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The geometry of Osc®) (M) bundle meets some difficulties for k > 1
because its fibre structure is not a vectorial one.

There are many ways to approach this bundle but a systematic study
of it was done in the last years by R.Miron and Gh.Atanasiu ([6], [7]) by
using some adapted distributions in tangent spaces to Osc(®) (M) manifold.

In the present paper we shall analyse two other points of view in study
of this geometry. The first consists in introducing, by means of a nonlin-
ear connection on base manifold M, of some adapted local coordinates on
Osc®) (M) that detrmine a vector bundle structure.

The second one is to view the Osc®) (M) bundle as an associated bundle
to the k—frames bundle. This point of view is useful in gauge theories.

1. Vector bundle structure on Osc®)(M). Let M be a dif-
ferentiable manifold, dim M = m. For begining, we shall prove that
Osc®) (M) = E}, is a subbundle of the tangent bundle over Ej_;.

Let be Ey = Osc(l)(M) the tangent bundle II, : TM — M and II7 :
TTM — TM its tangent map. We have also the bundle II; : TTM —
TM. Let us consider the subbundle ([1]):

By = {z € T(Ey)/IL(2) = 7 (2)}.

Locally, if z = (z,y,X,Y) is a point in TTM = TFE; then z € E, iff
z = (z,y,X,Y). It follows that a point in Es is locally characterized by the
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coordinates z = (z,y,Y) with the change rules:

Tt =7 (1),
(1.1) = g—;g; -y,
Y= 830] yj + ayi Y.

Then, notations z*,y* = yM? Y? = 2y(?? one deduces that (1.1) gives the
local change of coordinates on Osc(® (M) ([7]). Therefore, Es is a canonical
choice of Osc®) (M) bundle.

Further, inductively let be on E, = Osc(® (M) the next change rules

known fron [6] for u = (z,y%,...,y(®):
= x(x)
1) i = 22y
ay(a) o .(; i .(i).]. + '2.5@/'(' .7.1.) y(z)]+ . +a g. E: I;Jy(a)]

For the bundles I, : T(E,) — E, and II$_, : E, — E,_1 we define
the subbundle of T'(E,,):

Eoy1 = {2 € T(Ea)/(I15_,)" (2) = I3 (2)},

which implies the comutativity of diagram:

T(E,) —= - E,
(e ﬂ 115
E., I R M

Under the inductive assuption that z € E,4+1 we conclude iff
z = (z,yM, ..., y®) and after the notation Y (1) = (a + 1)y(®) the local
coordinates satisfy (1.2) including the same rule for z(e+1).

Let us consider Fs C TTM as subbundle and X, = y(l)’ W"’
+2y(2)i 81 - a local field. We shall replace the natural base {z2;} with

g _ 9xd 0 if
Ozt T Ozt §pi

=2 - (Jl\gf ;1 that admits the simple change:
N f (z,y) are the coefficients of a nonlinear connection on M ([5]). Then
(1)

the field X, takes the form: X, = yM*. 2 4 (247 4 Nzy(l)])a 7 -
w’
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This suggests to take on Fsy the local adapted coordinates z = (z, u, u(l)),
where:

(1.3) Mt = Wiy (21 — 9421 4 le(l)a
(1)’

If N t are the coefficients of a nonlinear connection then the adapted
w’
local coordinates are changing according to

- . oz’
’ ~i __ ~i ~(a) _ (a)J _
(1.3") T =71"(z), =gt a= 1,2.
In consequence, with respect to the adapted coordinates (1.3), Es has

a vector bundle structure isomorphic to TM & T M.

By induction, let us replace the local coordinates z=(z,y"), ..., y*)
on a local chart in Fj by the adapted coordinates z = (x,u(l), ... ,u(k))
defined by:

u (Wi = (D

u(z)l = 2y(2)z + (]\g y(l).]
1

(14) @@ﬁ;;@?@ﬁ;&g::ﬁ?iéﬂéfﬁ;
1
L. 42N Z y@i 4 N y(l)J
(k* )’ (k-1)’

If N,..., N are the coefficients of an adapted base on Ej_1,

1) (k 1)

s d d d .
{6x 83@7 - Nz au(l)y —...— N 8u<k D7 Gg(Dir au(kfl)i} that Satley

(1) (k—1),
the conditions:

~hn 8 86(04)}1 k au(a)h

15 O _ " R
(15) (]j)k Ort Qulk (o' oz’

,a=1,k—1,

then the local adapted coordinates (1.4) are changing as follows:

oz’

5 u(@)i a=1k

(1.6) T = (x), 0 = =

Therefore, we have a vector bundle structure on Ej, with respect to the

adapted coordinates (1.4) if the functions N (z, u™ . u(®) satisfy (1.5).
(@)’
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- Theorem 1.1. If on the manifold M is it given a nonlinear connection
N/ (z,y) then the k-osculator bundle Ej, admits a vector bundle structure
with fibre R™* and base manifold M, isomorphic to ©xTM.

Proof. The functions (jl\gz = N]’f and ]C};z = %u(a)k,
a = 2,k —1 satisfy (1.5). It follows that on Ej we have a vector bundle
structure with respect to the adapted local coordinates (1.4).

Proposition 1.2. Let N be a nonlinear connection on M. Then Ej
admits a vector bundle structure over Ej,, 0 < h < k, with fibre Rk=mm,

Now, the geometry of Ej; can be approached in adapted coordinates
according to the known techniques from the theory of vector bundle (see,
for instance [5]) taking into account that T'(Ey) = % T(TM).

A nonlinear connection on FEj is a splitting of an exact sequence,
that determines the decomposition T'(Ey) = HE, ® VEy, where VE, =
= Ker(Il;)T is the vertical distribution locally spanned by
{%, e —%}. A derivation law on E}, is expressed as a sum of deriva-
tion laws on tangent bundle T'M.

2. The associated bundle structure to k—frames bundle. Let
be P*) (M) the k-frames bundle of the manifold M, namely the bundle of
k—jets of local diffeomorphism of R™ to M.

k. P*®(M) — M is a principal bundle P*) (M), M,GE) ([4]),
where G is the k-—prolongation of linear group Gl(m, R).

Let us consider F' = R™ and the action of GE, on F, given by:

(2.1) a-p= (a;',lp(l)jl; aé. j2p(1)j1p(1)j2 + a;‘,lp(?)jl;a§1j2j3p(1)j1p(1)j2p(1)j3+

1

Tl pMip®is gt pMipClis | gi  pWip@is 4 iy, )
where a = (a}l,aﬁljz, . ,aém k) €EGE p=(pMi .. pR)) e F.

The associated bundle E, = P®) (M) x F/G% has as elements the
classes [z,p] = {(za,271p), a € GE,}, and the trivizing of I} : B, — M is

given by [z, p] — (II5(2), ¢'(2) - p)-
By (2.1) the element u = (I15(z), ¢'(2) - p) can be written in the form

(2:2) w= (2", yM 2Py

(the coefficients were considered for convenience).
A change of local coordinates in manifold Ej is done with the elemets
of G'ﬁ”uu - ﬂ(Hé:(Z),a ' 90_1(Z) : p) = (‘%17 §(1)7§(2)7 s 7g(k‘))
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If (U, ), (V, 1) are local charts in 2 € M then a = j§(¢ o p~'), and
because 1) o p~! is expressed by 7' = 7'(x) it follows that
B ( oxt %7 ok )

Oxir’ Oxirdxiz’ """ Qxir ... OxIk

From (2.1) it is deduced that in associated bundle FEj of P*) (M) we
have the same change rules as (1.2) (o = k), hence Osc®) (M) bundle is just
the associated bundle to k— frames bundle.

Let be ¢ : P*)(M) x F — Ej the canonical projection and V =
Ker(ITH)T, V = Ker(IIK)T the vertical subbundles in P*)(M) and in the
associated bundle Ej, respectively. N

The restriction (¢7)V : V x TF — V is well defined and from the
morphisms in exact sequences ([3]):

(23) 00—V x TF —TP*) (M) x TF — II}*(TM) x TF — 0
L) g7 axi
0— V —TE — IFT M —0
it results that a connection C in P*) (M), T,P*) (M) = H, & V.,
R,-(H,) = H.4,a € G

m?

bundle Ej, = Osc®) (M),

induces a nonlinear connection C in associated

(2.4) Coq' = (") o(Cx id 75)

Let us consider h and v the projectors on T, P¥) (M) and let w be the
connection form, w : T, (P (M) — g% ,w(hZ) = 0,w(vZ) = w(Z), gk, the
Lie algebra of G . Let be w!',w?, ..., w" the components of connection form
w.

Now, let us recall from [4] the notion of connection of order k. Denote
by 0 : T(P®)(M)) — R™ + S;(R™, R™) + ...+ S,_1(R™, R™) the funda-
mental form on P*) (M) defined by: 0(Z) = (27)"1pk_,371(Z), where 3,
is the isomorphism between J*(TM) and T,(P®) (M), pk_, : JH(TM) —
JF=1(T M) the projection, and z € P*) (M).

Let (6°,0',...,0%1) be the components of #. Then, there are satisfied
the structure equations on P*) (M):

1
2

The fundamental form © is vanishing, 6(Z) = 0 iff Z is a vertical field
of the bundle ¥ _, : P®) (M) — PHF(M), Z € V}, = Ker(IIf_,)T. On the
vertical distribution V = Ker(I1§) only §° does vanish.

(2.5) doh = ——{[° AT+ [0 AR} h=0,k—2
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Definition ([4]). A connection of order k on P*) (M) is a connection
C for which all components 0,602,603, ...,6%*~1 are vanishing.

For a connection of order k£ we can consider w! = 0',w? =62, ...,
wF=1 = #*~1 and consequently, it is essential is to know the 1-forms

T(PH®)(M)) — Sp(R™, R™).

Let us consider the curvature and torsion forms of a connection of order

k:
(2.6) Q.(X,Y) = dw?(hX,hY),0,(X,Y) = do* 1 (hX,hY)

In addition to (2.5) one results the following structure equations ([4]):

@7) A = [0 AWk - W AT AT AW 6

1
A = —[! Au] = LI AT 4 T A 0

Now let us consider the associated bundle Ej = Osc(k)(M ). Let
Vi =V =K er(Hk) be the vertical distribution and H the supplemen-

tary distribution to V determined by the nonlinear connection C = Cll
induced by C on Ey,T,(Ey) = V EBH The vertical distribution V1 w 18

spanned by {8 621) e By ‘?M } and in H, alocal adapted base is {5 r = 821 -

(]XZ ay<1>J —. (]IXz ay<k>J } where (]CY)J are the coeficients of a nonlinear
connection in Osc®) (M) bundle - ([6]). Denoting by &' = C; the 1-form,
ol : T(Ey) — Vi and by 6° = h, the natural almost k— —tangent structure
on By is J. Consider §* = J*=*.o = 1,k — 1. It follows that §'(Z) = 0 iff
w'(Z)=0.

As in [6] we introduce the sequence of m-dimensional distributions
No = H,Ny = J(Ny),...,Np_1 = JF"1(Ny), which satisfy the conditions:

wCVoa=K er(H’; 1) Then we have the decomposition TE}, ,, =
= No w D Nl u . D Nk 1u @ Vk - We have also the inclusions V1
Vg, ey D Vk Let us note that N is a complementary distribution to Vs
in Vl, in consequence it determines a nonlinear connection Cs in the bundle
¥ — Ey. Let @® = Cy 0 (IIF)T be the connection form. It is easy to
see that it is vanishing iff 02 is vanishing. Inductively it is defined wk) =
Ci o (TIIF_,)T the connection form in Vi = Ker(ITF_,)7.
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Let us consider the Berwald connection in Ey = Osc®) (M) ([6]):

0 o 0 ) 1,k
~ . (]_) . ~ . o = R
28) D s = 500 sy Pt gm0 50k

D is a derivative law valued in vertical bundle V, for any a, 3 < 7.

Now, let us consider the projections on Ty, (Fx), (@ = Ty + Vpp1 +
.+ 0 and A =T — p(@),

By a—absolute derivative of a g—form 6 with values in vertical bundle
Vo we mean the (¢ + 1) form:

VO(Xo, X1,...,X,) = d®(h X0, kDX, ... b X,), X, € AEp),

where v(@) =  and:

o~

d®(Xo, X1,...,Xg) =D (=1)' Dy, (®(Xo, ..., Xy, ..., X))+

+ Y (CU)T(XL X)X, X X,

0=i<j

The nonlinear connection C; determines the folowing 2—forms of con-
nection:

(2.9) QY = V@ =1k

Let us consider the Nijenjuis tensor Ny (o) associated to the projector
v(® on the distribution V.

Theorem 2.1. The following structure equations hold:

Q(a) = Nv(a), o = 1,k

The proof is similar to that from [5] for « = 1, V,, being an integrable
distribution.

From the proof of the theorem it results that Q) for example has
only QW (AWM X, hMY) = oMM X, hMY] as nonvanishing component. It
results that [V X, hVY] = AWM X, hMY] + oW [pM X, hVY] =
= O [ROX, A MY] - QD (X,Y).

Analoguosly it will be proved that:



80 GHEORGHE MUNTEANU 8

Proposition 2.2. For any X,Y € Z(E})) we have:

A X, ROY] = B[RO X p DY) - QX V), a=T1Fk

The 2—forms of torsion for C; is defined by 6(@) = —Vg(o‘),
a=1k—1.

Taking into account the above construction of connections forms &(¢)
and fundamental form 6(®) in associated bundle Ej, = Osc®) (M) it results
that these satisfy equations of structure analogous to (2.5) and (2.7).
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