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ON AN INTEGRAL INEQUALITY
INVOLVING FUNCTIONS AND
THEIR DERIVATIVES

BY

A.G.ADEAGBO-SHEIKH and CHRISTOPHER O.IMORU

Abstract. The object of this note is to establish a new Opial-type integral
inequality for many functions. This inequality generalizes some results of Pachpatte and
Beesack.

1. Introduction. The Opial-type integral inequalities are among the
most useful tools in the study of many quantitative and qualitative proper-
ties of solutions of differential and integral equations. Such integral inequal-
ities involving functions and their derivatives have been established in the
literature by many authors (See for example [2],[3] and the references given
therein). In this paper, we obtain an integral inequality involving n(n > 1)
functions which reduces to a recent generalization (to three functions) of
Opial’s inequality given by Pachpatte [4].

2. Main result. The following simple results will be needed in the
proof of our main result.

Lemma 2.1. Let f be an absolutely continuous function on [a, b,
—00 < a <b < oo and let ¢ € [a,b]. Suppose o and 3 are such that
a<a<c<p<band f(a)=0= f(8). If

y(:r)=/w\f’(t)ldt, e<z<e
and

b
(2.1) u(z) —/ Fldt, c<z<b

then
|f(@) <y(z)+yla), a<z<c
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and
(2.2) [f(@)] S u@) +u(e), c<az<b
Proof. Suppose a < z < ¢. Since
[ rwi < [ 1w
we have
(2.3) |f(z) = fla)] < y(z).
Hence
| = fla)] < y(o)
(2.4) |f(a)] < y(a).

From (2.3), (2.4) and the triangle inequality, we have
[f@)] <y(@)+yla), a<z<c

which is (2.2).
The case when
c<z<b

is similarly prove. Our main result is the following :

Theorem 2.2.  Let {f1, f2,..., fn} be n(n > 1) absolutely con-
tinuous functions on [a,b],—c0 < a < b < oo and let ¢ € [a,b] and
a; € la,cl,B; € [¢,b],i = 1,2,...,n be such that fi(a;) = fi(Bi) = 0.
Suppose k is the smallest positive constant such that

yi(a) < k(i — a)yi(c)

(2.6) ui(B:) < k(b — Bi)yi(c),

(2.7) wio) = [ e
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b
(2.8) wla) = [ 170l

n n

JATLA@ICE 5@+ IH@DT] 3 £ i) lde <

j=1

J#i

(29 < (- a)"fjé (k(oia) 1) L[ £ () [ ) dar+
+b— o) ff[_:il (k(bs — B;) + DL £ () d.

Equality holds if fori=1,...,n

where M is a constant.
Proof. From (2.7) and (2.8), we have for i =1,...,n

(2.10) Y(@) = |fi@)], a<z<e
and
(2.11) u) () :—lf{(m)}, c<x<b

Also by Lemma 2.1,

(2.12) |fi(@)] < yi(@) + yi(c), a<z<c
and
(2.13) | fi(@)] < wilz) + ui(ay), c<xz<h.

From (2.10), (2.12), (2.5) and the use of the following :
(a) Arith-Geometric Inequality :

n 1 n n
il_[lai < (n;ai> ;
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(b) Jensen’s Inequality :

1< ) 1
(1) i we
=1 =1

and

(c) Holder’s Inequality
where in (a) and (b) above the a;,i = 1,2...,n are positive real numbers,
we have

Jo Tz fi@)] (55 | fi@)]) +

+ (i @) (i @) T £@)]) ] do <

< J2 U i) + wiaa)} (S0 i) +

{0 @) (i) - S v (@) T (@4 0) | do =
= Ju e I (i) + yi@)) HEZI (@) + i(an)) Y] d =
= (I3 (ile) + wi(ai)} {21 (wi(0) + ilei))} —
AT (i (0 T wiaa)} <

< (I (klas = @) + Dyile)} {2 (ks — @) + Dyi(e)}
{Cii (ke —a) + 3" {ga(@}™™, n1

= (S (ks — @)+ 1" {7 [H@)]da}", nz1
<(c—a)" Ty {klas —a) + 1" [7| ()| e =

= (e—a)" [ {20 [(k(ai — a) + )| f1(@)]]"* } da

e [y ([T @) (S [H@)]) + (S [fil@)]) »

% (S5 | T fi) £ )| do <

< (c—a [ {0, [(kai — a) + DI @] da.

(2.14)

Similarly from (2.11), (2.13),(2.6) and the use of Arithmetic-Geometric,
Jensen’s and Holder’s inequalities, we obtain

ST, fi@) (S, | @)+
(2.15) (0T 1 fi@)) - (20 1T, filw) f(2)]))de <
< (b= [P k(b — ) + DIfL ()"} da.
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Adding (2.14) and (2.15) yields
ST £ @I, £ @)D+
(Z?  fi(@)]) - (Z? 1 T fi(@) fi(2)D]da <
(c—a)* [T [(k(ai — a) + D] (@)[]" T dz+
KN {Zz’:l = Bi) + DIf (2)[]" ! ha.
That equality holds if for i = 1, 2, )

(2.15")

[ M(z—a), a< xz<c
fi(x>_{M(b—x), c<z<b

where M is a constant. As consequences of Theorem 2.2, we have the fol-
lowing results:

Corollary 2.3. Let f1,...,f2 be n(n > 1) absolutely continuous
functions, on [a,b], —0o < a < b < oo, and let ¢ € [a,b]. Suppose fi(a) =
0= fi(b), i=1,...,n. Then

ST, \m)«(zz;l | fi(x)])+
(216) (20, | i@ D)y | T, £i(@) fi(a >|>]dw<
<(c—a)" [SX0 @) e+ 0= [0 | )| da

In particular, if

we obtain

= [T [ f @IS, [ F@))+
(2.17) +0Oim @)D iy [Tl fi(@) £ () Nda <

bfa n fb Z?—l ‘f/ $)|”+1da:.
Proof. Inequahty (2.16) follows from Theorem (2.2) by taking a; = a
and 3; =b, ¢=1,...,n while putting
a+b
2

CcC =

gives

b—a
2

c—a=b—-—c=

and hence inequality (2.16) follows.
Remark 1. If n = 3, we obtain from (2.17), the result of Pachpattee
[2].
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Corollary 2.4. Let f be an absolutely continuous function on
[a,b],—00 < a < b< oo andlet ¢ € [a,b] and a € [a,c|, B € [c,b] such that
f(a) = 0= f(B). For some constant k,0 < k < oo, anf forn € Z*(n > 1),
we have

L @) () de <
(2.18) < L —a) {k(a—a)+1}”+1f | ()| da+

+(b—c)"{k(b—B) + 1)+t f |f/ (z)|"da].
In particular

(2.19) /| @las < (* a>n/:!f’(x>|n+1dl’

Proof. If we set f;(x) = f(x), i =1,...,n in Theorem 2.2,

b
/ (@) ()| de

we obtain (2.18). Further, if we put o = a, =0 and

a+b
2

Cc =

n (2.18), we obtain (2.19).
Remark 2. When n = 1, inequality (2.19) yields Opial’s inequality
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