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CR−STRUCTURES ON THE UNIT COTANGENT BUNDLE
AND BOCHNER TYPE TENSOR

BY

M.I. MUNTEANU

Introduction. Consider a real submanifold of a complex manifold.
The possibility to introduce complex local coordinates on the surrounding
manifold, equivalent to a condition of complex involutivity, induces on the
real submanifold a certain condition of complex involutivity. If the surround-
ing manifold is only an almost complex manifold, the condition of complex
involutivity is not likely to be satisfied on the submanifold. However, in the
case of the unit sphere bundle of a smooth Riemannian manifold, thought of
as a hypersurface in the tangent bundle with the usual almost complex struc-
ture (which is only almost Kählerian), the complex involutivity condition is
fulfilled if the base Riemannian manifold is a complex space form.

In [2] it was introduced a torsion free connection adapted to an almost
contact structure associated with a pseudoconvex CR−structure and, using
the curvature tensor of this connection, the authors obtained a Bochner type
tensor associated with CR−structure. In this note we show that in the case
of the unit cotangent bundle of a Riemannian space of constant sectional
curvature, this tensor vanishes if and only if the Riemannian manifold is of
constant curvature -1.
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1. The pseudoconvex CR−structure and the associated al-
most contact structure.

Definition. A CR−structure on the differentiable manifold M , is
defined by a complex vector subbundle H(M) in the complexification T cM
of the tangent bundle of M so that:
(i) A(M) ∩H(M) = {0} where A(M) = H(M),
(ii) H(M) is involutive, i.e. for two H(M)−valued complex vector fields,

Z,W , the bracket [Z,W ] is H(M)−valued too.

The fundamental example of CR−structures is supplied by the real
submanifolds of the complex manifolds.

Let M̃ be a complex manifold of complex dimension m and let M ⊂ M̃
be a real submanifold. The tangent space TpM in a fixed point p ∈ M , is
a real subspace in the tangent space TpM̃ , which is a complex vector space.
Then we may define:

H(TpM) = {Xp ∈ TpM | iXp ∈ TpM}.

Remark. Generally, the dimension of H(TpM) may change when
p ∈M is changed.

Assuming that dim(H(TpM)) = k, a constant number independent
of p ∈ M , then H(TM) =

⋃
p∈M

H(TpM) is a complex vector bundle

on M and it is defined, naturally, a CR−structure on M . When M is a
real hypersurface in a complex manifold, it is not necessary the assump-
tion for the fibre dimension of H(TM) to be constant in order to have an
induced CR−structure. The involutivity condition of H(TM) is obtained
from the property of M̃ to be a complex manifold. Returning to the case of
an arbitrary CR−structure and denoting by J the operator on the decom-
plexification R(M) of H(M), corresponding to the multiplication by i, the
condition of complex involutivity can be expressed by:
(i) [X,Y ]− [JX, JY ] ∈ Γ(R(M)); ∀X,Y ∈ Γ(R(M)),
(ii) NJ(X,Y ) = [JX, JY ]− [X,Y ]− J{[JX, Y ] + [X, JY ]} = 0;

∀X,Y ∈ Γ(R(M)),
where Γ(R(M)) denotes the set of cross-sections of R(M).
Remark. Since (i) it follows, putting JY in the place of Y and using

the property J2 = −IR(M), that:

[JX, Y ] + [X, JY ] ∈ Γ(R(M)); ∀X,Y ∈ Γ(R(M)),
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thus the operations in the expression of NJ in (ii) are well defined.
Let M be a (2n + 1)−dimensional and oriented manifold endowed

with the CR−structure of hypersurface type (M,H(M)) and let η be a
1−form having the decomplexification R(M) of H(M) as its null bundle,
i.e. R(M) = {X ∈ TM | η(X) = 0}.

The Levi form of the CR−structure of hypersurface type (M,H(M))
is given by the complex valued form, denoted by L and defined by:

L(Z,W ) = dη(X, JY )− dη(JX, Y )− i{dη(X,Y ) + dη(JX, JY )},

where:

Z = X − iJX, W = Y − iJY, X, Y ∈ Γ(R(M)).

Definition. A CR−structure of hypersurface type (M,H(M)) is
pseudoconvex if its Levi form is nondegenerate.

Let (M,H(M)) be a pseudoconvex CR−structure of hypersurface
type. Due to the orientation of M , we can choose the 1−form η defined
on the whole M , and the property of pseudoconvexity of (M,H(M)) is
equivalent with the property of η to be a contact form i.e. η ∧ (dη)n 6= 0.

Remark. It follows easily that, in the case of a pseudoconvex
CR−structure of hypersurface type, the restriction of dη to R(M) is nonde-
generate.

Let ξ be the Reeb vector field on M , defined by: η(ξ) = 1, iξdη = 0.
We have TM = span [ξ]⊕R(M). We introduce an almost contact structure
associated to the CR−structure (M,H(M)) as follows:

Proposition ([2]). The (1,1) type tensor field φ defined by:

(1) φX = J(X − η(X)ξ); ∀X ∈ χ(M)

has the following properties:

η ◦ φ = 0, φξ = 0, φ2 = −I + η ⊗ ξ.

Hence we obtain the almost contact structure (φ, ξ, η).
Next, we give a result which characterizes the complex involutivity

condition of CR−structure (M,H(M)) in terms of the almost contact struc-
ture (φ, ξ, η):
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Theorem ([2]). The complex involutivity condition (M,H(M)) is
equivalent to:

S = 0

where S is the tensor field of type (1, 2) on M , defined by:

S(X,Y ) = Nφ(X,Y ) + dη(X,Y )ξ + η(X)φ(Lξφ)Y − η(Y )φ(Lξφ)X,

where Lξφ is Lie derivative of φ with respect to ξ and Nφ is the Nijenhuis
tensor field of φ, defined by:

Nφ(X,Y ) = [φX, φY ]− φ[φX, Y ]− φ[X,φY ] + φ2[X,Y ].

From now on well shall denote ψ = 1
2Lξφ.

Let (φ, ξ, η) be an almost contact structure associated to the pseudo-
convex CR−structure (M,H(M)) . Looking for a torsion free connection
∇ on M related in a natural way to the 1−form η, the following result has
been obtained in [2]:

Theorem. If (φ, ξ, η) is an almost contact structure associated to
the pseudoconvex CR−structure (M,H(M)) , then there exists a unique
torsion free connection ∇ so that

(2)


(∇Xη)(Y ) =

1
2
dη(X,Y ), ∇Xdη = 0, ∇Xξ = 0,

(∇Xφ)Y = 2η(X)ψY − 1
2
dη(X,φY )ξ, ∀X,Y ∈ χ(M).

Remarks.
a) The connection found above will be named the torsion free canonical

connection, adapted to the almost contact structure (φ, ξ, η), associ-
ated to the pseudoconvex CR−structure (M,H(M)) .

b) The almost contact structure (φ, ξ, η) associated to the pseudoconvex
CR−structure (M,H(M)) is not unique, so the adapted torsion free
canonical connection is not unique.

2. Gauge transformations and the Bochner tensor of a pseu-
doconvex CR−structure.

Definition. A change η 7→ η′ = εefη, f ∈ C∞(M) of the 1−form
η is called a gauge transformation (ε = ±1).

Proposition ([2]). Two almost contact structures (φ, ξ, η), (φ′, ξ′,
η′) are associated to the same pseudoconvex CR−structure if and only if
there exists a function f ∈ C∞(M) so that:

η′ = εefη, dη′ = εef (dη + df ∧ η),
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ξ′ = εe−f (ξ + φA), φ′ = φ+ η ⊗A

where ε = ±1 and A is a vector field defined by the conditions:

η(A) = 0, dη(φA,X) = df(X − η(X)ξ).

The complex involutivity is invariant with respect to gauge transformations.

From now on we shall take ε = +1. The case ε = −1 can be discussed
in a similar way. Given an almost contact structure (φ, ξ, η) associated to
the pseudoconvex CR−structure (M,H(M)) and the adapted torsion free
connection ∇ on M , let R be the curvature tensor field of ∇, defined by

(3) RXY Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z; X,Y, Z ∈ χ(M).

Introduce the auxiliary (pseudo-)Riemannian metric h on R(M)

h(X,Y ) = dη(φX, Y ); X,Y ∈ Γ(R(M)).

The Ricci tensor field ρ(R) of ∇ is defined, in the usual way by:

(4) ρ(R)(Y, Z) = trace (X 7→ RXY Z); X,Y, Z ∈ χ(M),

and we denote τ(R) = trace(ρ(R)) a kind of scalar curvature of the restric-
tion of R to R(M) obtained by using the partial metric h on (R(M). We
have the following result:

Theorem ([2]). Let (φ, ξ, η) be an almost contact structure on M
associated to the pseudoconvex CR−structure (M,H(M)) . Then the tensor
field

B(R)XY Z = RXY Z + L(X,Z)Y − L(Y,Z)X + L(Y, φZ)φX−
− L(X,φZ)φY − {L(X,φY )− L(Y, φX)}φZ−

− dη(X,Y )KZ − 1
2
dη(X,Z)KY +

1
2
dη(Y, Z)KX+(5)

+
1
2
dη(X,φZ)φKY − 1

2
dη(Y, φZ)φKX,

X, Y, Z ∈ Γ(R(M))

is invariant under the action of gauge transformation, where

L(X,Y ) =
1

2(n+ 2)
{ρ(R)(X,Y ) + 2dη(φX,ψY )}+(6)

+
1

8(n+ 1)(n+ 2)
τ(R)dη(X,φY ),

and 1
2dη(KX,Y ) = L(X,Y ).

Remark. Doing the computations in local coordinates, we obtain
that trace (B(R)XY ) = 0 and trace (X 7→ B(R)XY Z) = 0.
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Definition. B(R) is called the Bochner type tensor associated to
the pseudoconvex CR−structure (M,H(M)) .

3. The unit cotangent bundle of a Riemannian space. Let
(M, g) be an (n+1) dimensional Riemannian manifold. Denote by T ∗M the
cotangent bundle of the manifold M and by π̄ : T ∗M −→ M the canonical
projection. If (x1, . . . , xn+1) are local coordinates on M , then (q1, . . . , qn+1)
and the vector space coordinates (p1, . . . , pn+1) with respect to the natural
local frame (dx1, . . . , dxn+1) define together a system of local coordinates
on T ∗M , where qi = xi ◦ π̄. The Levi–Civita connection D of g deter-
mines a decomposition of TT ∗M in a direct sum, of the vertical distribution
V T ∗M and the horizontal distribution HT ∗M : TT ∗M = V T ∗M ⊕HT ∗M .
We have that

(
∂

∂pi

)
i=1,n+1

is a local frame in V T ∗M and
(

δ
δqi

)
i=1,n+1

is

a local frame in HT ∗M , where δ
δqi = ∂

∂qi + Γk
ijpk

∂
∂pj

and Γk
ij are the

Christoffel simbols of the connection D. We also put (dxi)V def
= ∂

∂pi
and

(dxi)H def
= gij δ

δqj .
Then the well known almost complex structure on T ∗M is defined by:

(7) JωH = ωV , JωV = −ωH , ω ∈ Λ1(M),

where ωH , ωV are, respectively, the horizontal and vertical lifts of ω (with
respect to D). The Sasaki metric ḡ on T ∗M is defined by

ḡ(ωV
1 , ω

V
2 ) = g(ω#

1 , ω
#
2 ), ḡ(ωH

1 , ω
H
2 ) = g(ω#

1 , ω
#
2 ),

ḡ(ωV
1 , ω

H
2 ) = 0; ω1, ω2 ∈ Λ1(M),

where ω# is defined by g(X,ω#) = ω(X). Note that (T ∗M,J, ḡ) is only
an almost Kählerian manifold. Consider the unit cotangent bundle T ∗1M
as the bundle of the unit tangent covectors at M . So, if ω ∈ T ∗M , then
ω ∈ T ∗1M ⇐⇒ g(ω#, ω#) = 1.

If ω = pidx
i, we conclude that the unit cotangent bundle π : T ∗1M →

M is a hypersurface in T ∗M , given in the local coordinates by the equation:

(8) gij(x)pipj − 1 = 0,

where gij are the components of g−1. Looking for vector field N ∈ χ(T ∗M),
on T ∗1M , unitary and normal to T ∗1M with respect to the Sasaki metric ḡ,
we obtain

(9) N = pi
∂

∂pi
.
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Let ı : T ∗1M −→ T ∗M be the imersion of T ∗1M on T ∗M . Denote
by G the Riemannian metric ı∗ḡ, induced from ḡ on T ∗1M and by ∇̇ its
Levi–Civita connection. As a hypersurface of an almost Kählerian struc-
ture (T ∗M,J, ḡ), T ∗1M has a metric contact structure (φ, ξ, η,G) defined as
follows: The vector field ξ is given by

(10) ξ = −JN = pig
ij δ

δqj
,

where δ
δxi = ∂

∂qi +Γk
ijpk

∂
∂pj

; Γj
ik being the Cristoffel symbols corresponding

to the connection D.
The 1−form η is the canonical form η = pidq

i of T ∗M . Then
φ ∈ T 1

1 (T ∗1M) is defined by

(11) JX = φ(X) + η(X)N ; X ∈ χ(T ∗1M).

Remark that η is a contact 1−form on T ∗1M and, due to (8) we obtain

0 = gijpiδpi = iξdη

so that ξ is the Reeb vector field. We have

φ2 = −I + η ⊗ ξ, φξ = 0, ηφ = 0, η(ξ) = 1,

so that we get an almost contact structure. Since the surrounding man-
ifold T ∗M is only almost complex, the complex involutivity condition of
H(T ∗1M), which is equivalent to the condition S = 0 on T ∗1M is not auto-
matically satisfied. A necessary and sufficient condition for the vanishing of
the tensor S on T ∗1M , therefore a necessary and sufficient condition for the
pair (T ∗1M,H(T ∗1M)) to be a CR−structure is given by:

Theorem. The unit cotangent bundle T ∗1M of a Riemannian mani-
fold (M, g) has a Cauchy–Riemann structure obtained from the usual almost
Kählerian structure of T ∗M , if and only if the base manifold M has constant
sectional curvature.

Proof. The condition for the unit cotangent bundle to have a Cauchy–
Riemann structure is equivalent to S = 0. If we compute the expression of
S in local frame and if we claim S = 0 we get:

Rij0
k − gi0R0j0

k + gj0R0i0
k = 0,
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where Rijh
k = gjlghmRi

lmk, g
i0 = gijpj , R

ij0
k = Rijh

k ph and R0j0
k =

Rijh
k piph(Ri

lmk being the components of curvature tensor of D). From this
relation, making ordinary contractions, it follows that M has constant sec-
tional curvature.

4. The Bochner tensor of the CR−structure induced on the
unit cotangent bundle. In this section we shall compute the Bochner
tensor in the particular case of T ∗1M as a hypersurface in T ∗M , where M is
real space form with the constant curvature c. Consider the vector fields

(12)
δ

δqi
=

∂

∂qi
+ Γk

ijpk
∂

∂pj
, Y i =

∂

∂pi
− gijpjN ; i = 1, . . . , n+ 1.

These vector fields are generators for χ(T ∗1M). Let us remark that, since
piY

i = 0, the vector fields Y i; i = 1, . . . , n+1 are not independent, but in
any point z of T ∗1M they span a vector subspace of dimension n in Tz(T ∗1M).
Then we have:

(13)


η = pidq

i, η

(
δ

δqi

)
= pi, η(Y i) = 0

φ

(
δ

δqi

)
= gijY

j , φ(Y i) = −gij δ

δqj
+ gi0ξ; i, j = 1, . . . , n+ 1

where gi0 = gijpj .
The Weingarten map of the imersion ı : T ∗1M −→ T ∗M has the fol-

lowing form:

A(U) = −U, ∀U ∈ χ(T ∗1M), U - vertical,

A(X) = 0, ∀X ∈ χ(T ∗1M), X - horizontal.

Using these formulas we obtain the Levi–Civita connection ∇̇ of G (G
being the Riemannian metric induced from ḡ on T ∗1M):

(14)


∇̇Y iY j = −gj0Y i, ∇̇ δ

δqi
Y j = −Γj

ikY
k +

1
2
glkgjsR0

ski

δ

δql

∇̇Y i

δ

δqj
= −1

2
glkgsiR0

sjk

δ

δql
, ∇̇ δ

δqi

δ

δqj
= Γk

ij

δ

δqk
+

1
2
R0

kijY
k;

i, j, k = 1, . . . , n+ 1,
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where R0
ijk = phR

h
ijk and Rh

ijk are the components of the curvature tensor
of D.

Since M has constant sectional curvature c, the components of the
curvature tensor of D are written as follows

(15) Rh
kij = c(gjkδ

h
i − gikδ

h
j ); i, j, k, h = 1, . . . , n+ 1.

Next we obtain the expression of the torsion free canonical connection
defined by the almost contact structure (φ, ξ, η), determined by the relations
(see [2]):

(16)


2η(∇XY ) = 2X(η(Y ))− dη(X,Y ),

2dη(∇XY, Z) = 2η(X)dη(φY, ψZ) + 2η(Y )dη(φX,ψZ)+

+ φZ(dη(X,φY )) + dη([X,φZ], φY ) + dη([Y, φZ], φX)+

+X(dη(Y, Z)) + Y (dη(X,Z)) + dη([X,Y ], Z).

The local coordinate expression of the adapted connection ∇ in the
local frame

(
δ

δqi , Y
i
)

is given by:
(17)

∇Y iY j = −gj0Y i, ∇Y i

δ

δqj
=

1
2
gjs(gis + gi0gs0)ξ − gispj

δ

δqs
,

∇ δ

δqi
Y j = −Γj

ikY
k +

1
2
gis(gjs + gj0gs0)ξ − gjspi

δ

δqs
,

∇ δ

δqi

δ

δqj
= −Γk

ij

δ

δqk
+ cpigjlY

l, i, j, k = 1, . . . , n+ 1.

We find now, the expression of the curvature tensor field R of the
connection ∇ determined above. First, we make some notations. From now
on we shall deal only with sections in R(T ∗1M). So, we will project the
vector fields Y i, δ

δqi on R(T ∗1M), i.e. we consider:

Y i − η(Y i)ξ = Y i,

δ

δqi
− η

(
δ

δqi

)
ξ =

δ

δqi
− piξ

not= Xi, i = 1, . . . , n+ 1.

We denote also

(18) hij = gij − gi0gj0.
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Then the expression of the curvature tensor is obtained by using the
sections from Γ(R(T ∗1M)). From the definition (3) we obtain:
(19)

RY iY jY k = hjkY i − hikY j , RY iY jXk = gkl(gishjl − gjshil)Xs,

RXiXj
Y k = c(gmigjs − gmjgis)hksYm, RY iXj

Y k = −gjlg
kshilXs,

RXiXj
Xk = cgklh

ls(gjsXi − gisXj),

RY iXj
Xk = cgmkgjsh

isY m, i, j, k, l,m, s = 1, . . . , n+ 1.

To obtain the Ricci tensor ρ(R) we make the usual contraction and we
have:

(20)


ρ(R)(Y b, Y c) = n hbc, ρ(R)(Y b, Xc) = 0

ρ(R)(Xb, Y
c) = 0, ρ(R)(Xb, Xc) = cn gbdgceh

de

b, c, d, e = 1, . . . , n.

It is easy to prove that the matrix H = (hij)i,j=1,...,n is nonsingular.
The matrix H is the matrix of auxiliary metric h on R(M). Hence we get:
τ(R) = n2(c+ 1).

Now we can compute the Bochner tensor:
First, we have the following expressions for the tensor field L:

(21)


L(Y a, Y b) =

k1

2
hab, L(Ya, Xb) = 0,

L(Xa, Yb) = 0, L(Xa, Xb) =
k2

2
gacgbdh

cd,

where:

(22)
k1 =

1
n+ 2

(
n+ 1− c− τ(R)

4(n+ 1)

)
,

k2 =
1

n+ 2

(
nc− 1 + c− τ(R)

4(n+ 1)

)
.

From the definition of K it follows:

(23) KY a = −k1h
abXb, KXa = k2gabY

b, a, b = 1, . . . , n.
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Finally, making all the computations, we have:

(24)



BY iY jY k =
(c+ 1)(n+ 2)

4(n+ 1)
(hjkY i − hikY j),

BY iY jXk =
(c+ 1)(n+ 2)

4(n+ 1)
gkl(gishjl − gjshil)Xs,

BY iXj
Y k = − (c+ 1)(n+ 2)

4(n+ 1)
gjlh

ilgksXs+

+
n(c+ 1)
4(n+ 1)

(hikXj + gjlg
ishklXs + gjlg

kshilXs,

BY iXj
Xk =

(c+ 1)(n+ 2)
4(n+ 1)

gjlgksh
ilY s−

− n(c+ 1)
4(n+ 1)

(gjlgksh
lsY i + gklgjsh

ilY s + gjlgksh
ilY s),

BXiXj
Y k =

(c+ 1)(n+ 2)
4(n+ 1)

gimgjl(hlkY m − hmkY l),

BXiXjXk =
(c+ 1)(n+ 2)

4(n+ 1)
gksh

ls(gjlXi − gilXj).

Now we can state the main results of this paper:

Theorem. Let (M, g) be a Riemannian manifold of dimension n >
2 and let T ∗1M be the unit cotangent bundle with the standard contact
Riemannian structure. Then the gauge invariant tensor B of (1, 3)−type
(the Bochner type tensor associated to the CR−structure induced on T ∗1M)
vanishes, if and only if (M, g) has constant curvature -1.
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