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Tomul XLIII, s.I.a, Matematică, 1997, f1.
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1. Introduction. P.M.Gadea and J.M.Masqué [3] (see also [1]) have
classified the almost parahermitian manifolds obtaining characterizations of
the 136 esentially different classes.

In this paper we present examples of almost parahermitian manifolds
belonging to some classes of [3]. The first examples are constructed on
the cotangent bundle T ∗M of a smooth manifold M , considering the ver-
tical distribution V T ∗M and the horizontal distribution HT ∗M defined by
a symmetric nonlinear connection on T ∗M as the eigendistributions of the
fundamental almost product structure. Further, considering a nondegener-
ate skew-symmetric M−tensor field of type (0,2) on T ∗M , and the ”musical”
isomorphism between V T ∗M and HT ∗M defined by this M−tensor field,
we get other classes of almost parahermitian manifolds. In this case, the
base manifold must have an even dimension.

2. The classes of almost parahermitian manifolds. Let (M, g, J)
be an almost parahermitian manifold. Then M is a 2n− dimensional smooth
manifold, g is a pseudoriemannian metric on M and J is an almost product
structure such that:

g(JX, JY ) = −g(X, Y ) , ∀X, Y ∈ X (M)
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The tangent space T = TpM at each point p ∈ M splits as the direct sum of
n−dimensional subspaces V,H where V (respectively H ) is the eigenspace
of T corresponding to the eigenvalue +1 (respectively −1 ) of J . It follows
that both spaces V,H are maximally isotropic with respect to g. Denote by
V (respectivelyH) the set of vector fields on M with values in V (respectively
in H).

Denote by Ω the 2−form associated with the considered almost para-
hermitian structure, defined by

Ω(X, Y ) = g(JX, Y ) , ∀X, Y ∈ X (M)

Denote by ∇ the Levi Civita connection of g. The classification given in [3]
is related to the decomposition of the space W of the tensors ∇Ω, of type
(0,3) in invariant and irreducible subspaces under the action of the group
GL(n,R), thought of as a subgroup in GL(2n,R) by

A ∈ GL(n,R) −→
(

A 0
0 (A−1)T

)
For n ≥ 3, the authors find eight terms W1, . . . ,W8 in this decomposition,
thus there are 28 classes of almost parahermitian manifolds. However, since
V and H are equivalent by the change J → −J , there are only 136 essentially
different classes. In the case n = 2, there are 10 essentially different classes.

A local adapted frame (l.a.f.) to the almost parahermitian structure
(M, g, J) is defined by the set {Ai, Ui}i=1,...,n of vector fields defined on an
open set in M , where {Ai}i=1,...,n is a local frame in V and {Ui}i=1,...,n is a
local frame in H such that:

g(Ai, Uj) = δij ; i, j = 1, . . . , n

In order to get the characteristic conditions for each of the 136 essen-
tially different classes, consider the following 8 properties:

(1) S
(A,B,C)

(∇AΩ)(B,C) = 0 , ∀A,B,C ∈ V

(2) ∇AA ∈ V , ∀A ∈ V

(3) (∇AΩ)(U, V ) = θ(V )g(A,U)− θ(U)g(A, V ) , ∀A ∈ V ; U, V ∈ H
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(4)
n∑

i=1

(∇AiΩ)(Ui, U) = 0 , ∀U ∈ H, where {Ai, Ui}i=1,...,n is a l.a.f.

(5) S
(U,V,W )

(∇UΩ)(V,W ) = 0 , ∀U, V,W ∈ H

(6) ∇UU ∈ H , ∀U ∈ H

(7) (∇UΩ)(A,B) = θ(A)g(U,B)− θ(B)g(U,A) , ∀A,B ∈ V , U ∈ H

(8)
n∑

i=1

(∇Ui
Ω)(Ai, A) = 0 , ∀A ∈ V, where {Ai, Ui}i=1,...,n is a l.a.f.

In the above relations S
(X,Y,Z)

denotes the sum consisting of three terms

obtained by cyclic permutations of X, Y, Z.
The class PK of the parakaehlerian manifolds is the class of almost

parahermitian manifolds satisfying all the 8 conditions. The primitive class
Wi ; i = 1, . . . , 8 of the almost parahermitian manifolds for which ∇Ω ∈ Wi

in each point of M is characterized by the fullfilment of all but i) conditions.
Further, the class Wi ⊕Wj is characterized by the fullfilment of all but i)
and j) conditions, etc. The fullfilment of the condition i) only, means that
the almost manifold (M,J, g) is in the class ⊕

j 6=i
Wj .

3. The cotangent bundle. Let M be an n−dimensional smooth
manifold and denote by π : T ∗M −→ M its cotangent bundle with fibres the
cotangent spaces to M. Then T ∗M is a 2n−dimensional smooth manifold
and some local charts induced naturally from local charts on M, may be
used. Let (U,x) be a local chart on M with the domain U ⊂ M and the
coordinate map x = [xi]; i = 1, . . . , n. Then the local chart (π−1(U), (q,p))
is induced on T ∗M where the coordinate map (q,p) = [qi, pk] is defined as
follows. Firstly qi = xi ◦ π; i = 1, . . . , n, i.e. the first n local coordinates
of a cotangent vector from π−1(U) are the local coordinates of its base
point, thought of as functions on π−1(U) ⊂ T ∗M . Then pi ; i = 1, . . . , n,
are the vector space coordinates with respect to the natural local frame
(dx1, · · · , dxn) in T ∗M defined by the local chart (U,x). The M−tensor
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fields and the linear M−connections may be considered on T ∗M and the
usual tensor fields and linear connections on the base manifold M may be
thought of naturally as M−tensor fields and linear M−connections on T ∗M
(see [5],[6]).

Let V T ∗M = Ker π∗ ⊂ TT ∗M be the vertical distribution over T ∗M.
Then V T ∗M is involutive with fibre dimension n and the local vector fields
∂i =

∂

∂pi
; i = 1, . . . , n, define a local frame in V T ∗M. A (nonlinear) con-

nection on T ∗M is defined by a complementary distibution HT ∗M (hori-
zontal distribution) to V T ∗M in TT ∗M. A local frame in HT ∗M , related
to the induced local chart (π−1(U), (q,p)) is defined by the vector fields

δi =
δ

δqi
; i = 1, . . . , n, where:

δ

δqi
=

∂

∂qi
−Nij

∂

∂pj

The functions Nij = Nij(q, p); i, j = 1, . . . , n, are the connection coef-
ficients of the considered connection in the induced local chart
(π−1(U), (q,p)). We shall assume Nij = Nji, i.e. the considered connection
is symmetric (there always exists a symmetric connection on T ∗M). Then:

(9)
[

∂

∂pi
,

δ

δqj

]
= Φi

jk

∂

∂pk
;

[
δ

δqi
,

δ

δqj

]
= −Rkij

∂

∂pk

where:

(9′) Φi
jk = −∂Njk

∂pi
, Rkij =

δNkj

δqi
− δNki

δqj

Remark that the components Φi
jk ; i, j, k = 1, . . . , n, define a linear

M-connection on T ∗M and the components Rkij ; i, j, k = 1, . . . , n define
an M−tensor field of type (0, 3) on T ∗M. Due to the symmetry of the
considered connection the following identity

(10) S
(i,j,k)

Rijk = 0

is obvious, where, just like above, S
(i,j,k)

denotes the sum consisting of three

terms, obtained by cyclic permutations of i, j, k.
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The pseudo-Riemannian metric G with the signature (n, n) is defined
on T ∗M by :
(11)

G

(
∂

∂pi
,

∂

∂pj

)
= G

(
δ

δqi
,

δ

δqj

)
= 0 , G

(
∂

∂pi
,

δ

δqj

)
= G

(
δ

δqj
,

∂

∂pi

)
= δi

j

and has the following local coordinate expression (see [5]):

G = 2(dpi + Nijdqj)dqi.

Its Levi Civita connection ∇̃ is given by:

(12) ∇̃i ∂

∂pj
= 0 , ∇̃i δ

δqj
= 0 , ∇̃i

∂

∂pj
= −Φj

ik

∂

∂pk
,

∇̃i
δ

δqj
= Φk

ij

δ

δqk
+ Rijk

∂

∂pk

where we have denoted:

∇̃i = ∇̃ ∂

∂pi

, ∇̃i = ∇̃ δ

δqi

.

From ∇̃ we get its Schouten connection ∇, given by:

(13) ∇i ∂

∂pj
= 0 , ∇i δ

δqj
= 0 , ∇i

∂

∂pj
= −Φj

ik

∂

∂pk
, ∇i

δ

δqj
= Φk

ij

δ

δqk
.

Next, we may consider the covariant derivatives of the M−tensor fields
on T ∗M with respect to ∇. E.g., if the components hjk(q, p) ; j, k = 1, . . . , n,
define an M−tensor field of type (0, 2), then

(14) ∇i
hjk = ∂ihjk , ∇ihjk =

δhjk

δqi
− Φl

ijhlk − Φl
ikhjl.

The components ∇i
hjk define an M−tensor field of type (1, 2) and the

components ∇ihjk define an M−tensor field of type (0, 3) on T ∗M.
Consider the almost product structure P on T ∗M , determined by the

splitting TT ∗M = V T ∗M ⊕HT ∗M where V = V T ∗M,H = HT ∗M i.e.:

(15) P (
∂

∂pi
) =

∂

∂pi
; P (

δ

δqi
) = − δ

δqi
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One can check easily that (T ∗M,G, P ) is an almost parahermitian man-
ifold (see [2], for the case of the Riemann extensions, i.e. the case where

HT ∗M is defined by a linear connection on M) and { ∂

∂pi
,

δ

δqi
}i=1,...n is a

local adapted frame. The corresponding 2−form Ω is given by:
(16)

Ω(
∂

∂pi
,

∂

∂pj
) = 0 , Ω(

δ

δqi
,

δ

δqj
) = 0 , Ω(

∂

∂pi
,

δ

δqj
) = −Ω(

δ

δqj
,

∂

∂pi
) = δi

j

The local coordinate expression of Ω is:

Ω = dpi ∧ dqi

The following expressions are obtained by a straightforward computa-
tion:

(17) (∇̃iΩ)(
∂

∂pj
,

∂

∂pk
) = (∇̃iΩ)(

∂

∂pj
,

δ

δqk
) = (∇̃iΩ)(

δ

δqj
,

δ

δqk
) =

= (∇̃iΩ)(
∂

∂pj
,

∂

∂pk
) = 0 , (∇̃iΩ)(

δ

δqj
,

δ

δqk
) = −2Rijk.

Next, it can be checked that all but 6) conditions in section 2 are fullfilled.
Thus:

Theorem 1. The almost parahermitian manifold (T ∗M,G, P ) is in the
class W6 (or (T ∗M,G, P ) is an almost parakaehlerian manifold, according
to the terminology from [3]).

Remark. If we consider the almost product structure P = −P on
T ∗M with V = HT ∗M and H = HT ∗M, it follows easily that (T ∗M,G, P )
is an almost parahermitian manifold in the class W2 (or a (+)−almost
parakaehlerian manifold).

From the above considerations it follows that the almost parahermi-
tian manifold (T ∗M,G, P ) is parakaehlerian if and only if Rijk = 0, i.e.
the horizontal distribution HT ∗M is involutive. In the following we shall
get some classes of manifolds whose cotangent bundles carry parakaehlerian
structures.

Firstly, let (M, g) be a (pseudo-)Riemannian manifold with gij the local
coordinate components of the metric tensor field g in the local chart (U,x).
Denote by ∇ the Levi Civita connection of (M, g) and let Γk

ij be its connec-
tions coefficients in the local chart (U,x) (i.e. Γk

ij are the usual Christoffel
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symbols). We may consider on T ∗M the (nonlinear) connection with the
connection coefficients

(18) Nij = −Γk
ijpk + gij + apipj

where a is a constant. Then, according to a result from [4], it follows easily
that, in this case, Rkij = 0 if and only if

(19) Rh
ijk = a(δh

j gik − δh
kgij)

where Rh
ijk are the components of the curvature tensor field of ∇. But the

condition (19) is just the condition for (M, g) to have constant sectional
curvature a. Thus:

Theorem 2. Let (M, g) be a (pseudo-)Riemannian space. The almost
parahermitian manifold (T ∗M,G, P ) defined by the connection given in (18)
is parakaehlerian if and only if (M, g) has constant sectional curvature a.

Another parakaehlerian structures on the cotangent bundles can be
obtained in the cases of the Kaehler and quaternion Kaehler manifolds.

Let (M, g, F ) be a Kaehler manifold with the Riemannian metric g and
the almost complex structure defined by the tensor field F of type (1,1) such
that F 2 = −I, g(FX, FY ) = g(X, Y ). If ∇ is the Levi Civita connection of
(M, g) then we have ∇F = 0. Consider the following (nonlinear) connection
on the cotangent bundle T ∗M of the Kaehler manifold (M, g, F ) :

(20) Nij = −Γk
ijpk + gij + a(pipj − F k

i F l
jpkpl)

where Fh
i are the componets of F and a is a constant. Then it follows by a

straightforward computation that the condition Rkij = 0 is equivalent to

(21) Rh
kij = a{δh

i gjk − δh
j gik − Fh

i gjlF
l
k + Fh

j gilF
l
k + 2gilF

l
jF

h
k }.

This is just the condition for the Kaehler manifold (M, g, F ) to have
constant holomorphic curvature 4a. Thus:

Theorem 3. Let (M, g, F ) be a Kaehler manifold. The almost para-
hermitian manifold (T ∗M,G, P ) defined by the connection given in (20) is
parakaehlerian if and only if (M, g, F ) has constant holomorphic sectional
curvature 4a.

Consider now (M, g,D) a quaternion Kaehler manifold. Then M is a
4m−dimensional manifold, D is a subbundle with fibre dimension 3 in the
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bundle of the tensors of type (1, 1) on M and, locally, D has a canonical
base (F1, F2, F3) such that:

F 2
α = −I , Fα ◦ Fβ = −Fβ ◦ Fα = Fγ

where α = 1, 2, 3 and (α, β, γ) is any cyclic permutation of (1, 2, 3). Moreover,
we have

g(FαX, FαY ) = g(X, Y ) ; ∀X, Y ∈ X (M) , α = 1, 2, 3

and the Levi Civita connection ∇ of g preserves D i.e., locally

∇Fα =
3∑

β=1

ηαβ ⊗ Fβ .

Consider the following (nonlinear) connection on T ∗M :

(22) Nij = −Γk
ijpk + gij + a{pipj −

3∑
α=1

(Fα)k
i (Fα)l

jpkpl}

where a is a constant and (Fα)k
i are the local coordinate components of Fα.

It follows by a straightforward computation that the condition Rkij = 0
is equivalent to:

Rh
kij = a{δh

i gjk − δh
j gik +

3∑
α=1

[−(Fα)h
i (Fα)l

kgjl + (Fα)h
j (Fα)l

kgil+

+2(Fα)l
j(Fα)h

kgil]}

This is just the condition for M to have constant Q− sectional curvature
4a. Hence:

Theorem 4. Let (M, g,D) be a quaternion Kaehler manifold. The
almost parahermitian manifold (T ∗M,G, P ) defined by the connection given
in (20) is parakaehlerian if and only if (M, g,D) has constant Q−sectional
curvature 4a.

4. Other almost parahermitian structures on T ∗M. Let hij(q, p)
be the components of a nondegenerate M−tensor field of type (0, 2) on T ∗M.
Denote by hij(q, p) the components of the inverse of the matrix (hij)i,j=1,···,n
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i.e.hikhjk = δj
i . It follows that the components hij define an M−tensor field

of type (2,0) on T ∗M. Assume that on T ∗M it is given a symmetric (nonlin-
ear) connection defined by the connection coefficients Nij and consider the
automorphism J of TT ∗M expressed in local adapted frames by:

(24) J(
δ

δqi
) = hik

∂

∂pk
, J(

∂

∂pi
) = −hik δ

δqk
.

The following result is obtained by a straightforward computation:
Proposition 5. The automorphism J given by (24) defines an almost

product structure on T ∗M if and only if the M−tensor field hij is skew-
symmetric i.e.:

hji = −hij .

From now on we shall assume that M is an even-dimensional mani-
fold whose cotangent bundle T ∗M carries a nondegenerate skewsymmetric
M−tensor field hij of type (0, 2).

We may check easily that the pseudo-Riemannian metric G defined by
(11) and the almost product structure J are related by

G(JX, JY ) = −G(X, Y ) ; ∀X, Y ∈ X(M).

Thus:
Proposition 6. (T ∗M,G, J) is an almost parahermitian manifold.
We shall find the eigen distributions V,H of J on T ∗M by writing

down the local vector fields on T ∗M defining an adapted local frame. A
local frame for V can be given by:

Ai =
1√
2
(

∂

∂pi
− hik δ

δqk
)

and the corresponding local frame of H can be given by:

Ui =
1√
2
(

δ

δqi
− hik

∂

∂pk
)

as it can be checked easily. We have also:

∂i =
1√
2
(Ai + hikUk) , δi =

1√
2
(Ui + hikAk).
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Next, it follwos by a straightforward computation the expression of the Levi
Civita connection ∇̃ in the local adpted frame {Ai, Uk}i=1,...,n :

∇̃Ui
Uj = HijkAk + (Hijlh

lk +
√

2
2

Φk
ij)Uk

∇̃AiUj = (−hilHljk −
√

2
2

∂ihjk)Ak+

+(−
√

2
2

hilΦk
lj −

√
2

2
∂ihjlh

lk − hilHljhhhk)Uk

∇̃UiA
j = (hilK

ljk +
√

2
2

hil∂
lhjk)Uk + (−

√
2

2
Φj

ik −Hiklh
lj)Ak

∇̃AiAj = KijkUk + (
√

2
2

hilΦj
lk +

√
2

2
hiahjbRabk + Kijlhlk)Ak

where the expressions of the M−tensor fields Hijk,Kijk are given by:

Hijk =
1

2
√

2
(hil∂

lhjk −∇ihjk + Rijk),

Kijk =
1

2
√

2
(−∂ihjk + hil∇lh

jk − hiahjbhkcRabc).

These M−tensor fields are related by the following relations:

Hijk +
√

2
2
∇ihjk = hiahjbhkcK

abc,

Kijk −
√

2
2

hil∇lh
jk = −Habch

iahjbhkc.

Then we get by a straightforward computation:

(∇̃AiΩ)(Aj , Ak) = 2Kijk , (∇̃AiΩ)(Aj , Uk) = 0,

(∇̃AiΩ)(Uj , Uk) = 2(hilHljk +
√

2
2

∂ihjk),

(∇̃Ui
Ω)(Aj , Ak) = 2(hilK

ljk +
√

2
2

hil∂
lhjk),
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(∇̃Ui
Ω)(Uj , A

k) = 0 , (∇̃Ui
Ω)(Uj , Uk) = −2Hijk.

Proposition 7. The conditions(1)-(8) in the second section are ex-
pressed, in the case of (T ∗M,G, J) by:

i) S
(i,j,k)

(∇ihjk + hil∂
lhjk) = 0,

ii) 3Rijk = hkl∂
lhij − hjl∂

lhik − 2hil∂
lhjk +∇khij −∇jhik − 2∇ihjk,

iii) Rijk = hil∂
lhjk +∇ihjk + 1

n−1{hik(∂lhlj+

+hlh∇lhhj − hlhRlhj)− hij (∂lhlk + hlh∇lhhk − hlhRlhk)},

iv) hijRijk = hij∇ihjk + ∂ihik,

v) S
(i,j,k)

(hil∂
lhjk −∇ihjk) = 0,

vi) 3Rijk = 2∇ihjk +∇jhik −∇khij − 2hil∂
lhjk − hjl∂

lhik + hkl∂
lhij ,

vii) Rijk = hil∂
lhjk −∇ihjk + 1

n−1{hik(∂lhlj−

−hlh∇lhhj − hlhRlhj)− hij(∂lhlk − hlh∇lhhk − hlhRlhk)},

viii) hijRijk = ∂ihik − hij∇ihjk.
In the following we shall try to obtain another classes of parahermitian

manifolds on T ∗M by considering some special expressions for the (nonlin-
ear) connection defined by Nij and the M−tensor field hij . These expres-
sions are given essentially by polynomials of degree 2 in the (co-)tangential
coordinates pi.

Let M be a 2n−dimensional smooth manifold, η a 1−form on M with
the components ηi and aij(q) a nondegenerate skew-symmetric tensor field of
type (0, 2) on M . Denote by Γk

ij the connection coefficients of a torsion-free
linear connection ∇ on M and consider on the cotangent bundle T ∗M the
components hij(q, p) of a nondegenerate skew-symmetric M−tensor field of
type (0, 2) given by:

(25) hij(q, p) = aij(q) + piηj − pjηi.

Consider also the following (nonlinear) connection on T ∗M

(26) Nij(q, p) = −Γk
ijpk + cij(q, p)

and assume that the M−tensor field cij(q, p) is given by

cij(q, p) = bij(q) + λpipj
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where bij(q) are the components of a symmetric tensor field of type (0, 2)
on M and λ is a real constant.

Then we get easily the components Φi
jk of the M−connection defined

by Nij and the covariant derivative of the M−tensor field hjk with respect
to ∇:

Φi
jk = Γi

jk − ∂icjk ; ∇ihjk =
∂hjk

∂qi
+ Γl

ihpl∂
hhjk − Γl

ijhlk − Γl
ikhjl.

Next we obtain by a straightforward computation:

(27) ∇ihjk = ∇ihjk − cih∂hhjk + hhk∂hcij + hjh∂hcik

(28) Rkij = −phRh
kij +∇icjk −∇jcik − cih∂hcjk + cjh∂hcik

where Rh
kij denotes the components of the curvature tensor of the linear

connection ∇ on M . Finally, we have:

(29) ∂lhjk = δl
jηk − δl

kηj ; ∂lcjk = λ(δl
jpk + δl

kpj)

(30) S
(i,j,k)

∇ihjk = S
(i,j,k)

δ0
i hjk ; ∇ihjk = ∇iajk + ((∇iηk)δl

j − (∇iηj)δl
k)pl

(31) ∇icjk = ∇ibjk ; hij = aij +
1

(β − 1)
aikajh(pkηh − phηk)

where we have denoted:

δ0
i =

∂

∂qi
+ Γl

ijpl
∂

∂pj
; β = akhηkph.

By using (27)-(31) we obtain that on the almost parahermitian manifold
(T ∗M,G, J) where G and J are defined by (11) and respectively (24) and
with hij and Nij expressed by (25) and respectively (26), the conditions (i)
and (v) from Proposition 7 become:

(32) S
(i,j,k)

(∂iajk + 2aijηk) = 0 ; dη = 0
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and respectively

(33) S
(i,j,k)

(∂iajk − 2aijηk) = 0 ; dη = 0.

By a quite long computation we obtain that the condition (ii) from
Proposition 7 becomes:

(34) 3(∇jbik −∇kbij) + aijηk − aikηj − 2ajkηi −∇kaij+

+∇jaik + 2∇iajk − 3bijηk + 3bikηj = 0

(35) Rl
ijk + λ(bijδ

l
k − bikδl

j) + 3λ(aijδ
l
k − aikδl

j − 2ajkδl
i) + 3ηiηkδl

j−

−3ηiηjδ
l
k − dηjkδl

i − (∇kηi)δl
j + (∇jηi)δl

k + 2(∇iηj)δl
k − 2(∇iηk)δl

j = 0

(36) λ · η = 0

and the corresponding of the condition (vi) from Proposition 7 are obtained
from (34)-(36) by changing aij with −aij and ηi with −ηi. Hence we may
state:

Theorem 8. The almost parahermitian manifold (T ∗M,G, J) with G
and J obtained from the above expressions of Nij and hij is in the class
⊕

j 6=1
Wj (respectively in the class ⊕

j 6=5
Wj) if the 1−form η is closed and the

almost symplectic structure defined by the tensor field aij is locally conformal
symplectic.

Consider now a locally conformal almost Kaehler manifold M , i.e. an
almost Hermitian manifold on which it is defined a closed 1−form ω (called
the Lee form) such that the fundamental 2−form Φ of M satisfies

dΦ = ω∧Φ.

Denote by F the almost complex structure on M , by g the Hermitian metric
on M and by ∇ the Levi Civita connection of g with the coefficients Γk

ij .
Suppose that ω 6=0 at every point of M and denote by θ the unit 1−form
corresponding to ω on M . Consider the torsion-free linear connection ∇1

on M , called the Weyl connection, defined by the coefficients:

1

Γk
ij = Γk

ij − c(θiδ
k
j + θjδ

k
i − gijg

klθl)
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where c =
|ω|
2

. Then M is a locally conformal Kaehler manifold if and only

if ∇1 F = 0 (see [ 7 ]). A locally conformal Kaehler manifold is called a
PK−manifold if its Lee form θ is parallel with respect to the connection ∇.
Then, if M is a PK−manifold, we have that c is constant and

∇iθj = 0 ;
1

∇iθj = c(2θiθj − gij) ;
1

∇iΦjk = 2cΦjkθi.

Consider the nondegenerate M−tensor field of type (0, 2) on T ∗M , defined
by

hij = Φij + c(θjpi − θipj)

and denote by J the almost product structure on T ∗M defined by (24) with
hij given as above. Consider also on T ∗M the (nonlinear) connection defined
by the coefficients:

Nij = −
1

Γk
ij pk − c(θipj + θjpi)

and denote by G the pseudo-Riemannian metric on T ∗M defined by (11)
with Nij given as above. Then, according to Proposition 6 we have that
(T ∗M,G, J) is an almost parahermitian manifold and by a straightforward
computation we obtain:

(37) ∇ihjk = c(Φkiθj − Φjiθk) + c2(gijpk − gikpj)

(38) hhi∂
hhkj = c(Φkiθj − Φjiθk) + c2(θiθjpk − θiθkpj)

(39) Rijk = −
1

Rh
ijk ph + c2(θiθkpj − θiθjpk + gijpk − gikpj)

where
1

Rh
ijk denotes the components of the curvature tensor of the connection

1

∇ on M .

A PK−manifold M is said to be a P0K−manifold if
1

Rh
ijk = 0. Suppose

that M is a P0K−manifold. Then, by using (37), (38) and (39) we get that
the conditions (iii),(v) and (vi) from Proposition 7 are satisfied. Hence, we
have:
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Theorem 9. Let (M, g, F ) be a P0K−manifold. Then (T ∗M,G, J) is
a W1⊕W2⊕W4⊕W7⊕W8−manifold.

In a similar way, if (M, g, F ) is a P0K−manifold and consider on T ∗M
the almost product structure J defined by (24) with hij given by

hij = Φij − c(θjpi − θipj)

and the same pseudo-Riemannian metric G as above, we get that the con-
ditions (i), (ii) and (vii) from Proposition 7 are satisfied. Hence we have:

Theorem 10. Let (M, g, F ) be a P0K−manifold. Then (T ∗M,G, J)
is a W3⊕W4⊕W5⊕W6⊕W8−manifold.

Consider now the particular case where (M, g, F ) is a Kaehler manifold
and denote by ∇ the Levi Civita connection on M with its coefficients Γk

ij .
Denote by hij the components of the fundamental 2−form on M, i.e.

hij = gikF k
j

and let J be the almost product structure on T ∗M defined by (24) with hij

given above. On T ∗M consider the (nonlinear) connection defined by the
coefficients

Nij = −Γk
ijpk + a(F k

i pkpj + F k
j pkpi)

where a is a real constant and denote by G the pseudo-Riemannian met-
ric on T ∗M defined by (11) with Nij given above. By a straightforward
computation we get:

(40) ∇ihjk = −
0

Rh
ijk ph

where
0

Rh
ijk denotes the components of the curvature tensor of a Kaehler

manifold of constant holomorphic sectional curvature −4a. On the other
hand, by direct computation we obtain:

(41) Rijk = −Rh
ijkph

where Rh
ijk are the components of the curvature tensor of the Levi Civita

connection ∇ on M . Then, by using (40), (41) and Proposition 7 we have:
Theorem 11. Let (M, g, F ) be a Kaehler manifold of constant holo-

morphic sectional curvature k and let (T ∗M,G, J) be the almost paraher-
mitian manifold with G and J defined above. Then we have: (i) if k =
−4a6=0, then (T ∗M,G, J) is a W2⊕W7⊕W8−manifold. (ii) if k = 4a6=0,
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then (T ∗M,G, J) is a W3⊕W4⊕W6−manifold. (iii) if k = a = 0, then
(T ∗M,G, J) is a parakaehlerian manifold.
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