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DIFFERENTIAL OPERATORS AND CONVEXITY ON VECTOR
BUNDLES ENDOWED WITH (h, v) - METRICS

BY

C. UDRIŞTE and V. BALAN

Abstract. The paper introduces and describes naturally the properties of the

gradient, divergence, Hessian, Laplacian on a vector bundle endowed with a (h, v)-metric

and with a suitable connection. Results on convexity and explicit formulas for special

(h, v) - metrics and for particular manifolds (generalized Lagrange, Lagrange and Finsler

spaces) are obtained.

1. Preliminaries. Let ξ = (E, p, M) be a vector bundle of local
coordinates (xi, ya), i = 1, n, a = 1,m. Let N = {Na

i } be a nonlinear
connection on ξ and TE locally spanned by the adapted basis (δi, ∂̇a), i =
1, n, a = 1,m with [7],{

δi = ∂i −Na
i ∂̇a, (∂i = ∂

∂xi )
∂̇a = ∂

∂ya ,

and let {dxi, δya} be the corresponding dual basis. Let also

G = gijdxi ⊗ dxj + habδy
a ⊗ δyb

be a (h, v) - metric on E.
Let ∇ : X (E) × X (E) → X (E) be a d-connection [7], having the coe-

fficients {Li
jk, L̃a

bk, C̃i
ja, Ca

bc}. Let T be its torsion in adapted coordinates,
with the coefficients

T (δj , δi) = T k
ijδk + Ra

ij ∂̇a

T (∂̇a, δj) = C̃i
jaδi + P b

ja∂̇b, T (∂̇b, ∂̇a) = Sc
ab∂̇c
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characterized by the relations

T i
jk = Li

[jk] = Li
jk − Li

kj , R
a
jk = ∂[kNa

j], P
b
ja = ∂aN b

j − Lb
aj , S

a
bc = Ca

[bc].

For a metrical, h- and v-symmetrical connection we have

(1) Li
jk =

1
2
gis(δ{jgsy} − δsgjk), Ca

bc =
1
2
had(δ{bhdc} − ∂̇dhbc),

where we used the notations τ{ij} = τij + τji, τ[ij] = τij − τji.
Let ∇ be a (h, v)-metrical, (h, v)-symmetrical d-connection; then we

have [4,7]

(2)
{

L̃a
bk = Na

k + 1
2hacδkhcb + Oca

bdY d
ck

C̃i
ja = 1

2gik∂̇agkj + Omi
jk Xk

ma

with Xk
ma, Y d

ck arbitrary d-tensor fields and{
Oih

jk = 1
2 (δi

jδ
h
k − gjkgih)

Oab
cd = 1

2 (δa
c δb

d − hcdh
ab)

the Obata operators.

Proposition 1.1. The (h, v) - metrical, (h, v) - symmetrical d- con-
nection ∇ given by (1),(2) is completely symmetrical iff

a) Ra
ij = 0,

b) ∂̇agij = 0,
c) δjhab = 0, i, j = 1, n, a, b = 1,m or, equivalently, iff [7]
a) The distribution N is integrable,
b) The h-metric gij is Riemannian, gij = gij(x),
c) The v-metric hab satisfies the relations

δkhbc = h{bd∂̇c}N
d
k , b, c = 1,m, k = 1, n.

This is the unique case in which the Riemannian connection of E is a d-
connection.

Proof. Let us denote{
(OX)i

jc = Omi
jk Xk

mc = Oim
kj Xk

mc

(OY )a
bk = Oca

bdY d
ck = Oac

dbY
d
ck.
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The most general metrical, (h, v)-symmetrical connection is totally
symmetrical iff

Ra
ij = 0, (OY )a

bk = Ỹ a
bk, (OX)i

jc = X̃i
jc,

where {
Ỹ a

bk = − 1
2hac(δkhbc − hd{c∂̇b}N

d
k )

X̃i
jc = − 1

2gik∂̇cgjk

Let U ca
bd = 1

2 (δc
bδ

a
d + hbdh

ca). Then, since Oca
bd and U ca

bd are supplemen-
tary projectors on T 01

11 and since Ỹ = UỸ it follows OY = UỸ , and hence
OY = Ỹ = 0. Similarly, one gets OX = X̃ = 0. Thus Ỹ = 0 and X̃ = 0,
and these are equivalent to the last conditions b) and c), respectively.

Corollary 1.2. The mixed coefficients of the metrical symmetrical d-
connection are {

L̃a
bk = ∂̇bN

a
k

C̃i
jc = 1

2gik∂̇cgkj

We shall introduce on the total space (E,G) of ξ, the gradient, diver-
gence, Hessian and Laplacian operators, establishing basic properties and
developing the geometry-analysis created by these operators.

2. Differential operators. Let G be a (h, v)-metric on E of compo-
nents {Gαβ} = {gij , hab},
α, β = 1,m + n.

Gradient. The natural splitting TE = N ⊕ V E produced by N de-
termines the two partial gradient operators [1]{

gradh(f) = gij(δif)δj

gradv(f) = hab(∂̇af)∂̇b, f ∈ F(E)

and hence, we state

Definition 2.2. Let f ∈ F(E). The vector field

gradf = gradh(f) + gradv(f) ∈ X (E), (gradf)α = Gαβ∂βf

is called the global gradient of f with respect to G.

Proposition 2.2. The gradient satisfies the relations
a)grad(cf1 + f2) = cgrad f1 + grad f2,
b)grad(f1f2) = f1grad f2 + f2grad f1,
c)grad(f1/f2) = (f2grad f1 − f1grad f2)/f2

2 ,
d)G(grad f,X) = X(f),∀f ∈ F(E),∀X ∈ X (E).
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Remark. The gradient vector field is used in the extrema theory, since
gradf(x) gives the direction and the sense of steepest increase of the function
f at the point x.

Divergence. In order to introduce an object similar to the classical
divergence [9], we use the adapted volume element

dV =
√

ghdx1∧. . .∧dxn∧δy1∧. . .∧δym =
√

ghdx1∧. . .∧dxn∧dy1∧. . .∧dym,

where g and h are the determinants of matrices (gij) and (hab) respectively.

Definition 2.3. Let X be a vector field in X (E). The scalar field div
X defined by [1]

(div X)dV = LXdV,

where LX is the Lie derivative in the direction of the field X, is called the
divergence of the vector field X.

Let ∇ be a metrical connection on E, i.e., ∇XG = 0, ∀X ∈ X (M).

Proposition 2.4. a) The divergence of a vector field X has the equiv-
alent expressions

div X = −Trace AX ,where AX = LX −∇X ,∀X ∈ X (E), and

div X = Trace(Y → (∇Y X + T (X, Y ))).

b) The local expression of the divergence is

div X = Xi
|i + Xa|a + Xj(T i

ij − Pj) + Xa(Ca + Sb
ba),

∀X = Xiδi + Xa∂̇a ∈ X (E),

where |i, |a are the h- and v-covariant derivations associated to ∇, and

Pi = P a
ia = ∂̇aNa

i − La
ai, Ca = C̃k

ka.

Proof. a) ∇XG = 0 infers ∇XdV = 0 whence the method in [9]
produces the two equivalent expressions; also we use the relation AX(Y ) =
−∇Y X − T (X, Y ). b) Considering the partial divergences{

divhX = Trace(Y → (∇Y hX + T (hX, Y )))
divvX = Trace(Y → (∇Y vX + T (vX, Y ))),
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we obtain

divhX = dxi[(hX)|i + XjT k
ij∂k + Ra

ij ∂̇a]+

+δya
[
(hX)|a + Xj(C̃k

jaδk −Rb
ja|b)

]
=

= Xj
|j + (T i

ij − P a
ja)Xj

divvX = dxi
[
(vX)|i + XaC̃k

iaδk + P b
ia∂̇b

]
+ δya

[
(vX)|a + ẊbSc

ab∂̇c

]
=

= Ẋa|a + Ẋa(C̃i
ia + Sb

ba);

Hence
X = divhX + divvX.

Corollary 2.5. If ∇ is h- and v - symmetrical (the case considered in
[1]), then div X = divhX + divvX, where{

divhX = Xi
|i −XjPj ,

divvX = Ẋa|a + ẊaC̃a

and Pj = P a
ja, C̃a = C̃j

ja.

Proposition 2.6. The divergence is also given by

div X =
1√
gh

[
δk(

√
ghXk) + ∂̇a(

√
ghẊa)

]
,

where g = det(gij), h = det(hab), X = Xiδi + Ẋa∂̇a ∈ X (E).
Proof. Direct computation [9,5].

Proposition 2.7. The following relations hold true
a) div(cX + Y ) = c div X + div Y ,
b) div(fX) = fdiv X + G(grad f,X),∀X, Y ∈ X (E),∀f ∈ F(E).
Remark. The divergence of a vector field defines the speed of con-

traction – dilatation of volumes with respect to the flow generated by that
vector field.

Hessian. Let ∇ be an arbitrary metrical connection and |i, |a the
covariant derivatives associated to ∇.
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Definition 2.8. Let f ∈ F(E). The tensor field

H∇(f) = Hess f ∈ T 0
2 (E),H∇ = Hhh + Hhv + Hvh + Hvv,

(Hhh)(f)ij = (δif)|j + (TK
ki − Pi)δjf

(Hhv)(f)ia = (δif)|a + (TK
ki − Pi)∂̇af

(Hvh)(f)ai = (∂̇af)|i + (C̃a + Sb
ba)δif

(Hvv)(f)ab = (∂̇af)|b + (C̃a + Sb
ba)∂̇bf

is called the Hessian of f with respect to the metrical d-connection ∇. If ∇
is the unique metrical and torsionless (Riemannian) connection on E, then

H(f) = H∇(f) = (δif)|jdxi ⊗ dxj + (δif)|adxi ⊗ δya+

+(∂̇af)|iδya ⊗ dxi + (∂̇af)|bδya ⊗ δyb

is called (simply) the Hessian of f .
Remark. The Hessian tensor field is used in the critical points theory,

extrema theory and in the convexity theory of functions.
Laplacian. Let G be a (h, v)-metric on E and ∇ be a d-connection

onE.

Definition 2.9. The scalar field
∆f = div(grad f),

is called the Laplacian of the function f with respect to the (h, v)-metric G
and connection ∇.

Remark. For a metrical d-connection ∇, we can write

∆f = div(grad f) = Xα
|α + XαT γ

γα, Xα = Gαβ∂βf,

i.e.,
∆f = Gαβf|α|β + ∂βfT γ

γα.

Using the Hessian,
(H(f))αβ = f|α|β + ∂βfT γ

γα

we obtain ∆f = Trace H(f).
Assume that ∇ is completely torsionless and that it satisfies the con-

dition ∇XdV = 0, i.e.,

(3)
{

δkG = 2G(Lj
jk + L̃a

ak)
∂̇aG = 2G(C̃j

ja + Cb
ba), G = detG = gh
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Lemma 2.10. a) If ∇ is metrical, then (3) are automatically fulffiled.
b) The conditions (3) are equivalent to

{
δk ln

√
G − Lj

jk − L̃a
ak = 0

∂̇a ln
√
G − C̃j

ja − Cb
ba = 0.

Proof. a) The relation ∇XG = 0 infers{
gij|k = 0 ⇔ δkgij − g{ilL

l
j}k = 0

hab|k = 0 ⇔ δkhab − h{acL̃
c
b}k = 0

whence δkGαβ −GαγΓγ
β

k = 0, α, β, γ = 1,m + n.

Similarly, we have ∂̇aGαβ −Gγ
αγΓγ

β
a+n

= 0 ,

G = GαβdXα ⊗ dXβ , {dXα} ≡ {dxi, δya}, α = 1,m + n.

Contracting with GGαβ , G = detG, and using the outcoming relation

∂θGαβ −GαγΓγ
β

θ = 0, ∂θ = {δi, ∂a}, θ = 1,m + n,

we obtain, by means of ∂θG = (∂θGαβ)GGαβ , (g = det G), the final relation

∂θG − 2Γγ
γθG = 0,

which represents in fact the condensed form of (3).

Remark. In this case, ∇∂θ
dV =

[
(∂θG)/2G − Γγ

γθ

]
dV . Hence

∇∂θ
dV = 0 and the divergence can be expressed in terms similar to [9].

Proposition 2.11. Under the conditions above, the Laplacian has the
expression

∆f = ∆h(f) + ∆v(f),

where {
∆h(f) = gij(Hhh(f))ij = gij(δif)|j
∆v(f) = hab(Hvv(f))ab = hab(∂̇af)|b.
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Notation ∆ grad div ∂α Gαβ ∂βf G
Replacement I ∆h gradh divh ∂i gij ∂jf g

Replacement II ∆v gradv divv ∂̇a hab ∂̇af h

Proposition 2.12. Let the complete torsionless connection ∇ satisfy
(3). Then we have the following relations

a) f1∆f2 − f2∆f1 = div(f[1grad f2]).
b) ∆(f1f2) = f1∆f2 + 2G(grad f1, grad f2).
c) The Laplacian admits the expression

∆f =
1√
G

∂α

(√
GGαβ∂βf

)
, f ∈ F(E),G = detG = gh.

Remark. The results above hold also true under the replacement of
the symbols from the first line in the subsequent table, with any of the two
lines below

Proof. The techniques from [6,13] lead to the conclusion.
Remark. The Laplacian is used in the spectral theories on manifolds.

3. Convexity. Let G = (gij , hab) be a (h, v)-metric on ξ and ∇ the
associated Riemannian d-connection.

Definition 3.1. A geodesic in ξ [2,3,8] is a curve C : I ⊂ R →
E,C(t) = (xi(t), ya(t)), which has vanishing covariant h- and v-accelera-
tions,

∇V i

dt
= 0,

∇V a

dt
= 0, i = 1, n, a = 1,m, where

V i =
dxi

dt
, V a =

dya

dt
+ Na

j

dxj

dt

The relations (10) can be rewritten [2]

dV i

dt
+ Li

jkV jV k + C̃i
jaV jV a = 0.

dV c

dt
+ L̃a

bkV bV k + Ca
bcV

aV c = 0
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Remarks. The h-paths [7] are particular cases of geodesics, since in
the defining relations

∇V i

dt
= 0,

δya

dt
= 0

the second one represents in fact V a = 0, and consequently ∇V a

dt = 0.
The v-paths are also geodesics, since the first relation in

dxi

dt
= 0,

∇V a

dt
= 0

represents xi = ci, and then automatically ∇V i

dt = 0.
Let hereafter (E,G) be a Riemannian manifold, assumed complete - in

order to be sure that for any pair of points p, q ∈ E, there exists at least one
geodesic arc Cpq : [0, 1] → E joining p and q, i.e., Cpq(0) = p, Cpq(1) = q.

Definition 3.2. A subset D of E is said to be totally convex if D
contains each geodesic Cpq of E whose endpoints p and q are in D.

Let D be a totally convex subset of E, and M the set of all geodesics
from p to q, where p, q ∈ D.

Definition 3.3. The function f : D → R is called convex if

f(Cpq(t)) ≤ (1− t)f(p) + tf(q),∀p, q ∈ D,∀Cpq ∈M,∀t ∈ [0, 1].

If–f is convex, then f is called concave.
This definition of convexity is strongly dependent on the Riemannian

connection, since it involves geodesics. However, the basic theory of usual
convex functions on Rn is transfered to convex functions in the present work.

Theorem 3.4. The function f : D → R is convex iff ∀p, q ∈ D,∀Cpq ∈
M the functions ϕpq = f ◦ Cpq are convex on [0, 1].

Theorem 3.5. The function f : D → R is convex iff whatever p ∈ D,
there exists ωp ∈ T ∗

p D such that ∀q ∈ D,∀Cpq ∈M, we have

f(q)− f(p) ≥ ωp(Ċpq(0)).

Let D be open in E. For a function f : D → R of class C1 we have
ω = df. For a function f : D → R of class C2 we find the following
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Theorem 3.6. Let D be an open totally convex set and f : D → R be
a function of class C2. The function f is convex iff the function

ϕpq(t) = f(Cpq(t)), t ∈ [0, 1]

satisfies
d2ϕpq

dt2
≥ 0,∀t ∈ [0, 1],∀p, q ∈ D,∀Cpq ∈M.

Theorem 3.7. Let D be on open totally convex set and f : D → R
be a function of class C2. The function f is convex iff H(f) is positive
semidefinite on D.

Proof. d2ϕpq

dt2 = (H(f) ◦ Cpq)(Ċpq, Ċpq).

Theorem 3.8. For ξ = (TM, p, M)-the tangent bundle of the Rie-
mannian manifold (M, gij = hij = γij), the canonical nonlinear connection
Na

i = γa
i0, and ∇ being the N -lift of the Levi–Civita connection given by

γi
jk, the energy ε = 1

2haby
ayb of the Liouville field C = ya|a is a convex

function on E = TM .
Example. Let (M, gij) be a Riemannian manifold. We consider the

primal convex programming problem
max f0(x) subject to fa(x) ≤ 0, a = 1, n, x ∈ M .

The feasible region of this program will be denoted by F and its interior
by F̌ .

Assumptions: 1) F̌ is non-empty, 2) F̌ is bounded, 3) the functions
−f0 and fa are C2 convex functions on F̌ . The associated dual problem is

min f0(x)−
m∑

a=1

yafa(x) subject to
m∑

a=1

yadfa(x) = df0(x), ya ≥ 0.

Obviously, the function

Φ(x, y) = f0(x)−
m∑

a=1

yafa(x)

is defined on the vector bundle M × Rm. Moreover, its restriction to F̌
×Rm

+ is shown to be concave for the Riemannian metric G = (gij , δab) and
its associated Riemannian connection.

Remarks. 1) Generalizations of convex functions which are found in
the literature [10,12] (quasiconvex, pseudoconvex, etc.) can be transfered
on the Riemannian manifold (E,G).
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2) The convexity on E implies the h-convexity and v-convexity.

4. Particular cases.
A. Differential operators on vector bundles

with special (h, v)–metrics.
Let G = (gij , hab) be a (h, v)-metric on ξ. Its v-energy (the energy of

the Liouville field C = ya∂̇a) is ε = 1
2haby

ayb and we have:

2 gradhε = gijδj(h00)δi = gij(δjhab)yaybδi+

+2gijhao(−Na
j )δi = gij

[
(δjhab)yayb − 2haoN

a
j

]
δi

2 grad vε = hab
[
(∂̇bhcd)ycyd + 2yb

]
∂̇a,

where the null index denotes contraction by ya.
Particular cases
1o Case hab(x, y) = e2σ(x,y)γab(x), with {γab} Riemannian metric on

M,σ ∈ F(M). The v-energy is given by ε = e2σγoo .Then{
gradhε = gij(2σjhoo + (∂jγab)e2σyayb2e2σγaoN

a
j )δi

gradvε = hab(2σ̇bhoo + 2ya)∂̇a,

where σj = δjσ, σ̇a = ∂̇aσ.
2o For hab = γab(x) + u(x, y)yayb, ya = γacy

c, u ∈ F(E), we have

ε = γoo(1 + uγoo){
gradhε = gij

{
(1 + 2uγ00)

[
(∂jγab)yayb − 2Na

j γao

]
+ γ2

oouj

}
δi

gradvε = hab[(1 + 2uγoo)γbo + γ2
oou̇b]∂̇a

where uj = δju, u̇a = ∂̇au.
Extensively studied subcases in which the above results are consider-

ably simplified are, e.g.
1.1) σ(x, y) = αix

i, αi > 0[2]; in this case σj = αj , σ̇a = 0.
1.2) The Riemannian case, σ = σ(x), producing σj = ∂jσ, σ̇a = 0.
1.3) The R.K.Tavakol case [8, 3]σj = 0.
2.1) The non-dispersive case in relativistic optics u = 1

k , k > 0 produc-
ing uk = 0, u̇a = 0.

2.2) The strongly dispersive case, u = u(y), in which uk = −Na
k u̇a

Remarks.
a) For computing the Hessian of a function f ∈ F(E), are necessary:
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— a metrical d-connection (or at least one satisfying ∇XdV = 0,∀X ∈
X (M)), which we choose to be h- and v-symmetrical, of coefficients (1,2);

— the non-linear connection; in 1o, 2o, it can be provided for m = n by
Na

i = γa
io(γ

a
bc being the Levi–Civita connection of a metric γab(x) on M).

Then Hess f can be computed by formulas 2.8;
b) The classical Laplacian ∆f needs the Riemannian connection of G.

In this case ∆f is provided by 2.9.

B. Differential operators on generalised Lagrange,
Lagrange and Finsler spaces

If ξ = (TM, p, M), (m = n), for a generalized Lagrange metric {gij

(x, y)} [7] we can consider on E = TM , the metric G = (gij , gij).
In this case, considerable reductions are obtained by taking the d-connection
to be normal, i.e., {Li

jk, Ca
bc}, which are given in (1), determine the mixed

coefficients {
L̃a

bk = δa
i δj

bL
i
jk

C̃i
ja = δi

bδ
c
jC

b
ca

also, we have hab = δi
aδj

bgij .

Particular cases
3o The cases 1◦ and 2◦, for m = n, gij = hij and canonical d-connection

[7].
4o For a Lagrange space (M,L(x, y)) with a p-positively homogeneous

Lagrangian, (p ≥ 2), L ∈ F(TM) being C∞ on TM\{0} and C0 on TM . In
this case, L produces the canonical nonlinear connection [7]

N i
j = ∂̇jG

i = ∂̇jγ
i
oo = Li

jo, Gi =
1
4
gik

(
(∂̇k∂jL)yj − ∂kL

)
,

and also gij = 1
2 ∂̇i∂̇jL. Then (M,F =

√
[p]L) is a Finsler, deflection-free

space (yi
|i = 0). We consider the energy ε = goo and the fields S = yiδi, C =

ya|a. It is easy to show that divvS = divhC = 0 [1] and
divhS = yj

j − yjPj = Lk
oK −Nk

k − yk(∂̇aNa
k − La

ak) = Lk
ok + Lk

ko −Nk
k−

yk∂̇aNa
k = 2Lk

ko − yk∂̇kNa
a = 0

divvC = yb|b + ybCb = δb
b + Cb

ob + Cb
bo = n + 2p−2

2 = n(p− 1).

Since

ε = goo =
1
2
(∂̇i∂̇jL)yiyj =

p− 1
2

(∂̇jL)yj = p
(p− 1)

2
L,
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using (∂̇aε)|b = p2

2 gab, ∂̇kε = pyk, we infer

∆hε = 0,∆vε = n(p− 1)p.

5o For the generalized Lagrange case (subcase of 2◦) satisfying

Na
i = γa

oi, gij = e2σγij(x),
{

Li
jk = δi

{jσk} − γjkγisσs

Ca
bc = δa

{bσ̇c} − γbcγ
adσ̇d

we have

Proposition 4.1. The partial divergences of the fields S and C have
the expressions

divhS = 2nσo , divvS = 0, divhC = 0 , divvC = n(1 + 2σ̇o)
Proof. Direct computation provides

divhS = yi
|i − yjPj = δi

j(y
j
|i)− yjδa

b (P b
ja) = δi

jδiy
j + Lj

siy
s−

−yjδa
b (∂̇aN b

j − Lb
aj) = δi

jN
j
i + Li

oi − (γa
ao − La

ao) =

= γi
io − γa

ao + 2ys(δi
{iσs} − γijγsiσj) = 2nσo.

Also, by means of the auxiliary results

ga|a = δc
b(y

b|a) = δa
b δb

a + ysCb
sa = n + ys(δb

{sσ̇b} − γsbγ
btσ̇t) =

= n + ybσ̇b + δb
by

sσ̇s − ysσ̇s = n + nσ̇ = n(1 + σ̇o)

C̃i
ia = δi

jC̃
j
ia = δi

j(σ
j
{iσ̇a} − γjsγiaσ̇s) = nσ̇a + σ̇a − σ̇a = nσ̇a

yaC̃a = nσ̇o

we obtain divvC = ya|a + yaC̃a. The last result inferes the following

Corollary 4.2. The relation divhS = 0 holds true iff the d-vector field
S is orthogonal to gradhσ.

Remark. Analysing the sign of div S = divhS + divvS = 2nσ0 we
can decide if the flow generated by the vector field S decreases, conserves, or
increases the E-space volume. Similar results can be obtained for the vector
field C.
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