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COMPARISON BETWEEN STRONG SHAPE GROUPS AND
SHAPE GROUPS FOR A POINTED TOPOLOGICAL SPACE

BY

CORINA MOHORIANU

Abstract. Strong homotopy groups for inverse systems of pointed topological

spaces are defined. Using resolutions of topological spaces we define strong shape groups

and r -stage shape groups for arbitrary topological spaces. The main result of the paper

asserts that for every pointed topological space exists an exact sequence involving strong

shape groups and limits of r -stage shape groups.

1. Introduction. First, the theory of strong shape for arbitrary
topological spaces based on an explicity constructed coherent prohomotopy
category CPHTop which involves higher homotopies of all orders, was in-
troduced by S. M a r d e š i ć and Ju.T. L i s i c a in [5], 1984.

We denote inv−Top∗ the category of inverse systems of pointed topo-
logical spaces (X, ∗) = ((Xλ, ∗), pλ

′

λ ,Λ) and morphismsof inverse systems

f = (ϕ, fµ) : (X, ∗) −→ (Y , ∗) = ((Yµ, ∗), qµ
′

µ ,M)

where ϕ : M −→ Λ is an increasing function and fµ : Xϕ(µ) −→ Yµ are
morphisms in Top∗ for all µ ∈M .

We define pro−Top∗ the category of inverse systems over cofinite
directed index sets and of equivalence classes of morphisms of inv−Top∗ ,
see [10, p.7].

The category CPHTop∗ , defined in [5], has inverse systems as objects
and coherent homotopy classes of coherent maps as morphisms.

Let ∆n = {t ∈ Rn+1; t = (t0, t1, . . . , tn), ti ≥ 0, i = 0, . . . , n,
∑n

0 ti =
1} denote the standard n -simplex.

By ∂nj : ∆n−1 −→ ∆n and σnj : ∆n+1 −→ ∆n, 0 ≤ j ≤ n , we denote
the usual face and degeneracy operators.
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They are given by

∂ni (t0, t1, . . . tn−1) = (t0, t1, . . . tj−1, 0, tj , . . . tn−1), n ≥ 1

σnj (t0, t1, . . . tn+1) = (t0, . . . , tj−1, tj + tj+1, tj+2, . . . tn+1), n ≥ 0.

Let M be a directed cofinite set and let Mn = {µ̄ = (µ0, . . . µn); µi ∈
M, i = 0, . . . n, µ0 ≤ µ1 ≤ . . . ≤ µn} , for all n ≥ 0 be the set of all finite
increasing sequences in M . We denote M∗ = ∪Mn . On M∗ we also have
face and degeneracy operators.

The j -th face operator for 0 ≤ j ≤ n and n ≥ 1 , takes µ̄ ∈ Mn to
µ̄j = (µ0, . . . µj−1, µj−1, µj+1, . . . µn) ∈Mn−1 .

The j -th degeneracy operator for 0 ≤ j ≤ n and n ≥ 0 , takes
µ̄ ∈ Mn to µ̄j = (µ0, µ1, . . . , µj , µj , . . . , µn) ∈ Mn+1 . These maps satisfy
the usual commutative conditions.

Let X = (Xλ, p
λ′

λ ,Λ), Y = (Yµ, qµ
′

µ ,M) denote inverse systems in
inv−Top .

A coherent map of systems f : X −→ Y (or just a coherent map)
consists of an increasing function ϕ : M −→ Λ and of continuous maps fµ̄ :
∆n ×Xϕ(µn) −→ Yµ0 , one for each increasing sequence µ̄ = (µ0, . . . , µn) ∈
Mn, n ≥ 0 , such that the following conditions hold:

(1) fµ̄(∂nj t,X) =


qµ1
µ0
fµ̄0(t, x) j = 0

fµ̄j
(t, x) j = 1, . . . , n− 1

fµ̄n

(
t, p

ϕ(µn)
ϕ(µn−1)

)
j = n

and

(2) fµ̄(σnj t, x) = fµ̄j (t, x), j = 0, . . . , n.

For n = 0 , we identify ∆0 ×Xϕ(µ0) with Xϕ(µ0) .
Note that inverse systems and coherent maps do not form a category,

see [5].
A coherent homotopy, which connects coherent maps f = (ϕ, fµ̄),

f ′ = (ϕ′, f ′µ̄) : X −→ Y is a coherent map F : I × X −→ Y , given by
Φ : M −→ Λ , and Fµ̄ : ∆i×I×XΦ(µn) −→ Yµ0 for µ̄ = (µ0, . . . , µn) ∈Mn

such that
(a) Φ ≥ ϕ, ϕ′ and
(b) Fµ̄(t, 0, x) = fµ̄

(
t, p

Φ(µn)
ϕ(µn)(x)

)
Fµ̄(t, 1, x) = f ′µ̄(t, p

Φ(µn)
ϕ′(µn)(x)) for t ∈ ∆i and x ∈ XΦ(µn) .
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We note F : f ' f ′

The relation ' of coherent homotopy is an equivalence relation.
We define CPHTopr∗ the category whose objects are inverse systems

and morphisms are coherent homotopy classes of r -coherent morphisms,
that is in the definition of a coherent map the index µ̄ ∈Mn is considered
only for n = 0, . . . , r .

In order to define the composition h = gf of f = (ϕ, fµ̄) : X −→
Y and g = (ψ, gν̄) : Y −→ Z = (Zν , rν

′

ν , N) , one decomposes ∆n into
subpolyedra Pni

∼= ∆i × ∆n−i, i = 0, n where t = (t0, . . . , tn) ∈ Pni ,
provided

∑
j=0,i−1

tj ≤ 1
2 ≤

∑
j=0,i

tj .

One also considers maps αni : Pni −→ ∆n−i, βni : Pni −→ ∆i given by
αni (t) = (#, 2ti+1, . . . , 2tn), βni (t) = (2t0, . . . , 2ti−1,#) where # stands for
1 minus the sum of the remaining terms. We now put χ = ϕψ : N −→ Λ
and define hν̄ : ∆n ×Xχ(νn) −→ Zν0 , ν̄ = (ν0, . . . , νn) ∈ Nn by hν̄(t, x) =
gν0...νi(β

n
i (t), fψ(νi)...ψ(νn)(αni (t), x)), t ∈ Pni

The construction of Ho(proTop) introduced by Edwards and Hastings
in [2] determines a category isomorphic to CPHTop , see also [3].

2. The group structure on the set of coherent homotopy
classes of strong paths. We define the set of p -strong paths for an inverse
system (X, ∗) : Ωsp(X, ∗) = {ω = (ωλ̄)λ̄∈Λs,s=0,1,... | ωλ̄ : ∆s× (Ip, ∂Ip) −→
(Xλ0 , ∗)} , where λ̄ = (λ0, . . . , λs) ∈ Λs , and ω is a coherent map, that is

(1) ωλ̄(∂
s
j t, x) =


pλ1
λ0
ωλ1...λs(t, x), j = 0

ωλ0...λj−1λj+1...λs
(t, x) j = 1, s− 1 for s ≥ 1

ωλ0...λs−1(t, x), j = s

and

(2) ωλ̄(σ
s
j t, x) = ωλ0...λjλj ...λs

(t, x), j = 0, s and s ≥ 0.

Using the homeomorphism ϕ : (Ip, ∂Ip) ≈ (Dp, Sp−1) and θ̄ :
Dp/Sp−1 −→ Sp induced by the map θ : (Dp, Sp−1) −→ (Sp, ∗) we es-
tablish a bijection [(Sp, ∗), (X, ∗)]CPHTop∗

'−→[(Ip, ∂Ip), (X, ∗)]CPHTop∗ .
If we denote the coherent homotopy classes [(Sp, ∗), (X, ∗)]CPHTop∗

and the r -coherent homotopy classes [(Sp, ∗), (X, ∗)]CPHTopr
∗

we can define
a group structure on these sets in an obvious way.

Let ω = (ωλ̄)λ̄∈∆n,n=0,1..., π = (πλ̄)λ̄∈∆n,n=0,1... be p -strong paths
for the inverse system (X, ∗), p ≥ 1 .
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For ωλ̄ = ωλ0λ1...λn
, πλ̄ = πλ0λ1...λn

: ∆n × (Ip, ∂Ip) −→ (Xλ0 , ∗) we
define the path θλ̄ = ωλ̄ ∗ πλ̄ , θλ̄ : ∆n × (Ip, ∂Ip) −→ (Xλ0 , ∗) to be

θλ̄(s, t1, t2, . . . , tp) =
{

ωλ̄(s, t1, t2, . . . , 2tp) , tp ∈ [0, 1
2 ]

πλ̄(s, t1, t2, . . . , 2tp − 1 , tp ∈ [ 12 , 1]

where s ∈ ∆n, (t1, . . . , tp) ∈ Ip .
Then θ = (θλ̄)λ̄∈∆n,n=0,1... is a coherent map θ : (Ip, ∂Ip) −→ (X, ∗).

If ω1, ω2 and π1, π2 are p -strong paths in (X, ∗) , coherently homotopic
ω1 ' ω2 and π1 ' π2 then are coherently homotopic ω1 ∗π1 ' ω2 ∗π2 . So
in the set [(Ip, ∂Ip), (X, ∗)]CPHTop∗ we define [ω][π] = [ω ∗π] for ω and π
p -strong paths. With this definition [(Ip, ∂Ip), (X, ∗)]CPHTop∗ has a group
structure for p ≥ 1 and for p ≥ 2 the sets [(Ip, ∂Ip), (X, ∗)]CPHTop∗ are
abelian groups.

For CPHTopr we consider in the above definitions the coherent maps
only for n = 0, . . . , r .

Now we define the coherent homotopy groups for an inverse system
(X, ∗) , πcohp (X, ∗) = [(Sp, ∗), (X, ∗)]CPHTop∗ and the r -coherent homo-
topy groups rπcohp (X, ∗)[(Sp, ∗), (X, ∗)]CPHTopr

∗
. So we have πcohp (X, ∗) =

{[ω] | ω ∈ Ωsp(X, ∗)}
Let be the inverse systems X = (Xλ, p

λ′

λ ,Λ), Y = (Yµ, qµ
′

µ ,M) and
f = (ϕ, fµ̄) : X −→ Y a coherent map of inverse system of pointed topo-
logical spaces, that is an increasing function ϕ : M −→ Λ and the con-
tinuous maps fµ̄ : ∆n × Xϕ(µn) −→ Yµ0 one for each increasing sequence
µ̄ = (µ0, . . . , µn) ∈ Mn, n ≥ 0 . Then the induced map f

#
: Ωsp(X, ∗) −→

Ωsp(Y , ∗) is given by the composition of coherent maps,
f

#
(ω) = ((f

#
ω)µ̄)µ̄∈Ms,s=0,1,... that is for (t, x) ∈ ∆s × Ip we have

(f
#
ω)µ̄(t, x) = fµ0...µi

(βsi (t), ωϕ(µi)...ϕ(µs)(αsi (t), x)) .
If f = (ϕ, fµ) is a map in inv−Top∗ , that is fµ : (Xϕ(µ), ∗) −→ (Yµ, ∗)

with the condition qµ1
µ0
fµ1 = fµ0p

ϕ(µ1)
ϕ(µ0

for µ1 ≥ µ0 and ϕ(µ1) ≥ ϕ(µ0),
then (f

#
(ω))µ̄ = fµ0ωϕ(µ0)...ϕ(µs) for all µ̄ = (µ0, . . . µs) ∈Ms .

For [f ] ∈ [(X, ∗), (Y , ∗)]CPHTop∗ we define
πcohp [f ] : πcohp (X, ∗) −→ πcohp (Y , ∗)
πcohp [f ][ω] = [fω] . It’s not difficult to proof that the definition is

correct, and πcohp [f ] is a homomorphism of groups and
πcohp [f ][g] = πcohp [f ]πcohp [g]

3. Coherent shape group for a pointed topological space. The
important notion for defining Ssh category is the ANR-resolution of a space
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X , introduced by S. M a r d e š i ć in [10], 1981. It consists of an inverse
system X = (Xλ, p

λ′

λ ,Λ) of ANR’s Xλ and maps pλ
′

λ and of a morphism
of pro−Top, p = (pλ) : X −→ X satisfying certain additional conditions,
see [10]. These conditions insure that the Xλ ’s give sufficiently good ap-
proximation of X .

The most important property of ANR-resolutions, fundamental to our
construction of strong shape groups is expressed by this factorization theo-
rem, proved in [9]:

“if p : X −→ X is a resolution, Y is an inverse system of ANR’s and
f : X −→ Y is a morphism of CPHTop , then there is a unique morphism
of CPHTop, g : X −→ Y such that gC(p) = f ”.

Here C(p) is the coherent morphism induced by p .
This theorem has its immediate consequence the following fact: if p :

X −→ X and p′ : X −→ X ′ are two ANR-resolutions of the same space
X , then there is a unique isomorphism of CPHTop, i : X −→ X ′ such
that iC(p) = C(p′) . Clearly, i induce a canonical isomorphism:
i∗ : πcohp (X, ∗) ∼= (X ′, ∗) .

Since every X admits an ANR-resolution p : X −→ X , we can de-
fine the coherent shape groups or the strong shape groups of (X, ∗) to be
π̆sp(X, ∗) = πcohp (X, ∗) .

For every map f : (X, ∗) −→ (Y, ∗) we consider the ANR-resolutions
p : (X, ∗) −→ (X, ∗), q : (Y, ∗) −→ (Y , ∗) and g : (X, ∗) −→ (Y , ∗) the
only morphism in CPHTop∗ for which gC(p) = C(qf) . So, we define
f∗p : π̆sp(X, ∗) −→ π̆sp(Y, ∗) the homomorphism given by g∗ : πcohp (X, ∗) −→
πcohp (Y , ∗) such that g∗p∗ = q∗f∗p .

It’s readly seen that one obtains, in this way a functor:

π̆sp : Top∗ −→


Set, p = 0

Grp, p = 1

Ab, p ≥ 2

Remark 1. This definition of coherent groups isn’t canonical because
it involves a choice of ANR-resolutions. But this is also an advantage because
in every case one can choose a suitable resolution.
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4. Strong homotopy groups for pointed topological space.
Using [4] and [7] we have for G = (G(λ), pλ

′

λ ,Λ) an inverse system of abelian
groups G(λ) and homomorphisms pλ

′

λ : G(λ′) −→ G(λ), λ′ ≥ λ , over a
directed cofinite set (Λ,≤) (every element has finitely many predecesors) the
s -derived limit limsG is the cohomology group Hs(R(G)) of the cochain
complex R = R(G) of abelian groups Rs = Rs(G) defined as follows:
(1) if s < 0 then Rs = 0
(2) if s ≥ 0 let Λs denote the set of all increasing sequences λ̄ =

(λ0, λ1, . . . , λs) of λi ∈ Λ for i = 0, 1, . . . s . We denote G(λ̄) =
G(λ0) . Then Rs =

∏
λ̄∈Λs

G(λ̄) =
∏

(λ0,...λs)∈Λs

G(λ0) . We will denote

the elements x ∈ Rs by

x =
∏

(λ0,...λs)∈Λs

xλ0...λs , xλ0...λs ∈ G(λ0).

The coboundary operator of R is the Roos operator δ : Rs−1 −→ Rs

(δx)λ0...λs
= (pλ1

λ0
)(xλ1...λs

) +
∑
j=1,s

(−1)jxλ0...λj ...λs
for x ∈ Rs−1 .

Now we have: limsG = 0 for s < 0, lim0G = limG, limsG =
Hs(R(G)) for all s ≥ 1 .
A homomorphism of pro-groups f : G −→ H induces a cochain map-

ping f : R(G) −→ R(H) , consisting of homomorphisms fs : Rs(G) −→
Rs(H), fsδ = δfs−1 where (fs(x))µ0...µs

= fµ0(xϕ(µ0)...ϕ(µs)) . Beeing a
cochain mapping, f : R(G) −→ R(H) induces a homomorphism of coho-
mology groups lims f : limsG −→ limsH defined (lims f)[x]
= [fs(x)] for x ∈ ker(δ : Rs(G) −→ Rs+1(G)) .

For the inverse system of pointed topological spaces (X, ∗) = ((Xλ, ∗),
pλ

′

λ ,Λ) we may consider the pro-groups πp(X, ∗) = (πp(Xλ, ∗), (pλ
′

λ )#,Λ)
for p ≥ 1 and the corresponding homomorphisms of groups.

We may define lims πp(X, ∗) for p ≥ 2 and all s ≥ 0 . For p = 1 we
may consider the definition of lims πp(X, ∗) using the cohomotopy groups,
for s = 0, 1 (see also [1]).

So we have Rs(πp(X, ∗)) =
∏
λ̄∈Λs

πp(Xλ0 , ∗) and the map

δ : Rs−1(πp(X, ∗)) −→ Rs(πp(X, ∗)) given by

(δω)λ̄∈Λs,λ̄=(λ0,...,λs) = (pλ1
λ0

)#[ωλ1...λs
] +

∑
j=1,...s

(−1)j
[
ω
λ0...λ̂j ...λs

]
for ω ∈ Rs−1(πp(X, ∗)),
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where we have denoted the operation in the abelian group πp(Xλ0 , ∗) by
“+”. This map is a coboundary map because δ ◦ δ = 0 .

Using [10, p.167] and [1, p.251] we define the morphisms between the
pro-groups:

f∗p : πp(X, ∗) −→ πp(Y , ∗) where f∗p = (fµ,µ∈M )∗p
lim f∗p : limπP (X, ∗) −→ limπp(Y , ∗)
lim1 f∗p : lim1 πp(X, ∗) −→ lim1 πp(Y , ∗) for all p ≥ 1 (for all groups

abelian or not) and
lims f∗p : lims πp(X, ∗) −→ lims πp(Y , ∗) for all p ≥ 2 and all s ≥ 0

(in the abelian case).
For the inverse system (X, ∗) = ((Xλ, ∗), pλ

′

λ ,Λ) we define the set
K(X, ∗) = (Kn(X, ∗))n≥1 as follows

Kp(X, ∗) =
∞∏
s=0

∏
Λs

{ω | ω = (ωλ̄)λ̄ , where

ωλ̄ : ∆s × (Ip, ∂Ip) −→ (Xλ0 , ∗)} .
As in first paragraph we may consider the composition “ * ” on Kp(X, ∗) .

If we denote ω ∈ Kp(X, ∗) by ω =
∞∏
s=0

∏
λ̄=(λ0,...λs)∈Λs

ωλ0,...,λs
,

we may consider the coboundary operator

d :
∏
Λs−1

{ω | ω = (ωλ̄ : ∆s−1 × (Ip, ∂Ip) −→ (Xλ0 , ∗))λ̄∈Λs−1} −→

−→
∏
Λs

{ω′ | ω′ = (ω′λ̄ : ∆s × (Ip, ∂Ip) −→ (Xλ0 , ∗))λ̄∈Λs}

dω defined using the Roos operator, dω : λ̄ ∈ Λs 7→ (dω)λ̄

(dω)λ̄∈Λs,λ̄=(λ0,...,λs) =

= (pλ1
λ0
ωλ1...λs) ∗ (ω

λ0λ̂1...λs
)−1 ∗ (ω

λ0λ1λ̂2...λs
) ∗ . . . (ω

λ1...λ̂j ...λs
)(−1)j

∗ . . .

where “*” is the composition of coherent paths in J Top = Coh
/
∼ , the

category defined in [11] and ()−1 is the inverse path.
For p ≥ 2 we have the homotopic commutativity of the composition,

so d ◦ d is coherent homotop with the constant path.
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Now we define the strong homotopy groups (the Steenrod homotopy
groups) of (X, ∗) to be

πsp(X, ∗) = {[ω] | [ω] is the homotopy class of

ω = (ωλ̄)λ̄∈Λs,s=0,1,... ∈ Kp(X, ∗)
}
.

These are isomorphic with the coherent groups of (X, ∗) .
In the same manner we define for the inverse system (X, ∗) = ((Xλ, ∗),

pλ
′

λ ,Λ) and each integer r ≥ 0 the complexes: Kr(X, ∗) = (Kr
p(X, ∗))p≥1

as follows Kr
p(X, ∗) =

r∏
s=0

∏
Λs

{ω | ω = (ωλ)λ, where ωλ̄ is the map ωλ̄ :

∆s × (Ip, ∂P p) −→ (Xλ0 , ∗), for s = 0, . . . , r}
For r < 0 we put Kr

p = 0 . Then the r -strong homotopy groups of
(X, ∗) are rπsp(X, ∗)={[ω]|[ω] is the homotopy class of ω=(ωλ̄)λ̄∈Λs,s=0,1,...r

∈ Kr
p(X, ∗)} .

Remark 2. For [ω] ∈ rπsp(X, ∗) we have that the component
ωλ̄ : ∆r+1 × (Ip, ∂Ip) −→ (Xλ0 , ∗) is the constant path, where λ̄ =

(λ0, . . . , λr+1) ∈ Λr+1 . So ωλ0...λr
(σrj t, x) = ωλ0...λjλj ...λr

(t, x), j = 0, r
and r ≥ 0 is constant.

From the coherent conditions for ωλ0...λr+1 we have pλ1
λ0
ωλ1...λr+1 ,

ω
λ0λ̂1...λr+1

, . . . ω
λ0...λ̂j ...λr+1

, . . . , ωλ0...λr−1 are constant.

For the construction of exact sequences in strong homotopy theory we
consider the following groups and morphisms.

We may define the strong shape groups for a pointed topological space
(X, ∗) to be π̆sp(X, ∗) = πsp(X, ∗) where (X, ∗) is a resolution of (X, ∗) .

For a map f = (ϕ, fµ) ∈ inv−Top∗((X, ∗), (Y , ∗)) or in pro−Top∗ ,
we have the induced maps:

f
#

: Kp(X, ∗) −→ Kp(Y , ∗)

f
#

: ω =
∞∏
s=0

∏
λ̄=(λ0,...λs)∈Λs

ωλ0,...,λs 7→ f
#

(ω) =

=
∞∏
s=0

∏
λ̄=(λ0,...λs)∈Λs

fµ0ωϕ(µ0),...,ϕ(µs)

and in strong homotopy
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f∗ : πsp(X, ∗) −→ πsp(Y , ∗) given by f∗[ω] = [fω].

We have also the coresponding maps

fr
#

: Kr
p(X, ∗) −→ Kr

p(Y , ∗) and fr∗ : rπsp(X, ∗) −→ rπsp(Y , ∗).

Now we consider the natural projections

π
not= πrr−1 : Kr

p(X, ∗) =
r∏
s=0

∏
Λs

{ω | ω = (ωλ̄)λ̄∈Λs,s=0,1,...r} −→ Kr−1
p (X)

π : {ω | ω = (ωλ̄)λ̄} 7→ π(ω) = (ω′λ̄)λ̄∈Λr−1 ,

where ω′λ̄ = ωλ̄ for λ̄ ∈ Λs, s = 0, . . . , r − 1}.

Using the coherent conditions for coherent maps we have a mapping
between the strong homotopy groups

π∗p : rπsp(X, ∗) −→ r−1πsp(X, ∗) with π∗p = (πrr−1)∗.

We define the r -stage shape groups for a pointed topological space
(X, ∗) or for its resolution ((X, ∗), p = (pλ)λ∈Λ) by:

π̆rp(X, ∗) = (πr+1
r )∗(r+1πsp(X, ∗)) and

π̆rp(X, ∗) = (πr+1
p )∗(r+1πsp(X, ∗))

Then we have (1) π̆rp(X, ∗) = 0 for r < 0 and
(2) π̆0

p(X, ∗) = limπp(X, ∗) .

Remark 3. So is the elements of π̆0
p(X, ∗) are (π1

0)∗([ω]) ∈ 0πsp(X, ∗)
for ω ∈ Ω1

p(X, ∗) with ω = (ωλ̄)λ̄∈Λs,s=0,1 a 1 -coherent map. Since
(∆1, ∂1

0(1), ∂1
1(1)) ≈ (I, 0, 1) and ωλ0λ1(∂

1
0(1), x) = pλ1

λ0
ωλ1(x) and

ωλ0λ1(∂
1
1(1), x) = ωλ0(x), x ∈ Ip we have [ωλ0 ] = (pλ1

λ0
)#[ωλ1 ].

For (X, ∗) a pointed topological space and ((X, ∗), p) an ANR -
resolution, for (X, ∗) we denote shape groups of (X, ∗) to be π̆p(X, ∗) =
lim pro−πp(X, ∗) where pro−πp(X, ∗) = πp(X, ∗) . So we have π̆0

p(X, ∗) =
π̆p(X, ∗) . This explains why we call π̆rp(X, ∗) the r -stage shape groups.
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We can verify without difficulty that the following relations are satis-
fied: πrr−1π

r+1
r = πr+1

r−1 and we see in the following diagram that π∗(π̆rp) ⊂
π̆r−1
p

r+1πsp(X, ∗) → rπsp(X, ∗)
π∗→ r−1πsp(X, ∗)

↑ ↑

(πr+1
r )∗(r+1πsp(X, ∗)) = π̆rp(X, ∗) → (πrr−1)∗(

rπsp(X, ∗)) = π̆r−1
p (X, ∗)

The restrictions of π∗ to π̆rp(X, ∗) are homomorphisms and we denote
these π̆p = (πrr−1)p : π̆rp(X, ∗) −→ π̆r−1

p (X, ∗) .
So, for a morphism f = (ϕ, fµ) ∈ inv−Top∗((X, ∗), (Y , ∗)) we have

the induced homomorphism f̆r∗p : π̆rp(X, ∗) −→ π̆rp(Y , ∗) .

5. Exact sequences in strong homotopy theory. Now we establish
some exact sequences for the strong homotopy groups of an inverse system of
pointed topological spaces (X, ∗) . Similar results are established for strong
homology by S. M a r d e š i ć and Z. M i m i n o s h v i l i in [7], 1990.

First we recall some facts on exact couple of bigraded abelian groups
and then we use them in the theory of strong homotopy.

An exact couple of bigraded abelian groups consists of bigraded
abelian groups D = (Dr

n), E = (Ern), r, n ∈ ZZ and homomorphisms
i : D −→ D, j : D −→ E, k : E −→ D of given bidegrees such that the
diagram

D −→ D
↘ ↙ is exact at every vertex.

E

A homomorphism of exact couple (D,E, i, j, k) −→ (D̃, Ẽ, ĩ, j̃, k̃)
consists of homomorphisms f : D −→ D̃ and g : E −→ Ẽ of bidegree
(0, 0) such that fi = ĩf, gj = j̃f, fk = k̃g .

With every exact couple (D,E, i, j, k) one associates its derived ex-
act couple (D′, E′, i′, j′, k′) defined as follows.

D′ = i(D) . Since (jk)2 = 0, (E, jk) is a bigraded differential group
and E′ is its homology group E′ = H(E, jk) . Furthemore, i′ = i | D′ .
If d′ = i(d), d ∈ D , then j′(d′) = [j(d)] is the homology class of j(d) . If
e′ ∈ E′ and e′ is the homology class [e] of a cycle e ∈ ker(jk) ⊆ E , then
k′(e′) = k(e) .

Furthemore, a homomorphism of exact couple (f, g) induces a homo-
morphism between derived exact couple (f ′, g′) . The homomorphisms f ′,
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g′ are defined as follows. f ′ = f | D . If e′ = [e] ∈ E′ , where e ∈ ker(jk) ⊆
E , then g′(e′) = [g(e)] is the homology class of g(e) in Ẽ′ = H(Ẽ, j̃k̃) .
Then the following diagram commutes.

E′
k′−→ D′

i′−→ D′
j′−→ E′

↓ ↓ ↓ ↓

Ẽ′
k̃′−→ D̃′

ĩ′−→ D̃′
j̃′−→ Ẽ′

We apply this to our situation in strong homotopy theory.
For the inverse system (X, ∗) = ((Xλ, ∗), pλ

′

λ ,Λ) we define the following
sequence of spaces which is exact:

∗ →
∏
λ̄∈Λr

Xλ0...λr
→

∏
s=0,...,r

∏
λ̄∈Λs

Xλ0...λs
→

∏
s=0,...,r−1

∏
λ̄∈Λs

Xλ0...λs
→ ∗

with Xλ0...λs
= Xλ0 . The first morphism is the inclusion and the second is

the projction.
Now we consider the complex Kr = (Kr

p(X, ∗))p≥1 , with Kr
p = 0

if r < 0 and the complex Lr = Lr(X, ∗) = (Lrp(X, ∗))p≥1 , by putting
Lrp = 0 if r < 0 and Lrn =

∏
Λr

{ω | ω = (ωλ̄)λ̄∈Λr , where ωλ̄ is the map

ωλ̄ : ∆r × (In, ∂In) −→ (Xλ0 , ∗) , with [ωλ̄] ∈ πr+n(Xλ0 , ∗)}.

Remark 4. If [ω] ∈ πn(Lr) , it induces a path from (In+r, ∂In+r) ≈
(∆r × In,∆r × ∂In ∪ (

⋃
j=0,...,r

∂rj∆
r−1 × In)) and for λ ∈ Λr we have

ωλ̄(∂
r
j t, x) =


pλ1
λ0
ωλ1...λr

(t, x), j = 0
ωλ0...λj−1λj+1...λr

(t, x), j = 1, r − 1
ωλ0...λr−1 , j = r

constant. So πn(Lr) =
∏
λ̄∈Λr

πr+n(Xλ0 , ∗) .

For the construction of exact sequences in strong homotopy theory we
define the following groups and morphisms using the complexes Kr and
Lr .

πn(
∏
λ̄∈Λr

Xλ0...λr
, ∗)not= πn(Lr) = {[ω] | ω = (ωλ̄)λ̄ , where ωλ̄ is the

map ωλ̄ : ∆r × (In, ∂In) −→ (Xλ0 , ∗), [ωλ̄] ∈ πr+n(Xλ0 , ∗)} and
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πn(
∏

s=0,...,r

∏
λ̄∈Λs

Xλ0...λs , ∗)
not= πn(Kr) = {[ω] | ω = (ωλ̄)λ̄∈Λs , s = 0, . . . , r

and where ωλ̄ is the map ωλ̄ : ∆s × (In, ∂In) −→ (Xλ0 , ∗) , for s =
0, . . . , r} .

Let u : Lr −→ Kr, u = (un) the natural embedding. Then we have
the short sequence of sets:

∗ −→ Lrn
un−→Kr

n

π=(πr
r−1)n−→ Kr−1

n −→ ∗

Consequently there exists a long exact sequence of homotopy groups:

. . . −→ πn+1(Kr−1) ∆−→πn(Lr)
u∗−→πn(Kr) π∗−→(1)

πn(Kr−1) −→ πn−1(Lr) −→ . . . .

Here we have defined ∆ to be the map induced by the coboundary
morphism:

d :
∏

Λr−1

{
ω | ω = (ωλ)λ∈Λr−1

}
−→

∏
Λr

{
ω′ | ω′ = (ω′

λ̄
)λ̄∈Λr

}
.

For [ω] ∈ πn+1(Kr−1), ω = (ωλ̄)λ̄∈Λs,s=0,...,r−1,

ωλ̄ : ∆s × (In+1, ∂In+1) −→ (Xλ0 , ∗) , and s = 0, . . . , r − 1 we may
consider the maps ω′

λ̄′
: ∆s+1× (In, ∂In) −→ (Xλ0,∗) induced by ωλ̄ using

the following facts:
∆s+1 × (In, ∂In) ≈ ∆s × (∆1 × (In, ∂In)) ≈
≈ ∆s × (In+1,∆1 × ∂In) ⊆ ∆s × (In+1, ∂In+1)
Now if we put:
Dr
n = πn(Kr), Ern = πn(Lr), i = π∗, j = ∆, k = u∗

then (1) shows that (D,E, i, j, k) is an exact couple of bigraded abelian
groups with homomorphism i, j, k of bedegree (−1, 0), (1,−1), (0, 0) respec-
tively. We consider its derived exact couple defined as follows:

(D′)rn = i(Dr+1
n ) = π∗(πn(Kr+1)) = π̆rn(X, ∗)

(E′)rn = limr πn+r(Xλ0 , ∗) ( for we have πn(Lr) =
∏
Λr

πn+r(Xλ0 , ∗))

and jk = ∆u∗ : Ern −→ Er+1
n−1 coincides with δ :

∏
Λr

πn+r(Xλ0 , ∗) −→∏
Λr+1

πn+r(Xλ0 , ∗) . Then i′, j′, k′ have bedegrees (−1, 0), (2,−1), (0, 0) .

From the long exact sequences of groups:

(2) . . . −→ (D′)r−2
n+1

j′−→(E′)rn
k′−→(D′)rn

i′−→(D′)r−1
n

j′−→(E′)r+1
n−1 −→ . . .

we have the following results:
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Proposition 1. For every inverse system (X, ∗) and p ≥ 2 there
exists an exact sequence:

(S1) . . . −→ π̆r−2
p+1(X, ∗) −→ lim rπp+r(X, ∗) −→ π̆rp(X, ∗)

π̆−→π̆r−1
p (X, ∗) −→ lim r+1πp+r(X, ∗) −→ . . .

which is natural with respect to morphisms of inverse systems. Since
π̆r−2
p+1(X, ∗) = 0 for r ≤ 1, (S1) begins with

(3) 0 −→ lim 1πp+1(X, ∗) −→ π̆1
p(X, ∗)

π̆−→π̆0
p(X, ∗) −→ . . . .

Proof. Follows from the above considerations.

The naturality of this sequence results from the following commutative
diagram induced by a morphism of inverse systems in inv−Top∗ or in
pro−Top∗, f = (ϕ, fµ) : (X, ∗) −→ (Y , ∗) .

0 −→ Lr(X, ∗) u−→ Kr(X, ∗) π−→ Kr−1(X, ∗) −→ 0

↓ ↓ ↓

0 −→ Lr(Y , ∗) u−→ Kr(Y , ∗) π−→ Kr(Y , ∗) −→ 0

and from the corresponding strong homotopy sequences for (X, ∗) and
(Y , ∗) .

Now we discuss another exact sequence for an inverse system (X, ∗) .
We already have rπsp(X, ∗), π̆rp(X, ∗) and the homomorphisms

(π̆r+1
r )∗p : π̆r+1

p (X, ∗) −→ π̆rp(X, ∗) and
(πr+1
r )∗p : r+1πsp(X, ∗) −→ rπsp(X, ∗) .

Therefore we have towers (inverse sequences) of groups
∗πsp(X, ∗) = (rπsp(X, ∗), (πr+1

r )∗)r≥0

π̆∗p(X, ∗) = (π̆rp(X, ∗), (π̆r+1
r )∗)r≥0 .

Moreover we have mappings πr = (πrp)p≥1 : Kp(X, ∗) −→ Kr
p(X, ∗)

given by the natural projections, which induce the homomorphism of strong
homotopy groups: πr∗ : πsp(X, ∗) −→ π̆rp(X, ∗) ⊆ rπsp(X, ∗) .

Since (πrr−1)∗(π
r)∗ = (πr−1)∗ these homomorphisms determine

π∗ : πsp(X, ∗) −→ lim
r

nπsp(X, ∗) and π̆ : πsp(X, ∗) −→ lim
r
π̆rp(X, ∗) .

Also a morphism of inverse systems in inv−Top∗ or in pro−Top∗
f = (ϕ, fµ) : (X, ∗) −→ (Y , ∗) induces the map
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fr
p

: Kr
p(X, ∗) −→ Kr

p(Y , ∗), r ≥ 0 which commute with πrr−1 and
therefore define the level preserving homomorphisms of towers:

f∗
p

: ∗πsp(X, ∗) −→ ∗πsp(Y , ∗) and f̆
p

: π̆∗p(X, ∗) −→ π̆∗p(Y , ∗) which in
turn induce the following homomorphisms of groups:

f̆
p

: lim s(∗πsp(X, ∗)) −→ lim s(∗πsp(Y , ∗)) and

f̆
p

: lim s(π̆∗p(X, ∗)) −→ lim s(π̆∗p(Y , ∗)) for s = 0, 1, p ≥ 1 .

Proposition 2. For every inverse system (X, ∗) and p ≥ 2 there
exists an exact sequence

(S2) 0 −→ lim
r

1π̆rp+1(X, ∗) −→ πsp(X, ∗)
π̆−→ lim

r
π̆rp(X, ∗) −→ 0

which is natural with respect to morphisms of inverse systems.
The proof is based on a lemma of tower of spaces (see also [10, p.178]).

Remark 5. If (X, ∗) is such as π̆∗p+1(X, ∗) = (π̆rp+1(X, ∗),
(π̆r+1
r )∗)r≥0 is Mittag–Leffler, then lim

r

1π̆rp+1(X, ∗) = 0 (see [10, p.173])

and the strong shape group is the limit of the r-stage shape groups, πsp(X, ∗)
≈ limr π̆

r
p(X, ∗) .

Lemma 1. Let (X, ∗) = ((Xn, ∗), pn+1
n ) be an inverse sequence in

Top∗ and let p = (pn) : (X, ∗) −→ (X, ∗) be an inverse limit. If all pn+1
n

are surjective (weak fibrations) then there exists an exact sequence:

(5) 0 −→ lim 1πp+1(X, ∗) −→ πp(lim(X, ∗)) ρ∗n−→ limπp(X, ∗) −→ 0

which is natural with respect to level-preserving morphisms of inverse sys-
tems indexed by N .

Remark 6. Here lim(X, ∗) is the pointed topological space (X, ∗) .
We consider the corresponding pro–set: Ωp(X, ∗) = (Ωp(Xn, ∗),
Ωp(pn+1

n ), N) and the sets lim Ωp(X, ∗) for each p ≥ 1 . The natural projec-
tion of the inverse limit are the mappings, ρn : lim Ωp(X, ∗) −→ Ωp(Xn, ∗)
which induce homomorphisms:

(ρn)∗p : π(lim Ωp(X, ∗)) −→ π(Ωp(Xn, ∗)),

ρ∗p : πp(lim(X, ∗)) −→ limπp((X, ∗)).

Proof of lemma (a different proof is in [10, p.178]). Let P = (Pn),
Pn = Pn(X, ∗) =

∏
k=0,1,...

Ωn(Xk, ∗) . We denote ω =
∏

k=0,1,...

ωk, ωk ∈
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Ωn(Xk, ∗) . We define a mapping
∼
p : Pn(X, ∗) −→ Pn(X, ∗),

∼
p(ω) =

(
∼
p(ω)k)k≥0 , where

∼
p(ω)k = (pk+1

k ωk+1) ∗ (ωk)−1, k ∈ N . Then ker
∼
p =

lim
k

Ωn(Xk, ∗) = lim Ωn(X, ∗) . Moreover, since each pk+1
k is onto, so is

∼
p .

Therefore we have an exact sequence

∗ −→ lim Ωn(X, ∗)
i−→Pn(X, ∗)

∼
p−→Pn(X, ∗) −→ ∗

where i is the inclusion and is therefore given by the restrictions of the
projections ρk : lim Ωn(X, ∗) −→ Ωn(Xk, ∗) . From the definition of Pn we
have πn(P (X, ∗)) =

∏
k=0,1,...

πn(Xk, ∗) . So the homotopy sequence for (4)

has the form:

. . . −→
∏
N

πn+1(Xk, ∗)
∼
p∗−→

∏
N

πn+1(Xk, ∗) −→ πn(lim(X, ∗)) −→

ρ∗−→
∏
N

πn(Xk, ∗)
∼
p∗−→

∏
N

πn(Xk, ∗) −→ . . . .

This implies:

0 −→ co ker
∼
p∗ −→ πn(lim(X, ∗)) ρ∗−→ ker

∼
p∗ −→ 0

with co ker
∼
p∗ ≈ lim1 πn+1(X, ∗) and ker

∼
p∗ ≈ limπn(X, ∗) (see also [7]).

Proof of the proposition 2. We will now apply Lemma 1 to the epi-
morphic tower

K(X, ∗) = (Kr(X, ∗), πr+1
r )r≥0 with Kr(X, ∗) = (Kr

n(X, ∗))n≥1

Clearly lim
r
Kr(X, ∗) can be identified with K(X, ∗) = (Kn(X, ∗)), ,

Kn(X, ∗) =
∞∏
s=0

∏
Λs

{ω | ω = (ωλ)λ∈Λs,s=0,1... , where

ωλ : ∆s × (In, ∂In) −→ (Xλ0 , ∗)} and therefore πn(lim
r
Kr(X, ∗))

coincides with the strong homotopy group πsn(X, ∗) . Moreover we have
πn(K∗(X, ∗)) = (πn(Kr(X, ∗)), (πrr−1)∗) = ∗πsn(X, ∗) , with

πn(Kr(X, ∗) = rπsn(X, ∗).
Therefore, (5) from lemma 1 yields an exact sequence:
(6) 0 −→ lim1 ∗πsn+1(X, ∗) −→ πsn(X, ∗)

ρ∗−→ lim ∗πsn(X, ∗) −→ 0
which is natural with respect to morphisms of inverse systems
f = (ϕ, fµ) : (X, ∗) −→ (Y , ∗) . This is because f induces a level

preserving homomorphism of towers: fr
p

: Kr
p(X, ∗) −→ Kr

p(Y , ∗) for all
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r ≥ 0 . In order to complete the proof note that π̆rp(X, ∗) ⊆ πp(Kr(X, ∗)) =
rπsp(X, ∗) . Therefore the inclusions define homomorphisms: lim

r
π̆rp(X, ∗) →

lim
r

(rπsp(X, ∗)) and lim
r

1π̆rp(X, ∗) −→ lim
r

1(rπsp(X, ∗))) . Together with the

identity id : πsn(X, ∗) −→ πsn(X, ∗) they yield a homomorphism of se-
quences:

0 −→ lim1 π̆rp+1(X, ∗) −→ πsp(X, ∗) −→ lim π̆rp(X, ∗) −→ 0
(7) ↓ ↓ ↓

0 −→ lim1∗ πsp+1(X, ∗) −→ πsp(X, ∗) −→ lim∗ πsp(X, ∗) −→ 0

Moreover it is easy to see that both of these homomorphisms are iso-
morphisms fot they satisfy M o r i t a condition [10, p.112].

π̆r+1
p (X, ∗) π̆r+1

r−→ π̆rp(X, ∗)
(8) ↓ ↗ ↓

r+1πsp(X, ∗)
πr+1

r−→ rπsp(X, ∗)

All these facts implies that the exactness and naturality of the (6)
determines the exactness and naturality of ( S2).

Now we can state the main results:

Theorem 1.Let (X, ∗) = ((Xλ, ∗), pλ
′

λ ,Λ), (Y , ∗) = ((Yµ, ∗), qµ
′

µ ,M)
be inverse systems and f = (ϕ, fµ) a morphism in inv− Top∗ or in
pro−Top∗ . If f induces the isomorphisms : limr f∗ : limr πp(X, ∗) −→
limr πp(Y , ∗) for all r ≥ 0 and all p ≥ 2 (or for r = 0, 1 and p = 1 )
then f induces the corresponding isomorphisms of strong homotopy groups:
f∗ : πsp(X, ∗) −→ πsp(Y , ∗).

Proof. Let f = (ϕ, fµ) : (X, ∗) −→ (Y , ∗) a morphism of inverse sys-
tems which induces isomorphisms limr f∗ : limr πp(X, ∗) −→ limr πp(Y , ∗)
as in the hypothesis. We first show that f induces the isomorphisms
f̆ : π̆rp((X, ∗)) −→ π̆rp((Y , ∗)) for all r ≥ 0 . The proof is by induction
on r . If r < 0 , both groups vanish.

If r = 0, f̆ is an isomorphism, because it coincides with lim f∗ :
lim0 πp(X, ∗) −→ lim0 πp(Y , ∗) .
We now assume that the assertion holds for all p ≥ 2 and s < r . Consider
the commutative diagram whose rows are the homomorphisms induced by
f as in Proposition 1. Then the assumption and the five lemma yield the
desired conclusion that f̆ : π̆rp(X, ∗) −→ πrp(Y , ∗) is an isomorphism.
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Now we consider the commutative diagram whose rows are the se-
quences (S2) for (X, ∗), (Y , ∗) and the vertical arrows are the homomor-
phisms induced by f . Since f̆∗p : π̆rp(X, ∗) −→ π̆rp(X, ∗) are isomorphisms,

then lim f̆ : lim π̆rp(X, ∗) −→ lim π̆rp((Y , ∗)) and lim1 f̆ : lim1 π̆rp((X, ∗)) −→
lim1 π̆rp((Y , ∗)) are also isomorphisms and the five lemma shows that f∗ :
πsp(X, ∗) −→ πsp(Y , ∗) is an isomorphism. This completes the proof of The-
orem 1.

As consequences of these results we can prove without difficulty the
following three corollaries.

Corolary 1. If f = (ϕ, fµ) induces isomorphisms of homotopy pro-
groups f∗p : πp(X, ∗) −→ πp(Y , ∗) for p ≥ 1 then f induces isomorphisms

of strong homotopy groups: f∗ : πsp(X, ∗) −→ πsp(Y , ∗) .

Corollary 2. For f : (X, ∗) −→ (Y, ∗) a shape morphism such that
pro−πp(X, ∗) ' pro−πp(Y, ∗) for all p ≥ 1 , then the strong shape groups
are isomorphic π̆sp(X, ∗) ≈ π̆sp(Y, ∗) .

Corollary 3. Let f : (X, ∗) −→ (Y, ∗) a shape morphism such that
the shape groups and the r-stage shape groups of (X, ∗) and (Y, ∗) are
isomorphic for r ≥ 1 . Then the strong shape groups are isomorphic.

Proof. Let p : (X, ∗) −→ (X, ∗) and q : (Y, ∗) −→ (Y , ∗) resolu-
tions of (X, ∗) and (Y, ∗) , respectivelly, and the corresponding morphism
in pro−Top∗ , f = (ϕ, fµ) : (X, ∗) −→ (Y , ∗) . From the hypotesis we have
isomorphisms f̆∗p : π̆rp(X, ∗) −→ π̆rp(Y , ∗) for all r ≥ 0 . Then we have,
using Theorem 1, the isomorphisms of strong shape groups.
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7. M a r d e š i ć, S. and M i m i n o s h v i l i, Z. – The relative homeomorphism and

wedge axioms for strong homology, Glasnik Mat. vol 25(45) 1990, 387–416.
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