %) are
isomorphic for r > 1. Then the strong shape groups are isomorphic.

Proof. Let p: (X,*x) — (X,*) and ¢ : (Y,*) — (¥, *) resolu-
tions of (X,*) and (Y, %), respectivelly, and the corresponding morphism
in pro—Top., [ = (¢, fu):(X,*) — (¥, *). From the hypotesis we have
isomorphisms f*p (X, %) — 7 (Y, %) for all ¥ > 0. Then we have,
using Theorem 1, the isomorphisms of strong shape groups.

Acknowledgment: The author wishes to thank Professor Ioan Pop for
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