ANALELE STIINTIFICE ALE UNIVERSITATII ”AL.I.CUZA” IASI
Tomul XLIII, s.I.a, Matematica, 1997, f1.

THE TANGENT BUNDLES and HARMONICITY!

BY
C. ONICIUC
Dedicated to Professor Gh.Gheorghiev on the occasion of his 90-th birthday.

1. Introduction. The problems studied in this paper are concerned
with the harmonicity of the canonical projection 7 : TM — M, where (M, g)
is a Riemannian space and T'M is its tangent bundle, and conversely, the
harmonicity of the vector fields £ € x(M) thought of as mappings from M
to T'M. These things have been studied when T'M is endowed with the
Riemannian Sasaki metric (see [4] and [8]) or when T'M is endowed with a
pseudo-Riemannian metric of complete lift type ¢g¢ (see [6] and [7]).

In this paper we compute the Levi—-Civita connection GV and its curva-
ture tensor field © K for the Cheeger-Gromoll metric G. Then we study the
harmonicity of the natural projection 7 : (T'M,G) — (M, g) and that of the
vector fields ¢ : (M, g) — (T'M,G). We prove that if £ : (M,g) — (TM,G)
is an isometric immersion then ¢ is harmonic.

Then we study the submanifold 77 M of the unit tangent vectors to M in
(TM,S) and in (TM,G), where S is the Sasaki metric and the harmonicity
of the projection 7 : (' M,G) — (M,g), 7 : (T1M,S) — (M,g), where
T = 7/, M- For vector fields & with ||§]| = 1 it has been established the
relation between the harmonicity of £ : (M,g) — (T1M,G) and that of
£: (M.g) — (T M, S).

In the last part of the paper, we study the harmonicity of the mapping
¢€:(M,g9) — (1M, V), for ||¢]| = 1, where V is the connection obtained
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from the Levi—Civita connection of g¢ by projection on 77 M with respect to
the Liouville vector field on T'M, by using Gauss—Weingarten type formulas.
We study also the harmonicity of the metrics ¢¢, S and G, each with
respect to the others.
The author wishes to express his gratitude to professor V. Oproiu for
many helpful talks and hints concerning the argument discussed in this pa-
per.

2. The tangent bundles and Riemannian metrics. Consider an
n—dimensional, smooth, Riemannian manifold (M, g) and let 7 : TM — M
be the tangent bundle of M. Then T M is a 2n— dimensional manifold and
on TM we may use some special local charts induced from local charts
on M. If (U,z%); i = 1,...,n is a local chart on M then the local chart
(7= Y(U), 2%, 9" is induced on TM where 2 = x' o 7 and y* are the vector

space coordonates of v € 7~ 1(U) C TM with respect to the natural local
0 0 : _ i (_0
frame (W’ ey 895”) ie. v=y" (W)n(v)‘

Denote by V the Levi-Civita connection of g. The connection V de-
termines a horizontal distribution HT' M on T'M and the local vector fields:

) 0 ; 0
— _ Tk .
(1) Szt Ot L oyh’

1=1,...,n

define a local frame in HT'M where Ffj are the Christoffel symbols. We have
TTM = HTM & VTM where VI'M = Ker m, is the vertical distribution
on T'M and the local vector fields aiyi; i = 1,...,n define a local frame
of VM. Then we may define the horizontal lift X of a vector field
X = gza(zm € X(U) by:

4]

XH _ ¢t A -1
s extm(U))
and the vertical lift of X by:
XV =g e xm v))
oy’ '

It follows (aii)H =2 (aii)v = 821- (see [9]).

The system of local 1-forme (dz?,dy'); i = 1,...,n on TM defines the

local dual frame of the local frame %, 8%,. ;i=1,...,n on T'M where:

2 oyt = (Y = dy® + T .da".
hj
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We may consider several metrics on 7'M by using the above horizontal
and vertical lifts. The most known is Sasaki metric, S, defined by:

(3) ST YH)=g(X,Y),5(xV,YV)=g(X,Y),S(X", YY) =0.
S is given locally by:
(4) S = gijdxidxj + gijéyiéyj.

gi5 0
0 g )

The Sasaki metric is a Riemannian metric. The horizontal and vertical
distributions are orthogonal with respect to S, and the fibres of horizontal
and vertical distributions are canonically isometric with the tangent spaces
on M in the corresponding points.

The Cheeger—Gromoll metric, G, is a Riemannian metric defined by:

(5) {G(Xvayv)v = W{gp(X,Y) + 9p(X,v)gp(Y, )}
GXHYV)=0, GIXT YH)=g(X,Y)

It follows that the matrix associated with S is:

where v € T'M, ||v|| is the norm of v € T,M with respect to g,,p = 7(v)
(see [5]). Locally, G is given by:

(6) G = gi;dz'dr? + {9i5 + gi0gj0 }6y" oy’

1+ goo

where gio = giry® and goo = gioy’. The matrix associated with G is

Gij . 0
0 13405 (9i5 + gingjo)

The horizontal and vertical distributions are orthogonal each other with
respect to G and the fibres of the horizontal distribution are isometric with
the tangent space on M in the corresponding points.

The complete lift type metric g¢ is a pseudo—Riemannian metric on
TM defined by:

(7) g (XH YH)Y =0, ¢¢(XV,YV)=0, g°(XV,YH) = ¢g(X,Y)
g°¢ is written locally by:

(8) 9 = 2g;;0y"da’;
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9ij
gij 0
that the horizontal and vertical distributions are maximally isotropic and g¢
defines a pairing between them.

A slight generalization of the complete lift consists in:

its matrix being: ) and having the signature (n,n). We can see

(9) (X YT) = e(X,Y), g°(XV, V) = g(X,Y),g%(X",Y") =0

where ¢ is a symmetric tensor field of type (0,2) on M. In this case, the
horizontal distribution is no longer isotropic. Locally, if ¢ = ¢;jdz'dx?, then:

(10) g¢ = ciydx'dr? + 2g;;6y"dx? .

The Levi-Civita connections “V and V of S and ¢¢ metrics respectively
have been calculated so far. We also have calculated their curvature tensors
*K and K respectively (see [8],[6]).

We may prove by a straightforward computation the following results:

Proposition 1. The Levi-Civita connection GV of G is given locally

by:
Vi o) o) d
Gvaii W:ﬁ{gijC—gioW _gjOTyi}‘i‘m{gij +gi0950}C=
— Al
ij 8y
G 5 _ h &
(11) Vs 7 0xd 2(1+900)Rji0W
G o _
v(;a:z W - 2(1+g00) R’L]O Sxh + F'L] 3yh 9
G s _
v - §xd ROZ] Byh + Fz_] Sxh

where C = 3 821' is Liouville vector field on TM and

Al ={ (29i59" — dgj0 — 0hgi0) — ] (9i59009" — gjogi0y")}

1+ goo (1+ goo)?

where R?j i, are the local coordinate components of the curvature tensor field,
R of V. N

From (10) it follows easily the global expression of V. By a straight-
forward computation we also get the following results:
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Proposition 2. The curvature tensor field ¢ K of ¢V is locally given
by:

6 9 1) 1 0
12) °K | —,— ) — == Loyym 2
( ) <5$Z7 (SCIIJ> Sk Q(VkRmU)y 8yl+

1 1)
R 4+ = (R RL _ R R _9oRM R _
+{ kij + 4(1 +900)( 0jk*Yih0 0ik*Y5h0 07j khO) Sl

5 6\ 0 1 5
G ON9 _ b g R _wR, o
K(MWMJ 5y = 31+ goy Vitttk = Vil )y gt

1 1 0
R, g R..+_—- (R R _Rh RL YL _Z_
+{ kij 1+900gk0 Oz]+ 4(1+900)( jk0*t0ih ik0 th) 8yl+

1
+ mRkOU(Q + goo)C

o 0 ) 1 1
G _ . pl o pl
K <3yi7 8yj> szk 1+ goo {Rk” * 1+ goo [(gZORkJO gioFiio) ¥

+ %(RZjORgu’O - RZioRﬁljo)] }553:1
o 9 0 1 )
K <3yi ’ W) oyF 21+ goo)R%dTth
+ M(QioRﬁo - gkoR?io)&% + il(l—i-lgm))2R§kOR;;O§3L
°K (3317(&) &ik = Q(H%goo)(ijéim)ym(;;l—i_
* { a %Réjk + MgiORéjk - MRZiORéjh};yl_
- 2(1_:%0)23@‘0]‘1@(2 + goo)C

cp(9 90\9 _ 3 A W
oy 0y ) 0yF ~ 1+ go0 |70yt Iy

1 0 0
+ (1+goo)2{5(gikgj0 — gjkGi0)C + 2 (gikayj — ik 8yi) goo}-i-
L1
(14 goo)?

0 0 0 0
+ gik@ - gjk(?T/ goo + 9r09goo gioaTjj — gjo@Tﬁ

{Q(Qiogjk — gjogix) (1 + 2g00)C+
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From (12) we can easily get the global expression of ¢ K.

Remark. ¢V is flat if and only if V is flat.
From (12) we have:

1
CK(XH YO =—" _{RX,Y)}V,°K,(C,XxV)YH =
( ) 1JFHUHQ{ (X,Y)v} ( )
R, XY}
= —————————— ’U’
(1+[[v][?)?
1
CR (X YN =—-— (R, X)YY CK(C,X")C =0,
SK(C,8)C =0
1
CK(C,9)S =0,K,(C, X")Y" =~ __{R(X,Y)v}V
(C,S) ( ) 2(1+Hvll2{ (X, Y)v}

where S = y* 5; is the geodesic spray defined by the connection V.

Let M and N be two Riemannian manifolds and let f : M — N be
a smooth map. The local expression of the second fundamental form of f
denoted by 3(f) is

9 9
Oxt’ Oxd

0
)= A5 = ML TS U g

(13 B T

and that of the tension field 7(f) of f is:

iy 0
(14) 7)) = g5 - MTER A NIR Y s s (see [2).

From (13) and (14) we remark that 5(f) and 7(f) may also be defined
when N is only endowed with a linear connection without torsion or when
M is only a pseudo-Riemannian manifold.

Thus is has sense to study the harmonicity of the vector fields re-
garded as maps £ : M — TM, £ : M — T1M, when we no longer con-
sider on T'M, Ty M, the Levi-Civita connection of a Riemannian (pseudo—
Riemannian) metric but another connection, without torsion, obtained from
the Levi-Civita connection by various methods.

It also will have sense the study of the harmonicity of the canonical

projection 7 : TM — M, when we have a pseudo— Riemannian metric on
TM.
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Now, we remark that the canonical projection 7 : (T'M,G) — (M, g) is
a Riemannian submersion. The we get by a straightforward computation:

8m) (50, 5% ) = B(m) (5%, 525) = 0
By (5 55 ) = sy Bl (7)) 52

(15)

From (15) and using results from the theory of the Riemannian submersions
(see [3]) we obtain:

Theorem 1. The Riemannian submersion 7w : (TM,G) — (M, g) has
the following properties:
a) m has its fibres totally geodesic, hence minimal
b) m is harmonic
c) the following relations are equivalent:
— m is totally geodesic
— the horizontal distribution is integrable
-V is flat.

Let ¢ be a Riemannian metric on M. We consider = : (TM,G) —
(M, c). We have

16) {mw) (3% 5%7) = 0.8(m) (3% 557 ) = sty ¥ Ria(m () 520

B(m) (5o 507) = {7 — T g

where CI‘?J- are the Christoffel symbols of the metric ¢. So we obtain:

Proposition 3. 7 : (TM,G) — (M, c) is totally geodesic if and only if
(M, g) is flat and 1: (M, g) — (M, ¢) is totally geodesic.

We remark that if 7 : (M, G) — (M, c) is totally geodesic then (M, g)
and (M, c) are flat.

Let g and ¢ be two Riemannian metrics on M. We say that c is harmonic
with respect to g if

(17) g7 {T} =Tk =0 (see [1]).

We observe that this definition can also be extended for the pseudo—Rie-
mannian case.

From (16) it follows that:
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Proposition 4. 7 : (T'M,G) — (M, ¢) is harmonic if and only if ¢ is
harmonic with respect to g.
Consider the tensor fields 7' and A on T'M given by:

(18) T(X,Y)=HOV, VY + VOV <HY, AX,Y)=HOV, VY+

+VOV, HY
familiar in the theory of Riemannian submersions. Remark that T is called
O’Neill’s tensor. Since 7 : (T'M,G) — (M, g) is a Riemannian submersion
with its fibres totally geodesic, or by straightforward computation, we obtain
that T'= 0. For A we obtain the following expression:

(e ) = A (s s8) =
A(5. L):_%Rh d A(a a) h 6

- ___ 1 _0_
0ij oyh 0xt0 Ayl )] T 2(14goo) Rijo Sxh

So we get:
Proposition 5. The following relations are equivalent:
a) A=0
b)  the horizontal distribution is integrable
c) AXH YH)=0, VX,Y € x(M)
d AXTYV)=0, VX,Y € x(M)
Remark. From theorem 1 and proposition 5 it results that
m: (TM,G) — (M,g) is totally geodesic if and only if A = 0.
The Schouten connection ¢V associated with ¢V is defined by:

Gu v _ O /v CS_gv vuv v
(20) VY =VEVVY + H"VHY, VX,Y € x(TM)
Locally €V is given by:
{GV o 2 =6V o 2. GV, %:GV a'%

3yi ay'j
Gy % =T

(21)

7

8

m
The mean connection of the connection €V is ¢V = ¢V — %T where T'

m
is the torsion tensor field of V. In local coordinate “V has the expression:

m m
€] 9 _Gyg ., 9 G 8 _ 165 8
V o 575 = Va%iaym V o Sz — 2 V. s i

oy’ ayt
Gy . 0 _Gy . 2 L oh 5 @™ & _o 5
Vo = Vi oy T Mirgey osers Va7 = ¥ 5 507
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Obviously GV is without torsion. We remark that GV GV if and only if
R=0.
Let 1: (TM,G) — (T'M,%V) be the identity map. We obtain:

= #th o
4(1 + goo) 70 §h
hence 7(1) = trace #(1) = 0. Obviously, if R # 0 then (1) # 0.

Now, let £ be a vector field. We consider £ as a smooth map from M
toTM, &:(M,g) — (TM,G).

Proposition 6. ¢ : (M, g) — (T'M, G) is an isometric immersion if and
only if £ is parallel i.e. V& = 0.

Proof. We obtain immediatly:
(24) EepX = (X + (VxO) )¢y, Yo €M

If we consider

1
.ép(X? Y) = Ge)(§up X, & pY) = gp(X,Y) + W{gp(

+9p(Vx§, §)gp(VY§ §)}

then ¢ is isometric immersion if and only if g = g. We remark that g g if
and only if Vx¢& =0 for all X € x(M) i.e. VE=0.

Considering the relations (24) and (11) we obtain by a straightforward
computation:

Proposition 7. The map & : (M,g) — (T'M,G) has B(§) and 7(&)
given by:

vaa VY‘S)—i_

(25)
o 0 m b (Vg ky qhy 9
5O (v ) = (g Rl + ViVi€ + (Vi€ (VoA ) -
1 1)
- m{(v JEV R E™ + (Vs fl)R]szm}dgTh
@) () = gV + Vi) (T Al
1
1+H€||2 {g”( Jé.k)Rzkmgm}W

In a similar way, from the relations (24) and (22) we obtain:
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Proposition 8. The map & : (M,g) — (TM,G%) has the second

fundamental form, 75(5), and the tension field 777'1(5) given by:
(27)

m o 0 1 0
1

- m{(v]g ) zkmg (v 5 )-R_]hné~ }6113‘h

@) RO = (Ve + g (Vi) (VA 5
o
217 [P)

Comparing the relations (25) and (26) to (27) and (28), we obtain:

1)
{gU (v gk)Rzkmgm}w

Theorem 2. 3(§) = 0 if and only ifg(g) =0 and 7(§) = 0 if and only
if 7(€) =0.
So, the use of the connection ©V has not led us to new results.

From (26) it follows that:

Theorem 3. ¢ : (M, g) — (T'M,G) is harmonic if and only if it verifies
the following system:

(29)  g7(ViV;E") + g7 (Vi) (V;E€5) Al = 0, g7 (V€5 ) R}, €™ = 0

From the proposition 6 and (25) it follows that:

Theorem 4. If ¢ : (M, g) — (T'M, G) is isometric immersion then & is
totally geodesic, hence £ is harmonic.

We note that £ is parallel if and only if £ is an isometric minimal
immersion.

Now we shall study the relations (25) and (26) become in some partic-
ular cases:
1) Suppose that |||| = 1. Then §(§) and 7(§) have the following expressions:

8 (g 5 ) = (5 Rhis€™ + Vi€ + HT€ (V366" 5~

0
- 7{(V fk)Rzkmgm (v € )R]lmém}(sxih
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7€) = {6 (VV3€") + 507 (Vi€ (V66" 5 -

1 1] k h m 5
—5{9](ij )Rem€ }5&7

2) Suppose that ||£|| = 1 and (M, g) has its sectional curvature constant a.
Then:
O 0N\ _, A cn h h 3 l kyohy O
B(€) (895"’ ax]) = {_§(£j5i —&i6j) + ViV;E" + Z(sz )gu(V5€7)€ }Tyh_

0
= HViEME& — M (V,6) + (Vig"g — " (Vig)) 5y
ij hy L D ij ! kyeny O
(&) = {97 (ViV;&) + 197 (Vi€) g (V;€7)¢ }@—

V€N — V8] 5

3) Suppose that ||¢|] = 1, &Killing and (M,g) has sectional curvature
constant a. Then:

0 0N _agsn pesn Lo 3 ceny O
B(§) (E%s”@aﬂ) = §{§J5i + &0} 29135 2(§z§j)§ }Hyh
1)
— HVEN& + (Vi)
)
r(©) =31 -y

So if a = 0 then £ is totally geodesic, and if a # 0 then £ is not harmonic.
4) Suppose that |[¢]| =1, AE =01i.e. ¢ (V,;V;&") = RME! where Rjy, is the
local coordinate expression of the Ricci tensor field p(R), R; = Rjrg" and
(M, g) has sectional curvature constant a. Then:

) 5
ayi ~ 2107 IViENE ~ € (Vi

a

r(€) = =501 -ne”

So ¢ is harmonic if and only if a = 0.

5) Suppose that ||¢|| = 1. Then 7(£) is colinear with C' = y* a‘zi if and only
if:

g7 (ViVEh) = fer, g (V€M) Em R, =0
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where f € F(M).
6) Suppose that |[£|| = 1, (M, g) has its sectional curvature constant a, A& =
0 and we also suppose that

ginijh)fi - §h(Vj§,)] =0.

Then 7(§) is colinear with C.
Now we return to Sasaki metric S. It is known that 7 : (T'M,S) —
(M, g) is a Riemannian harmonic submersion with totally geodesic fibres.
Let ¢ be a Riemannian metric on M. One can prove easily:

Proposition 9. The metric ¢ is harmonic with respect to g if and only
ifw: (TM,S)— (M,c) is harmonic.

m
_ The mean connection SV of the Schouten connection associated with
SV has the local coordinate expression:

SV , 0 —(. 5V » b — _1lph &

e oyl — By ozl 477510 §xh
(30) S 9 h 1ph 6§ Su s hos 1ph 0
Vs gy = Vijayr = tltosr V25 = Vijaer — 2801557

We remark that SV = SV if and only if R = 0.

Let 1: (TM,S) — (TM,SV) be the identity map. We obtain by a
straightforward computation 7(1) = trace 5(1) = 0; evidently, if R # 0 then

8(1) #0.
Now let & be a vector field. We consider ¢ as a map from M to T'M.

Proposition 10. a) £ : (M,g) — (T'M,S) has its tension field (&)
given locally by:

ij 9 m ijy 0
(31) 7€) ={g ?(Vingh)}a—yh —{(V;€)R},Emg o
b)&:(M,g) — (TM, S@) has the tension field 77@(5) given locally by:

” g o 1 0
(2) 7O =A"(ViVit g r — VORI 5

From (31) and (32) it follows:
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Theorem 5. For ¢ € x(M) we have 7(£) = 0 if and only if 7(£) = 0.

Remarks.
1) From (30) it follows that £ : (M, g) — (T'M,S) is harmonic if and only if
& verifies the equations system:

g7 (ViViEh) =0, g7(V;E5 )6 Ry, = 0

2) If ¢ is a Killing vector field or a geodesic vector field or A{ = 0 and (M, g)
is flat, then 7(£) = 0, i.e. £ is harmonic.
3) If £ is a Killing vector field and (M, ¢) has the sectional curvature constant
a, a # 0, then:

7(€) = a(l —n)&"

Hence € is not harmonic.
4) If A§ = 0 and (M, g) has the sectional curvature constant a, a # 0, then:
0 > J
_ h i h h
(6) = a1 = me" 5~ alg (5616 ~ € (V6 5

Hence ¢ is not harmonic.
5) If M is compact and orientable, then & is harmonic if and only if V& = 0.

0 . )
b a{!]”(vjfh)fi}w

3. The submanifold T7M of TM. Let T'M = {v € TM;||v|| = 1}
be the 2n — 1 dimensional submanifold of TM. The local vector fields
{Vi, s2:}, generate locally TTy M, where

0
oy

We consider T1 M as a submanifold of (T'M, G). We verify easily that
C =y 821- is orthogonal on T3 M with respect to G. We get by a straight-
forward computation:

(33) Y; — gioC.

Proposition 11. We have the following relations:

B (521’?%) =B (%’Y') =0, B(Y;,Y;) = %(91’09]’0 —9i;)C
(34) He (525, 525) = He (52:,Y;) =0, Ho(Y;,Y;) = Y(gi090 — 9i5),

So (52) =0, Sc(Yi) = —3Y;
where B is the second fundamental form of submanifold Ty M of the manifold
(TM,G) and:

Ho(X,Y)=G(B(X,Y),0), VX,Y € x(T1 M)
So(X) = ~(9VxO)T

We remark that 77 M is not totally geodesic in (T'M, G), it is not mini-
mal and it is not totally umbilical. Since T} M is not minimal it follows that
i: (Th'M,G ) — (T'M,G) is not harmonic.
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Proposition 12. The Levi-Civita connection “V of the Riemannian
metric G 1, is given locally by:

17 S
&L J 6$

- OV ;5 Y, = RMOML + DY, OV s i = LR Y+ T
Gvyi 623' = 1RJZ0 Szl inY - gJOY

We consider now T1 M as a submanifold of (T'M, S); in the same way
we obtain that C' is orthogonal on 77 M with respect to S and:

Proposition 13. We have:
B (5, 5%5) = B(3,Y;) =0, B(Y;,Y;) = (gi0g50 — 9i)C

5([2 )

(36) He (35, 525) = He(52:,Y;) =0, Ho(Yi,Y;) = giogjo — 9ijs
S (527) = 0, Se(Yi) = —Y;

Hence we get that T71 M is not totally geodesic, is not minimal and is not
totally umbilical in (7'M, S); i : (T1M,S/p,pr) — (T'M, S) is not harmonic.

Proposition 14. The Levi-Civita connection °V of the Riemannian
metric S;r, \ is given locally by:

Yh—i—F

Soh
szt 02y i 59c

(37) VY= IRZOMh + TV, SV SmJ = —3Rg
Ssz‘ 527 1R]20 Sxh szY} - g]OY

m
Using the Gauss-Weingarten relations we project °V on Ty M with
m

respect to the vector field C' and we get SV = 6V.

Proposition 15. a) T1 M is a hypersurface of the (T'M, S) having the
mean curvature constant:
n—1

38 HOM —
( ) S m—1

b) Ty M is a hypersurface of the (I'M,G) having the mean curvature
constant:

—1
ghiM _ n
(39) ¢ 2(2n — 1)0

Hence it follows that i : (T1M,G 1, ) — (T'M,G) is neither minimal
nor pseudo-umbilical. Similarly for i : (TyM, S/, ar) — (T'M, S).

Now studying the harmonicity of the metrics G and .S each with respect
to other, from the expressions of ©V and °V, we obtain:
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Proposition 16. Let 17y : (TM,G) — (T'M, S) be the identity map.
Then:

a) 1pps cannot be totally geodesic

b) 17 has the tension field T¢(1rpr) given by:

(n —1)(goo +2)

C,
goo + 1

(40) Tg(lTM) = —

so 7¢(1rar) is orthogonal on Ty M and S cannot be harmonic with respect
to G.

Proposition 17. Let 17,y : (T'M,G) — (T1M, S) be the identity
map. We have:

a) 1, is totally geodesic if and only if R =0

b) 17, ar is harmonic i.e. S;r, a is harmonic with respect to G/, ;-

Proposition 18. Let 17y, : (T'M,S) — (TM,G) be the identity map.
Then 17 has the tension field ¢ (17y) given by:

(n = 1)(go0 +2)

C
(goo +1)2

(41) TS(lTM) =

Proposition 19. Let 17,5 @ (TAM,S) — (I1'M,G) be the identity
map. Then 17,y is harmonic, so G /1,y is harmonic with respect to S, pr-

Let 7 be defined by : @ = 7,1, . We observ that @ : (I'M,G) —
(M, g) is a Riemannian submersion. From the relations:

- - 1) 0
(12) 7)) =0, 7. (5> -2

and relations (35), we obtain:

Theorem 6. a) 7 : (T1M,G) — (M, g) is totally geodesic if and only
ifR=0
b)7: (I1'M,G) — (M, g) is harmonic.

In the same way, for 7 : (T1 M, S) — (M, g) we get:

Theorem 7. a) 7 : (11 M, S) — (M, g) is totally geodesic if and only
ifR=0
b)m: (T1M,S) — (M, g) is harmonic.
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We remark that 77 M is orientable and if M is compact then T3 M is
compact. So, if M is compact, 7 is harmonic with the meaning of its basic
definition (see [2]).

Let & be a vector field with ||£]|| = 1. Denote by:

§a: (M, g9) — (TM,G),&c(p) = &(p)
Eq: (M, g) = (TiM,G),Eq(p) = &(p),Vp € M;
s : (M,g) — (T'M,5),&s(p) =€(p)
Es: (M, g) — (TiM, S),E5(p) = &(p), Vp € M.
We have:
(43) (o) = 5+ (T,

From the relations (43), (35) and (37) we obtain:
7€) = {99 (VaV,€M)}Yh — H{(V,€) Rl g7} 555,
W) { 1(Eq) = r(6e) — 99 B + (Vi€)Yi, 55 + (V,€)T0),
7(€s) = {97 (ViV;€"Ya = {(V;€) R, €797} 50
Proposition 20. 7(¢,) = 0 if and only if 7(£¢) is colinear with C.

The conditions under which 7(£¢) is colinear with C' have previously been
studied.

Theorem 8. Let { be a vector field with ||{|| = 1. Then:

a) 7(£;) = 0 if and only if T(€g) = 0,

b) 7(€g) = 0 if and only if T7(£{s) = 0.

Proof. a) It results from the relations (43).
b) It results from the relations (26), (31) and from the relations ¢"¢;, =
1, (ViV;EM& = —=(V€) 9 (Vi€").

Remark. 1) If M is compact and orientable, ||£|| = 1, then 7(£¢) = 0
if and only if V& = 0.
2) 7(€g) = 0 if and only if 7(£s) = 0 is equivalent with det(5* — £,6™) # 0.
But det(6;" — £,E™) = 0 because (6" — £p€™ )& = 0 and £ # 0. So it has
sense to consider the case |[{|| = 1.

4. The tangent bundles and the pseudo—Riemannian metric
g°. We consider the pseudo-Riemannian metric g“ on T'M. Its Levi-Civita

connection, V, has been calculated (see [5]). We consider the canonical
projection 7 : (T'M, g°) — (M, g). We have:

(45)  B(n) (a?/ai> — B(r) ((éé) — B() ((fy(;) 0

Hence
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Theorem 9. 7 : (T'M, g°) — (M, g) has the properties:
a) f(m) =0

b) 7(m) =0 i.e. w is harmonic.

Let é be a Riemannian metric on M. We consider 7 : (T'M,g°) —
(M,é) We have:

(46) 50) (e ) = A0 (55 ) =0

o 9 1k k
) =k Ty
/B(ﬂ-) (6!17“ 51_]> ( 17 zg)axkv
where 1F§j are the Christoffel symbols of gly metric.

Proposition 21. a) 7 : (T'M,¢¢) — (M, ;7) is totally geodesic if and
only if 1: (M, g) — (M,gly) is totally geodesic;
b)m:(TM,g°) — (M,é) is harmonic.

Let ¢ be a symmetric tensor field of type (0,2) on M, and let ;/é be

. . . . 1 1
the pseudo—Riemannian metric defined with respect to g and c¢. We remark
that:

1
5 0
ot Oxt

O _ 0 _opp oy 2

) o~ oo oy

- )

1

C
Proposition 22. 51] is harmonic with respect to g¢ if and only if 51] is

harmonic with respect to g.
1

.. ¢
We remark that the harmonicity of g with respect to g¢ does not depend
1
on ¢ or c.

Studying the harmonicity of the metrics g¢, S, G each with respect to other,
we obtain:

Proposition 23. a) Let 1 : (T'M, g°) — (T'M, S) be the identity map.
Then
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so that S is harmonic with respect to g¢ if and only if p(R) = 0.
b) We consider 1 : (T M, g°) — (TM,G). We have:

(”_1)(900+2)C+ 1 g

) =—
) (1+goo)? 1+ goo

o
dah
hence G is not harmonic with respect to g°.
c¢) We consider 1 : (TM,S) — (T'M, g°). We have: 7(1) = Rh 5
so that 7(1) = 0 if and only if p(R) = 0.
d) We consider 1: (T'M,G) — (T'M, g¢). We obtain:
p 0 (n=1)(goo+2) .

=gt
() 0 oyt 1+ goo

hence ¢¢ is not harmonic with respect to G.

m ~
The mean connection V of the Schouten connection associated with V
is locally given by

m m
Vo2 =0Vo-2=0

(48) oy7 OV’ T gyt 07 ’
v, 0 _Tkd v . 6 _1h s _1ph 8
v r \V/ r R
Loy — tijayFr VL s = Lijser T 210005 ayn

m
We see that V does not depend on c.

Proposition 24. We consider 1 : (T'M, g¢) — (T'M, %) We have:

a) #(1) =0 if and only if Ve =0 and R = 0.

b) (1) = 0.

Let £ be a vector field. We consider £ : (M,g) — (T'M,V). By a
straightforward computation we get:

A 9 9N _ [ 1w m o e 9
(49) B(€) <8x”8:ﬂ> =1 2Rmij§ + ViV, }8yh
(50) 7(§) ={9"(ViV;&")}

oyt
For & : (M, g) — (T'M, g°) we have (see [6]):

iy , 0
B (€)= (g ViV, + €RE g (Tich — Sl )}
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m
Remark. 1) The use of the connection V has led us to new results.
2) If £ is a Killing vector field, or a geodesic one, or A = 0 and (M, g) is

flat or (M, g) is Ricci-flat, then 7(€) = 0 i.e. £ is harmonic.
3) Suppose that £ is Killing and (M, g) has the sectional curvature constant
a # 0. Then

m

(€)= a(l - n)fha‘zh — a(1 - )"

Hence £ is not harmonic.
4) Assume that ¢ is Killing or geodesic and n = 2. Then: 7 (&) = —k€Y,

where k € F(M); so T(€) # 0.
5) Assume that A¢ = 0 and (M, g) has the sectional curvature constant
a # 0. Then

7(¢) =a(n—1)¢”
Hence £ is not harmonic.
6) Suppose that A¢ =0 and n = 2. Then: 7(£) = k&Y, k € F(M);
7) If M is compact and orientable, then £ is harmonic if and only if V& = 0.
5. The submanifold T1M of (TM,g°). Using the Gauss— Wein-
m
garten relations we project V on T3 M with respect to the vector field C' and
we get V given locally by:

m

(52) m m

From the relations (43) and (52) we obtain:
Proposition 25. Let £ be a vector field with ||€|| = 1. We consider

€:(M,g) — (T'M,V). Then (3(£) and ?(5) are locally given by:

(53) B(E) = {5 Ryt + ViV,

(54) F(6) = g7 (ViV,EM Y,
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Theorem 10. ”%b(g) = 0 if and only if T(€) is colinear with C.
Remark. 1) if |[¢]| = 1, § is Killing or A = 0 and (M, g) has the

sectional curvature constant then %1(5 ) =0.
2) if [|¢]| = 1, € is Killing or A¢ = 0 and n = 2 then 7(€) = 0.

In what follows we shall consider ¢ = g.
In this case the Levi—Civita connection becomes

(55) Vo =0 Vs =0,
Vi 9 _1k_0 T § _1h 8 h _0
Vs oy =gy Vot 5o = Tijser + Rjoig,m
Consider P = S —C, S = y'52; and observe that P ¢ spann {V;, s2; 1},
9°(P,Y;) = ¢° (PL%) =0, ¢°(P,P)=—1.

Projecting V on T1 M with respect to P and we obtain the torsion free

connection V, given locally by:

Yan:@w%OﬁﬁﬁS—ngan£7=Q

(56)
V%Y} = F%Yh, V%% = {FZ + Roj()iyh}(;%h + R?OiYh

From the relations (43) and (56) we get:
Proposition 26. Let £ be a vector field with |[¢|| = 1. We consider
E: (M,g) — (Th' M, 6) Then B(g) and 7(€) have the local coordinate
expressions given by:
6T) 8O (o oy ) = (€€ — (Vi (V€)=
dxt’ OxI mik ’ / szl

+{R?mi£m +ViV,;6"Y,
_ . 0
(58) 7(&) = {Rpé™¢ — QZJ(Viél)gzzc(ijk)}fh(ngth
HREE™ + g7 (ViV;EM)}Y),

From (51), (58) we obtain:
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Theorem 11. The following relations are equivalent:
a) 7(§) =0

b) 7(£) =0

c) |[€]] =1 and £ is a geodesic vector field.

Remark. If ||¢]| = 1 and ¢ Killing then 7(¢) = 0.

We project now, V on T7 M with respect to C' and we get V, given by:

zJ ij Sxh

(59) ?Yz}/] = _gj(L}/iv vﬁ% = Fh 6 + R;Lm-Yh’
Vyi 5o =0, Vs Y= Iy,

Proposition 27. Let £ be a vector field with |[£|| = 1. We consider & :
(M,g) — (T1M, V). The 5(§) and 7(&) have the local coordinate expression
given by:

— o 0 "
(60) B(€) (W’ 0:1:J> = {R;lmié + ViV;E"y;,
(61) T(&) = {RhE™ + g7 (ViV;€")}Yy

Theorem 12. 7(§) = 0 if and only if 7(§) is colinear with C.
Remark. 1) if 7(¢) = 0 then 7(§) = 0.
2) if ||¢]| =1, A& =0 and (M, g) has been the sectional curvature constant
or n =2 then 7(£) = 0.

m
We project V on Ty M with respect to P. We get:

m

v.Y; = (90950 — 9ij)S — gjoYs, Vyizor =0

13 I3

(62)

< _1h - 5 _ph 6 1 ph

7 iy dxzh

Proposition 28. For ¢ with ||£|| = 1 we have:

= o 9
(63) B(E) <Ma 8aﬂ> = {—%Rgﬂj{m + Vingh}yh—
1)
—{(Viﬁl)glk(vjﬁk)}fhwﬁ

6 70 = L7 (VT — {7 (Vi€ (V6
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Theorem 13. 7(¢) = 0 if and only if T (£) = 0.
Remark. 1) if 7(€) = 0, then 7(&) = 0.
2) if A¢ = 0 or € is Killing vector field and p(R) = 0 or R = 0, then 7(£) = 0.

3) if M is compact and orientable then 7(§) = 0 if and only if V& = 0.

It is more convenient to consider the projection on 77 M using the Liou-
ville vector field C, because the use of P imposes very restrictive conditions
for the harmonicity of the vector fields.
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