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DIFFERENTIAL OPERATORS AND CONVEXITY ON VECTOR
BUNDLES ENDOWED WITH (h,v) - METRICS

BY
C. UDRISTE and V. BALAN

Abstract. The paper introduces and describes naturally the properties of the
gradient, divergence, Hessian, Laplacian on a vector bundle endowed with a (h, v)-metric
and with a suitable connection. Results on convexity and explicit formulas for special
(h, U) - metrics and for particular manifolds (generalized Lagrange, Lagrange and Finsler
spaces) are obtained.

1. Preliminaries. Let { = (E,p, M) be a vector bundle of local
coordinates (x%,y*),i = 1,n,a = 1,m. Let N = {N?} be a nonlinear
connection on £ and TFE locally spanned by the adapted basis (5i,6a),z' =
1,n,a =1, m with [7],

and let {dz’,0y"} be the corresponding dual basis. Let also
G = gijdz’ @ dz? + hapdy® @ 5y°

be a (h,v) - metric on E.
Let V: X(E) x X(E) — X(F) be a d-connection [7], having the coe-
fficients {L;k,L‘gk, Ct

Gar Cg.}. Let T be its torsion in adapted coordinates,
with the coefficients

T(57,6;) = Tfop + R%0,
T(éav 5]) = é;adl + P]baéln T(abv 8a) = S;béc
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characterized by the relations

fk: fjk}: ;‘k_ Zja ?kza[k ja],Pja:aaN]l‘)—LZjaSgc:Cﬁyc}-

For a metrical, h- and v-symmetrical connection we have

7 1 is a 1 a 3
(1) Ly, = 59 (0(j9syy — 0595k), C = ih U(Sgphaey — Oahue),

where we used the notations 7(;;y = Tij + Tji, T[] = Tij — Tji-
Let V be a (h,v)-metrical, (h,v)-symmetrical d-connection; then we
have [4,7]

@ {@FN%%W%M+%ﬂi
Ci = %glkﬁagkj + O%Zana

with XF YC,lc arbitrary d-tensor fields and

ma? (&
{Oé}é = 50508 — gjxg™)
0 =

(628} — heah™)

Proposition 1.1. The (h,v) - metrical, (h,v) - symmetrical d- con-
nection V given by (1),(2) is completely symmetrical iff

) RE, =0,

b) aagij = 07

¢) 6jhap = 0,4,5 =1,n,a,b =1, m or, equivalently, iff [7]

a) The distribution N is integrable,

b) The h-metric g;; is Riemannian, g;; = g;;(x),

¢) The v-metric hgyy, satisfies the relations

N[ N[

the Obata operators.

Skhve = hipaOey Ny b,e = T,m, k= T,n.

This is the unique case in which the Riemannian connection of E is a d-
connection.
Proof. Let us denote

{ (0X)j. = O Xy, = OJF X7
(OY ) = O5aY 5 = OF Y5
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The most general metrical, (h,v)-symmetrical connection is totally
symmetrical iff

R{; = 0,(0Y)g, = Y, (0X)}, = X}c,
where

{ %‘Z = —1h(Sphpe — hageOpy N
X;c = QQZkacgjk

Let Ug§ = 1(8505 4 hpgh®®). Then, since Of% and Ug§ are supplemen-
tary prOJectors on 7' and since Y = UY it follows OY = U Y and hence
oy =Y =0. Similarly, one gets OX = X =0 Thus Y =0 and X = 0,
and these are equivalent to the last conditions b) and c), respectively.

Corollary 1.2. The mixed coefficients of the metrical symmetrical d-

connection are _ )
a J— a
{ Ebk = 0N
i 1 kA
C}c - 59 6cgk:j

We shall introduce on the total space (E,G) of £, the gradient, diver-
gence, Hessian and Laplacian operators, establishing basic properties and
developing the geometry-analysis created by these operators.

2. Differential operators. Let G be a (h, v)-metric on E of compo-

nents {Gag}t = {gij, hav}
a,0=1,m+n.

Gradient. The natural splitting TE = N & VE produced by N de-
termines the two partial gradient operators [1]

{ grad,, (f) = g% (6:f)d;
grad, (f) = h“b(aaf)ab, feF(E)
and hence, we state

Definition 2.2. Let f € F(E). The vector field

gradf = grad,,(f) + grad, (f) € X(E), (gradf)™ = G*P 05 f

is called the global gradient of f with respect to G.

Proposition 2.2. The gradient satisfies the relations
a)grad(cfi + fo) = cgrad f1 + grad fo,
b)grad(fif2) = figrad fa + fograd fi,

c)grad(fi/f2) = (fograd f1 — figrad f2)/f3,
d)G(grad f,X) = X(f),Vf € F(E),VX € X(E).
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Remark. The gradient vector field is used in the extrema theory, since
grad f(z) gives the direction and the sense of steepest increase of the function
f at the point x.

Divergence. In order to introduce an object similar to the classical
divergence [9], we use the adapted volume element

dV = \/ghdz*A. . Ndz" NSy A. . ASY™ = \/ghdz A, . Adz"AdytA. . Ady™,

where g and h are the determinants of matrices (g;;) and (hgp) respectively.

Definition 2.3. Let X be a vector field in X (F). The scalar field div
X defined by [1]
(div X)dV = LxdV,

where Lx is the Lie derivative in the direction of the field X, is called the
divergence of the vector field X .
Let V be a metrical connection on F, i.e., VxG =0, VX € X(M).

Proposition 2.4. a) The divergence of a vector field X has the equiv-
alent expressions

div X = —Trace Ax,where Ax = Lx — Vx,VX € X(FE),and

div X = Trace(Y — (Vy X +7(X,Y))).

b) The local expression of the divergence is
div X = X[, + X% + X/ (T — P;) + X“(Ca + Sp,),
VX = X'0; + X0, € X(E),
where |;, | are the h- and v-covariant derivations associated to V, and

P, =P = 9,N* — L%, C, = CF,.

Proof. a) VxG = 0 infers VxdV = 0 whence the method in [9]
produces the two equivalent expressions; also we use the relation Ax (Y)
—VyX —T(X,Y). b) Considering the partial divergences

divy X = Trace(Y — (VyhX + T(hX,Y)))
div, X = Trace(Y — (VyvX + 7 (vX,Y))),
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we obtain

divp X = dz'[(hX)); + XITS 0, + R0+

+3y" [(AX)|a + X7 (Chd — Rllo)| =

= X/ + (T}; — Pj)X’

div, X = dz [(UX),i + X°Ck 5y, + P};éb} + 6y° [(UX)\a + szgbéc] -

= Xa‘a + XUJ(C\;'L?G, + Sga);
Hence
X = divp X + div,X.

Corollary 2.5. If V is h- and v - symmetrical (the case considered in
[1]), then div X = div, X + div, X, where

{ divy X = X}, — X7P;,
div,X = X, + X°C,

and Pj = P¢,,Cy = Cl,.

ja

Proposition 2.6. The divergence is also given by

div X = \/i;? [0 (VghX*) + Bu(\/ghX")] |

where g = det(g;;), h = det(hap), X = X%6; + X, € X(E).
Proof. Direct computation [9,5].

Proposition 2.7. The following relations hold true

a)div(cX+Y)=cdivX +divY,

b) div(fX) = fdiv X + G(grad f,X),VX,Y € X(E),Vf € F(E).

Remark. The divergence of a vector field defines the speed of con-
traction — dilatation of volumes with respect to the flow generated by that
vector field.

Hessian. Let V be an arbitrary metrical connection and ;, |, the
covariant derivatives associated to V.
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Definition 2.8. Let f € F(FE). The tensor field

HV(f):HeSSfGIZ%O(E)aH :Hhh+Hhv+th+vaa

(Hnn)(f)ij = 0if); + (T — P)o; f
(Hhv)(f)za (6Zf)‘a (Tklz{ P)a f
(Hon)(f)ai = Daf)yi + (Ca+ Sp)0if

(va)(f)ab - (aaf)‘b + (Ca + Sba)abf

is called the Hessian of f with respect to the metrical d-connection V. If V
is the unique metrical and torsionless (Riemannian) connection on E, then

H(f) = Hy(f) = (§:f)jda’ @ da? + (6, f)|adz’ @ oy +

F(Daf)i0y" ® da’ + (Du f)]0y" © by®

is called (simply) the Hessian of f.

Remark. The Hessian tensor field is used in the critical points theory,
extrema theory and in the convexity theory of functions.

Laplacian. Let G be a (h,v)-metric on E and V be a d-connection
onk.

Definition 2.9. The scalar field
Af = div(grad f),
is called the Laplacian of the function f with respect to the (h,v)-metric G
and connection V.
Remark. For a metrical d-connection V, we can write

Af = div(grad f) = X, + X°T)

'yav

=G0,

ie.,

Af =G fiajs + 05 f T,
Using the Hessian,
(H(f))ap = fialp + 05 T3

we obtain Af = Trace H(f).
Assume that V is completely torsionless and that it satisfies the con-
dition VxdV =0, i.e.,

(3) { G =2G(Ljy + L)
0,G = 2Q(C]J-a +CP), G =detG = gh
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Lemma 2.10. a) If V is metrical, then (3) are automatically fulffiled.
b) The conditions (3) are equivalent to

{(5kln\/?—L§k—Egk—0
0o In\G - Cl, — C}, =0.

Proof. a) The relation VxG = 0 infers

Gijik = 0 O0rgij — g{ilLé'N}k =0
hapik = 0 < Okhap — hiacLipy, =0

whence 6,Gapg — Gwpgk =0,a,8,y=1,m+n.

Similarly, we have 0,Gag — G =0,

a’yl"ga—f—n
G = GopdX® @ dXP {dX*} = {d', 69"}, a =T, m + n.
Contracting with gGaﬁ, G = detG, and using the outcoming relation

aGGaB - Ga'yl“;e = 07 80 = {5i7aa}7 0= 17m +n,

we obtain, by means of 3G = (99Gap)GG*, (g = det G), the final relation
99G — 27,6 = 0,

which represents in fact the condensed form of (3).
Remark. In this case, Vg, dV = |(09G)/2G — er} dV. Hence

V,dV = 0 and the divergence can be expressed in terms similar to [9].

Proposition 2.11. Under the conditions above, the Laplacian has the
expression

where
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Notation A grad div 8a gaﬁ 8gf g
Replacement I [Ay, gradh divy, |0; gij 8jf
Replacement II|A\, gradv div, a; hab 8af h

o]

Proposition 2.12. Let the complete torsionless connection V satisfy
(3). Then we have the following relations

a) filfo — foAf1 = div(frgrad fy).

b) A(fif2) = filAfa + 2G(grad fi,grad f3).

¢) The Laplacian admits the expression

1

A==

Ba (@Gaﬁaﬁ f), f e F(E),G = detG = gh.

Remark. The results above hold also true under the replacement of
the symbols from the first line in the subsequent table, with any of the two
lines below

Proof. The techniques from [6,13] lead to the conclusion.

Remark. The Laplacian is used in the spectral theories on manifolds.

3. Convexity. Let G = (gij, hay) be a (h,v)-metric on { and V the
associated Riemannian d-connection.

Definition 3.1. A geodesic in § [2,3,8] is a curve C : | C R —
E.C(t) = (z'(t),y*(t)), which has vanishing covariant h- and v-accelera-
tions,

vV =0, vV =0, 1=1,n,a =1, m,where
dt dt
. dat dy® dx’?
V= Ve = N —
a’ a TN

The relations (10) can be rewritten [2]

dV? S o~ .
— L VIVE+ G VIV =0,

dve

— LG VIVE G veve =0
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Remarks. The h-paths [7] are particular cases of geodesics, since in
the defining relations

vve

oy®
a Va

dt =0

the second one represents in fact V¢ = 0, and consequently Vd—‘;a = 0.
The v-paths are also geodesics, since the first relation in

dz® vve
dt =0, dt =0

represents x* = ¢, and then automatically VT‘{Z =0.

Let hereafter (E,G) be a Riemannian manifold, assumed complete - in
order to be sure that for any pair of points p, ¢ € F, there exists at least one
geodesic arc Cpq : [0,1] — E joining p and g, i.e., Cpq(0) = p, Cpe(1) = q.

Definition 3.2. A subset D of F is said to be totally convex if D
contains each geodesic Cp, of I whose endpoints p and q are in D.

Let D be a totally convex subset of E, and M the set of all geodesics
from p to g, where p,q € D.

Definition 3.3. The function f : D — R is called convex if
F(Cpe(t)) < (1 =1t)f(p) +1tf(q),Vp,q € D,VCpq € M,Vt € [0,1].

If-f is convex, then f is called concave.

This definition of convexity is strongly dependent on the Riemannian
connection, since it involves geodesics. However, the basic theory of usual
convex functions on R™ is transfered to convex functions in the present work.

Theorem 3.4. The function f : D — R is convex iff Vp,q € D,VC), €
M the functions ¢,, = f o Cpq are convex on [0, 1].

Theorem 3.5. The function f: D — R is convex iff whatever p € D,
there exists wy, € T,y D such that Yq € D,VCp, € M, we have

flg) = f(p) > Wp(cpq(o))-

Let D be open in E. For a function f : D — R of class C' we have
w = df. For a function f : D — R of class C? we find the following
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Theorem 3.6. Let D be an open totally convex set and f : D — R be
a function of class C?. The function f is convex iff the function

‘qu(t) = f(C’pq(t))’ t€[0,1]

satisfies )
d”¥pg
dt?

> 0,vt € [0,1],Vp,q € D,VCp, € M.

Theorem 3.7. Let D be on open totally convex set and f : D — R
be a function of class C2. The function f is convex iff H(f) is positive
semidefinite on D.

Proof. ddf§q = (H(f)o Cpq)(cpm Cpq)'

Theorem 3.8. For & = (T'M,p, M)-the tangent bundle of the Rie-
mannian manifold (M, g;j = hi; = 7i;), the canonical nonlinear connection
N = v, and V being the N-lift of the Levi-Civita connection given by
'y;k, the energy € = %habyayb of the Liouville field C = y*|, is a convex
function on £ =TM.

Example. Let (M, g;;) be a Riemannian manifold. We consider the
primal convex programming problem

max fo(z) subject to f,(z) <0,a=1,n,2 € M.
_The feasible region of this program will be denoted by F' and its interior
by F

Assumptions: 1) F' is non-empty, 2) F is bounded, 3) the functions
—fo and f, are C? convex functions on F. The associated dual problem is

min fo(z) — >y falx) subject to >y dfa(z) = dfo(x),y" > 0.
a=1

a=1

Obviously, the function
O(z,y) = folw) = Y y"fal2)
a=1

is defined on the vector bundle M x R™. Moreover, its restriction to F
x RY" is shown to be concave for the Riemannian metric G = (g5, dqp) and
its associated Riemannian connection.

Remarks. 1) Generalizations of convex functions which are found in
the literature [10,12] (quasiconvex, pseudoconvex, etc.) can be transfered
on the Riemannian manifold (E, G).
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2) The convexity on E implies the h-convexity and v-convexity.

4. Particular cases.
A. Differential operators on vector bundles

with special (h,v)—metrics.
Let G = (gij, hav) be a (h,v)-metric on £. Its v-energy (the energy of

the Liouville field C = yaéa) ise= %habyayb and we have:
2 grad,e = gijéj(hoo)& = gij(éjhab)y“ybéi—i-
+297 hao(=N§)6; = g7 [(85hab)y"y” — 2haoN§'] 6;
2 grad e = h® [((‘%hcd)ycyd + 2yb} Do,

where the null index denotes contraction by y°.

Particular cases
1° Case hgp(z,y) = 2@ ¥y, (x), with {74} Riemannian metric on

M,o € F(M). The v-energy is given by € = €277,, .Then

grad,e = g% (20 hoo + (aj’Yafa)ezgyabeQ%’YaoNf)(si
gradva = hab(dehoo =+ 2ya)8a7

where 0; = 00,6, = 0,0.
2° For hap = Yab () + (T, Y)Ya¥b, Yo = Yacy,u € F(E), we have

€= ')’00(1 + UYo0)

grad,e = g7 {(1 4 2uv00) [(0j7ab)¥"y" — 2N Vao| + V2515 } 0
grad, e = h%[(1 4 2uYoo ) Voo + V2, 15| 0a

where u; = 0;u, U, = Dt
Extensively studied subcases in which the above results are consider-

ably simplified are, e.g.
1.1) o(z,y) = a;z°, a; > 0[2]; in this case 0; = o, 5, = 0.
1.2) The Riemannian case, 0 = o(x), producing o; = 00,6, = 0.
1.3) The R.K.Tavakol case [8,3]c; = 0.
2.1) The non-dispersive case in relativistic optics u = %, k > 0 produc-

ing ug, = 0,1, = 0.
2.2) The strongly dispersive case, u = u(y), in which uy = —Ng,

Remarks.
a) For computing the Hessian of a function f € F(F), are necessary:
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— a metrical d-connection (or at least one satisfying VxdV = 0,VX €
X (M)), which we choose to be h- and v-symmetrical, of coefficients (1,2);

— the non-linear connection; in 12, 2°, it can be provided for m = n by
N = ~2 (v being the Levi-Civita connection of a metric v45(x) on M).
Then Hess f can be computed by formulas 2.8;

b) The classical Laplacian Af needs the Riemannian connection of G.
In this case Af is provided by 2.9.

B. Differential operators on generalised Lagrange,
Lagrange and Finsler spaces
If & = (I'M,p,M),(m = n), for a generalized Lagrange metric {g;;
(x,y)} [7] we can consider on E = T'M, the metric G = (gij, gij)-
In this case, considerable reductions are obtained by taking the d-connection
to be normal, i.e., {L;k, Cg.}, which are given in (1), determine the mixed

coefficients _ o
{ ij = 5?5{;[’;1@
Ci, = i35,
also, we have hgp, = 53%91’;‘-

Particular cases
3¢ The cases 1° and 2°, for m = n, g;; = h;; and canonical d-connection

[7].

4° For a Lagrange space (M, L(x,y)) with a p-positively homogeneous
Lagrangian, (p > 2),L € F(T'M) being C*° on TM\{0} and C° on TM. In
this case, L produces the canonical nonlinear connection [7]

Ni = 8,G' =09 = Ly G = 19" ((akﬂjL)yJ - 8kL) ,

and also g;; = %@@L Then (M,F = /[p]L) is a Finsler, deflection-free
space (yllZ = 0). We consider the energy ¢ = g,, and the fields S = y';,C =
y*|q. It is easy to show that div,S = div,C = 0 [1] and

divaS =y} =y P, = Ly — NE —y*(@uNg = Liy) = Ll + L, — Nf—
YO, N = 2Lk — ykOL. N2 =0
div,C = y*[, + y°Cy = 6p + CY, + Cp, =n+ 2852 =n(p - 1).

Since
(p—1)
2

€= oo = 5(8i8jL)y y = T(ajL)yJ =p

L,
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using (0,€)|p = %gab, Oe = pyx, we infer
Ape =0,A,e =n(p—1)p.
5° For the generalized Lagrange case (subcase of 2°) satisfying

L;k = 5fljo'k} - 'ij’)/iso's

Nza: a" 7;':620— 15\ ), . .
Toir 913 ryj( ) {Cll)lc = 5f{lb06} _’ch’)’adﬂd

we have

Proposition 4.1. The partial divergences of the fields S and C have

the expressions
divy S = 2no, , div,S =0, div,C =0 , div,C = n(1 + 25,)
Proof. Direct computation provides

diveS = yf, =y Py = 83 (yl,) — /65 (P},) = 810y’ + Ly~

_yj(sll)l(aaN]b - LZj) = 5;Nz] + Lj)z - (730 - Lgo) -
=l =y 42y (5@05} - 'yij’ysiaj) = 2no,.
Also, by means of the auxiliary results
9°la = 05(y"la) = 504 + y*Cla = n + Y™ (57,00) — Y7"'01) =

=n+y’o, + 52ysc'f5 —y’ds=n+nc=n(l+7s,)
Ci, =6iCl, = 5;1(0@.@} — I5140s) = NG + Gq — Gq = NG,
yaéa = nd,
we obtain div,C = y®|, + y“éa. The last result inferes the following
Corollary 4.2. The relation divyS = 0 holds true iff the d-vector field
S is orthogonal to grad;o.
Remark. Analysing the sign of div S = divpS + div,S = 2nog we
can decide if the flow generated by the vector field S decreases, conserves, or

increases the E-space volume. Similar results can be obtained for the vector
field C.
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