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0. Introduction. In [5], [6] the authors have studied the properties of
a pseudo—Riemannian metric G on the cotangent bundle 7* M of a manifold
M by using an arbitrary symmetric nonlinear connection on this bundle.
Remark that this pseudo—Riemannian metric G on T M is very much similar
to the Riemann extension considered in [7], [8], [9].

In [3] the first author has studied some aspects of the differential ge-
ometry of the tangent bundle of a Langange manifold when this bundle is
endowed with a pseudo—Riemannian metric obtained from the fundamen-
tal tensor field by a method similar to the obtaining of the complete lift
of a (pseudo— )Riemannian metric on a differentiable manifold. So, the
Levi Civita connection associated with the considered pseudo— Riemannian
metric has been obtained, next the local coordinate expressions of its curva-
ture tensor field and the corresponding Bianchi identities have been written
down.

In the present paper we study the properties of a pseudo— Riemannian
metric G of type ”complete lift” on the tangent bundle TM of a (pseudo-)
Riemannian manifold (M,g). The considered pseudo-Riemannian metric
G on TM is defined by using the Levi Civita cannection of the (pseudo—)
Riemannian metric ¢ on M and an arbitrary M— tensor field of type (0,2)
on the tangent bundle TM. First we show that the geometric properties of
(TM, Q) to be either flat, or projectively flat, or conformally flat or locally
symmetric are expressed only in the terms of the Levi Civita connection
of g on M and of the symmetric part of the considered M-tensor field on
TM. Next, in the particular case where the considered M—tensor field is
independent of the tangential coordinates we get the necessary ans suffi-
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cient conditions under which the pseudo-Riemannian manifold (T'M, G) is
either flat, or projectively flat, or conformally flat, or lacally symmetric. In
section 2 we define an almost complex structure J on T'M and we get the
conditions under which the almost complex manifold with Norden metric
(TM, J,G) is a Kaehlerian manifold with Norden metric. In section 3, we
consider a naturally defined almost product structure P on T'M and study
the conditions under which the almost parahermitian manifold (T'M, G, P)
is a parakaehlerian manifold. Finally, some classes of manifolds whose tan-
gent bundles carry parakaehlerian structures are also presented (Theorems
7, 8,9 and 10).

The manifolds, tensor fields and geometric objects we consider in this
paper, are assumed to be differentiable of class C'°°. We use the well known
summation convention, the range for the indices ¢, j, k, h, [, s, t being always
{1,2,...,n}. We shall denote by I'(T'M) the module of smooth vector fields
on T'M.

1. The pseudo—Riemannian manifold (TM,G). Let M be an
n—dimensional manifold and denote by m:TM — M its tangent bundle.
Then T'M is a 2n—dimensional manifold and some special local charts on
TM induced from local charts on M may be used. Namely, if (U, z%);i =
1,...,n is a local chart on M, then the local chart (r=1(U),z% o 7,5%);i =

1,...,n is defined on TM where y',..., y" are the vector space coordinates
of a element from 77!(U) with respect to the natural frame (%, cey %)

defined by the local chart (U,z%);i = 1,...,n. We shall denote, by an
abuse of notation, 2° = 2% o 7, so =’ are considered simultaneously as local
coordinates on M and on T'M. The M-tensor fields and the linear M-
connections may be considered on T'M and the usual tensor fields and linear
connections on the base manifold M may be thought of naturally as M-
tensor fields and linear M—connections on T'M (sec [5], [8]). The tangent
bundle TT'M of T'M has an integrable vector subbundle VI'M = Ker 7,
called the vertical distribution on T'M. A nonlinear connection on T'M is
defined by a distribution HT'M, complementary to VIT'M in TTM (called
the horizontal distribution)

(1) TTM = VTM & HTM.

In the following we assume that M is a (pseudo—)Riemannian manifold
with the (pseudo—)Riemannian metric

g= gij(ac)da:idxj
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and denote by ¢/ the components of the inverse of the matrix (g;;); 4,7, =
1,...,n,i.e. girg’t =47,

Denote by Ffj the connection coefficients of the Levi Civita connection
V of g (i.e. the Christoffel symbols) and let a;;; ¢,j = 1,...,n be the
components of an arbitrary M—tensor field of type (0,2) on 7M. We think
of g;; as the components of an M-tensor field of type (0,2) on T'M and
consider the functions

(2) NJ’:: Z:kyk—}—gihahj; ,j=1,...,n.

It follows that these functions are the connection coefficients of a non-
linear connection which defines a horizontal distribution denoted by HT M
on T'M. The system of the local vector fields (9; = aiyi)? i=1,...,nisa

local frame in VI'M and the system of local vector fields (§; = %); i =
1,...,n, where

1) 0 ;0
3 = — = — — N/ ——
(3) ozt Oxt b oyl
is a local frame in HT M. Then (0;,9;); i = 1,...,n is a local frame on

T'M adapted to the direct sum decomposition (1).
The system of local 1-froms (dy*,dz"); i=1,...,n, where

(4) oy" = dy" + Njdx’

is the dual local frame of the local frame (9;,6;); i=1,...,n.
Then we have, as usual:

(5) |:8yz’ 5x]] Ji 8yk’ [(5%“ 5.1‘3:| RZJ 8yk7
where
(6) k. — ONj. ‘o ONF _oNF

! ayl J 5IE'L 5$J

and the integrability of the system defined by HT' M on T'M is equivalent
to the vanishing of the components Rf; on 7~!(U).
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Remark that the components @?i define a linear M— connection and

the components Rfj define an M—tensor field of type (1,2) on TM.
Consider the following pseudo—Riemannian metric G of complete lift
type on T'M

G = 2g;;6y'da’ = 2g;;dy'dz? + 2g;; T8, y*dahdad +
(7) +(a¢j + aji)dxidxj = 2gijdyidl’j+
—i—%ykdaﬂidﬂ + (aij + aji)dz'da?.

Remark that the pseudo-Riemannian metric G depends only on (the pse-
udo—)Riemannian metric g on M and on the symmetric part of the M—tensor
field on T'M defined by the components a;;.

Denote by V the Levi Civita connection of the considered pseudo—
Riemannian metric G on T'M.

Then the following result is proved by a straightforward computation.

Proposition 1. The local coordinate expression of V in the local
frame (0;,9;) adapted to the direct sum decomposition (1) is:

o o 0b; 0 = Oc i 0
Vo,0; =0; Vy,0; =g"" 8;?@3 V5,05 = (Tfj +g’“h87yhj v

~ 801- 1) 1
Vs, 05 = <I‘fj — gkh 8y2> SOk + igkh(Rijh — Rjni — Rhij)

9
oyk’
where

Ryij = ghkaj

and c;; (respectively b;;) denotes the simmetric part (respectively the skew—
1

symmetric part) of a;j,i.e. ¢;; = %(aij +ay;) and by; = 5(ai; — aji).
Remark. From Proposition 1 it follows that the esential coefficients of
the local coordinate expression of V in the local adapted frame (0;,0;); i =
1,...,n are expressed by using only the components of the (pseudo—)Riema-
nnian metric g on M, the coefficients of the Levi Civita connection V of
g, the simmetric part and the skew—symmetric part of the M—tensor field
defined by the components a;; on 7'M and the M—tensor field on 7'M defined
by %(Rijh — Rjni — Rpij). On the other hand, taking into account that
the pseudo—Riemannian metric G depends only on the components of the
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(pseudo—)Riemannian metric g on M and on the simmetric part of the M-
tensor field defined by the components a;; on T'M we can consider the

nonlinear connection HT M defined by the connection coeflicients N;

N; = V;kyk +gihchj; ,7=1,...,n,

where c¢;; denotes the simmetric part of a;j,7.e. ¢;; = %(aij + aj;). Then

the vector fields (&; = 521-; t=1,...,n, where
_ 5 0 —j 0
0)j=—=——N,—
oxt  Oxt L OyI

define a local frame in the horizontal distribution HT'M and the vector fields
(0:,0;) : i=1,...,n define a local frame in T'M adapted to the direct sum
decomposition

(8) TTM = VTM & HTM.

Denote by (0y?,dz®); i = 1...,n the dual local frame of the local
frame (0;,9;); ¢=1,...,n. Then we have

oyt =dyt + Nédazj
and the pseudo—Riemannian metric G defined by (7) on T M becomes

6gij

G = 2g;;0y"dx’ = 2g;;dy"da’ + pa

kdatde? + 2¢ij dx'dax?.

Since we have B '
0; =0; — g]hbhiaj’
where b;; denotes the skew-symmetric part of a;;, from Proposition 1 we

obtain by a straightforward computation.

Proposition 2. The local coordinate expression of the Levi Civita
connection V of G in the local frame (0;,9;); i =1,...,n adapted to the
direct sum decomposition (8) is:

o <~ T = 5] i 0
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~ - dci;\ 0 — 0
- k _  kh9Ci kh
V5,05 = <Fij -9 8y’z) soF 79 Rz‘jhaT/k,

where Rijk are defined by

— 7k —_
Rpij = g Rij; Rij = 0;

Remark. From Proposition 2 it follows that the esential coefficients of
the local coordinate expression of V in the local adapted frame (9;,6;); i =
1,...,n are expresed by using only the (pseudo—)Riemannian metric g on
M, the coefficients of the Levi Civita connection V of g, the components
of the symmetric M—tensor field defined by c¢;; and the components Ry;;
defined above.

Since the geometric properties of the pseudo—Riemannian manifold
(TM,G) to be either flat, or projectively flat, or conformally flat or locally
symmetric are independent of the choice of the horizontal distribution H1T M
or HI'M on T'M, from Proposition 2 we have

Theorem 3. The geometric properties of the pseudo— Riemannian
manifold (TM,G) to be either flat, or projectively flat, or conformally flat
or locally symmetric which depend only on the metric G and its Levi Civita
connection V are expressed only in the terms of the nonlinear connection

defined by N; onTM.

In the following we give the conditions under which the pseudo— Rie-
mannian manifold (7'M, G) is respectively flat, projectively flat, conformally
flat and locally symmetric, assuming that the M—tensor field defined by the
components a;; is independent of the tangential coordinates y’, i.e. the
components a;; define a tensor field of type (0,2) on the base manifold M
thought of as an M—tensor field on T'M.

We obtain by a straightforward computation the following result.

Theorem 4. Let (M,g) be a (pseudo—)Riemannian manifold and
denote by I’fj the coefficients of the Levi Civita connection V of g. Consider
on T'M the nonlinear connection defined by (2), where the components a;;
define a tensor field of type (0,2) on M thought of as an M—tensor field on
TM. Denote by (T'M,G) the pseudo—Riemannian manifold TM endowed
with the pseudo—Riemannian metric G, where G is given by (7). Then we
have:

(i) (T'M,Q) is flat if and only if (M, g) is flat and the symmetric part c;;
of a;; satisfies the condition

(9) Vi(kajh — Vthk) — Vj(chih — thik) = 0,
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where V;c;jj, are the local components of the covariant derivative of
the tensor field on M defined by c;;, with respect to V.

(ii) (T'M,G) is projectively flat if and only if (T M, G) is flat.

(iii) (T'M,G) is conformally flat if and only if (M, g) has constant sectional
curvature and the simmetric part c;; of a;; satisfies the condition

Vi(Vicj — Vicjk) — Vi(Vica — Viciy) =

(10) v
= m(cjkzgil — Cj1gik — Cikgjl + Citdjk)

where r denotes the scalar curvature of (M,g) and n > 2 is the di-
mension of M.

(iv) (TM, Q) is locally symmetric if and only if (M, g) is locally symmetric
and the simmetric part c;; of a;; satisfies the condition

(11) thi(vkcjl — vlcjk) — Vth(VkCil - vlcik)+
+Vheis Ry —Vncjs Rip +(Vsen —Viens) Ry~ (Vicns—Vscni ) R g+
+ (Vjens — Vseng) Rijp — (Vicns — Vsenr) Ri;; = 0,

where RZU are the local coordinate componenets of the curvature field of
the Levi Civita connection on (M, g).

Remarks.

(i) If ¢;; = 0 then the conditions (9), (10), (11) are identically fulfilled.

(ii) If ¢;; is parallel with respect to V, then the conditions (9) and (11)
are identically fulfilled too.

(iii) If ¢;; satisfies the relation V,cj, — V¢ = Viw;j, where the compo-
nents w;; define a 2-form on M and if (M, g) is flat then the condition
(9) is identically verified. In particular, if the 2—form defined by the
components w;; is parallel then the components c;; define a Codazzi
tensor field and (9) is identically verified.

2. An almost complex structure on (T'M,G). Let (M,g) be a
(pseudo—)Riemannian manifold and let (7'M, G) be the pseudo— Riemannian
manifold with G defined by (7) where the considered nonlinear connection

on T'M is given by (2). We can define the following almost complex structure
JonTM:

0 0 0 0
(12) J <(5ml> - Oyt / <8yi> T bt
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Then, according with the terminology from [2], we may verify that G
and J define an almost complex structure with Norden metric on T'M (or
equivalently, (T'M, J,G) is a hyperbolic almost Hermitian manifold), i.e.

(13) G(JX,JY)=—-G(X,Y); X,Y eT(TM).

On T'M we consider the following tensor field F' of type (0,3) defined
by (see [2])

(14) F(X,Y,Z)=G((VxJ)Y,Z); X,Y,ZecT(TM),

where V denotes the Levi Civita connection on (T'M, G).

Then the almost complex manifold with Norden metric (T'M, J,G)
is a Kaehlerian manifold with Norden metric (or an hyperbolic Kaehlerian
manifold) if

F(X,Y,Z)=0; X,Y,ZeI(TM),

or, equivalently, if VJ =0.
By using (12), (14) and Proposition 1 we get by a straightforward
computation

(15)

) 0 ) _ ) ) o _ 1
F (Wa@am) =r (W?W’Tyi) = 3(Rrij + Rjri — Riji)-

Examining the above relations it follows that the condition F' = 0
which must be fulfilled for (T'M, G) to be a Kaehlerian manifold with Norden
metric is reduced to

. Ocij Ociy
(16) (7,) ayk = 0; (ZZ) ay; 8yj = 0; (lZZ)Rki]‘ + Rj]m' - Rz‘jk =0.
From (16)(i) and (16)(ii) it follows that a;; must be independent of

y*, i.e. the components a;; define a tensor field of type (0,2) on the base
manifold M thought of as an M—tensor field on TM. Next, using (2), (3)
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and the second relation (6) we obtain by a straightforward computation that
the condition (16)(iii) becomes

(17) Y" Ryt + Vieij — Ve — Vibj, = 0,

where Ry, denotes the local coordinate components of the Riemann—Chris—
toffel tensor of V on M and c;; (respectively b;;) is the symmetric part
(respectively the skew-symmetric part) of a;;.

Hence we may state

Theorem 5. The almost complex manifold with Norden metric
(TM, J,G) is a Kaehlerian manifold with Norden metric if and only if the
components a;; are independent of y*, the Levi Civita connection V of g
is flat and the symmetric part c;; and the skew—symmetric part b;; of a;;
satisfy the condition

(18) chij - Vjcik = Vibjk.

Remark. The condition (18) implies that the 2-form defined by the
components b;; is closed. Then the condition (18) is equivalent to V;a i =
Vja;; and Theorem 5 may be formulated as follows: The almost complex
manifold with Norden metric (T'M, J, G) is Kaehlerian with Norden metric
if and only if the components a;; define a tensor field on the base manifold
M, the 2-form defined by the components b;; is closed and the horizontal
distribution HT M defined by the nonlinear connection coefficients N; on
T'M is involutive. Remark also that if ¢;; define a Codazzi tensor field with
respect to V and b;; is parallel with respect to V, then the condition (18)
is identically satisfied.

3. An almost product structure on (7'M, G). In this section we
consider a nonlinear connection on 7'M defined by its connection coefficients
of the form (2) and define and almost product structure P on T'M deter-
mined by the distributions VI'M and HT M. Next we obtain the conditions
under which the almost parahermitian manifold (T'M, G, P) is a parakaehle-
rian manifold (see [1]).

Consider on T'M the almost product structure P natuarlly defined by
the direct sum decomposition (1), i.e.

0 0 o 0
(19) F <8yi> Oy’ P <(5x’> T o
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It follows easily that G(PX,PY) = —-G(X,Y); X,Y € I'(TM), therefore
(TM, G, P) is an almost parahermitian manifold (see [1]). Define the 2—form
(2 associated with the almost parahermitian structure (G, P) on T'M by

(20) Q(X,Y) =G(PX,Y); X,Y eT(TM).

According to the terminology from [1] we have that (T'M, G, P) is a para-

kaehlerian manifold if V2 vanishes identically on 7M. Using (19), (20) and
Proposition 1 we obtain by a straightforward computation

(@1) (Vo,2)(9;,01) = (Vo,w) (9, 1) = (V5,2)(8;, 0) = (V5,2) (;, 5) =0
(Vo,)(8;,0r) = 2528 (Vs,2)(6;,0%) = Riij + Rjri — Rij-

8yi )

Then the condition V€ = 0 which must be fulfilled for (T'M, G, P) to
be a parakaehlerian manifold is reduced to

. Oby; .
(22) () a;f =0; (i) Rypij + Rjki = Riji-

From (22)(i) it follows that the skew—symmetric part b;; of a;; does not
depend on the tangential components y*, i.e. the components a;; are of the
form

(23) aij(z,y) = cij(x,y) + bij(z),

where ¢;;(z,y) are the components of a symmetric M—tensor field of type
(0,2) on TM and b;;(x) are the components of a skew-symmetric tensor
field of type (0,2) on M thouhgt of as a skew—symmetric M—tensor field on
TM. Hence we have

Theorem 6. The almost parahermitian manifold (T M, G, P) where
G is defined by (7) and the nonlinear connection is defined by (2) with a;;
of the form (23) is a parakaehlerian manifold if and only if the components
Ry;ij satisfy the condition (22)(ii).

In order to obtain some classes of manifolds whose tangent bundles
carry parakachlerian structures, we consider on T'M some particular M-
tensor fields of the form (23) and we study the conditions under which
(TM,G, P) is a parakaehlerian manifold.
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Firstly, we consider on T'M the M—tensor field defined by the compo-
nents a;;:

(24) Qi = Cij + bij,

where ¢;; (respectively b;;) are the components of a symmetric (respectively
skew—symmetric) tensor field on M thouhgt of as an M—tensor field on T'M.
Then, using (2), (6) and (24) we get by a straightforward computation

Rkij = Rk}m'jyh + Viakj — Vjaki,

where Rjyi; are the local coordinate components of the Riemann—Christoffel
tensor field defined by V on (M, g). Next, the condition (22)(ii) becomes

(25) Rinijy" + Vierj — Vjick + Vibij = 0,

hence we have

Theorem 7. Let the nonlinear connection Nt on TM be defined
by (2) where a;; are given by (24). Then (TM,G,P; is a parakaehlerian
manifold if and only if the (peudo— )Riemannian manifold (M, g) is flat and
the components c;; and b;; satisfy the condition

(26) Vicr; — Vjcri = Vibj;.

Remark. The condition (25) is equivalent to

Rkij + Z Vibjk = 0,
(4,7:k)

where > denotes the sum consisting of three terms obtained by cyclic
(4,4,k)

permutations of ¢, j, k. Thus, Theorem 7 becomes: Under the hypothesis
of Theorem 7 we have that (T'M, G, P) is a parakaehlerian manifold if and
only if the horizontal distribution HT'M on TM is involutive and the 2—
form defined by the components b;; is closed.

Now, we consider on T'M the M—tensor field defined by the compo-
nents a;; of the form (23), with
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(27) aij = kgingiiy"y' + tij,

where k is a nonzero constant and the components ¢;; define and arbitrary
tensor field of type (0,2) on M thought of as an M-tensor field on TM.
Using (2), (6) and (27) we obtain by a strainghtforward computation

(28) Riji = [Rujk + k(tixgjt — tijgr + tixga — tejgi)|y' + Vjtix — Vitij.

By using (28) it follows that the condition (22)(ii) becomes

(29) [Ritjk + k(tingji — tijgre + tinga — trjgu)|y'+
+V;hix — Vihi; + Vibjr = 0,

where h;; (respectively b;;) denotes the symmetric part (respectively the

skew—symmetric part) of ¢;;. The condition (29) is equivalent to

(30) (i) Ry = k(tind] — tijop + tind] — tr;0l);
(ZZ) V]hzk; — thzj — vibkzjv

where R? .. are the local coordinate components of the curvature tensor field
of the Levi Civita connection V an M.

By taking into account that V is the Levi Civita connection of g, we
have from (30)(i)

1
(31) tij = 7k(n — 1)Rij,

where R;; are the local coordinate components of the Ricci tensor defined
by the curvature tensor of V, i.e. we have t;; = h;; and b;; = 0. Thus, the
condition (30)(i) implies that the (pseudo—)Riemannian manifold (M, g) has
constant sectional curvature, next replacing the expression of ¢;; from (31)
in (30)(i) and using the second Bianchi identity we get that the condition
(30)(ii) is identically verified.

Hence we may state
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Theorem 8. Let (M,g) be a (pseudo—)Riemannian manifold with
dimM = n > 2. Consider on T'M the nonlinear connection defined by

NF =Ty + kgany™y" + 9" Ry,

k(n—1)
where Ffj are the connection coefficients of the Levi Civita connection V
of g, R;j are the local coordinate components of the Ricci tensor defined
by the curvature tensor of V and k is a nonzero constant. The the almost
parahermitian manifold (T M, G, P) where G is given by (7) and P is defined
by (19) is a parakaehlerian manifold if and only if the (pseudo—)Riemannian
manifold (M, g) has constant sectional curvature.

More parakaehlerian structures on tangent bundles can be obtained in
the cases of complex and quaternion manifolds.

Let (M, g, F) be a Kaehler manifold with the almost complex struc-
ture defined by the tensor field F of type (1,1) such that F? = —I and
denote by V the Levi Civita connection of g such that VF = 0 (see [10]).
Moreover, we have g(FX,FY) =g(X,Y); X,Y € T'(M). Consider on TM
the M—tensor field defined by the components a;; of the form (23):

(32) aij = k(gingjx — 9isFr 956 FL)y"y" + tis,

where F* are the components of F,k is a nonzero constant and t;; are the
components of an arbitrary tensor field of type (0,2) on M thought of as an
M—tensor field on T'M. In this case, using (2), (6) and (32) we obtain by a
straightforward computation

Riji = {Ruji + k [ticgji — tijgm + tjngi — tejga + thi FLFfga —
—thkF]thgsl +thi FFegs — thsz‘hF;gsl] M+ Vit — Vitig,
where R;;;;, are the local coordinate components of the Riemann—Christoffel
tensor on (M, g). Using the above expression of R;j;, we obtain by a straight-
forward computation that the condition (22)(ii) which must be fulfilled for

(TM,G, P) to be a parakaehlerian manifold is equivalent to the following
two conditions

(1)  Rpy; = k(tr0) — tridll — t;0) + tijop + i F}Fl —
(33) —ti FyF] 4+t FLE] — i FLF]);
(ZZ) Vihjk — vjhik + vkbij =0,
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where Rﬁi ; are the local coordinate components of the curvature tensor field
of V on M and h;; (respectively b;;) denotes the symmetric part (respec-
tively the skew—symmetric part) of ¢;;.

From (33)(i) it follows

Replacing this expression of ¢;; in (33)(i), next using the second Bianchi
identity we get that the condition (33)(ii) is identically verified.
Hence we may state

Theorem 9. Let (M, g, F) be a Kaehler manifold with real dimen-
sion n > 2 and consider on T'M the nonlinear connection defined by

1

kh L l s
7]{:(,”2_4)9 (nRh, 2FthRls)7

NF =TEy + k(giny*y" — FfgisFiy'y") +

where Fi-“j are the connection coefficients of the Levi Civita connection V of
g, R;;j are the components of the Ricci tensor defined by the curvature tensor

of V, F/ are the components of F' and k is a nonzero constant. Then the
almost parahermitian manifold (T'M, G, P) where G is defined by (7) and P
is defined by (19) is a parakaehlerian manifold if and only if (M, g, F') has
constant holomorphic sectional curvature.

Consider now (M, g,S) a quaternion Kaehler manifold . Then M is a
4m—dimensional manifold , S is a subbundle with fibre dimension 3 of the
vector bundle of tensors of type (1,1) on M and, locally, S has a canonical
base (Fy, Fy, F3) such that

F?=-I;, FooF3=—-F30F,=F,,

where o = 1,2, 3 and (a, 3, ) is any cyclic permutation of (1,2,3). Moreover,
we have

g(Fu X, F.Y) = g(X,Y); X,Y e(TM), a=1,23.

Denote by V the Levi Civita connection of g which preserves S, i.e., locally

VF, = Z na,@@Fﬁv
8=1,2,3
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where 7,3 are locally defined 1- forms adapted with the Levi Civita con-
nection V of g (see [4]) and 1,3 = —1ga-

Consider on T'M the M—tensor field defined by the components a;; of
the form (23):

(35) ai; = k{gingixy"y" — Z 9is(Fa)igit (Fa)iy"y"} + tij,
a=1,2,3

where (F,)¥ are the local coordinate components of F,,, k is a nonzero con-
stant and ¢;; are the components of an arbitrary tensor field of type (0,2)
on M thought of as an M—tensor field on T'M. Then using (2), (6) and (35)

we obtain by a straightforward computation

Riji = {Rujk + kltirgji — tijgr + tixga — te;ga+
(36) + 122 S(thj(Fa)Z(Fa)fgsl — thi(Fo)(Fo)iga+
a: 9 9

+th]’(Fa)z}‘L(Fa)zgsl - thk(Fa)?(Fa)gs‘gsl)]}yl + Vijtik — Vitij.

By using (36) it follows by a straightforward computation that the condition
(22)(ii) is equivalent to the following two relations

(i) Rpyy=k{tiof —trid] —tjiop +ti00+ 3 [HEF)i(Fa)itit
a=1,2,3

(37) F(Fo) S (Fa)litis + (Fa)L(Fa)tti — (Fo)k (Fa) 51},

J

(Z’L) Vzh]k — VthI{: - vkbjia

where h;; (respectively b;;), denotes the symmetric part (respectively the
skew—symmetric part) of t;;. From the condition (37)(i) we obtain by a
strainghtforward computation

1
(38) tij = m[@m +3)Rij — a:;zyg(Fa)?(Fa)?th]-

Replacing this expression of ¢;; in (37)(i), next using the second Bianchi
identity we get that the condition (37)(ii) is identically verified.
Hence we may state
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Theorem 10. Let (M, g,S) be a quaterninon Kaehler manifold with
dimM > 4. Consider on T M the nonlinear conection defined by N¥, where

1

N} = Fijj + klginy"y* — ;2 3(Fa)fgis(F@)?Lylyh]+
a=1,z,

+emimrn 9 [(2m + 3) Rai — 2 B(Fa)i(Fa)ﬁRst],

where I’fj are the coefficients of the Levi Civita connection V on (M, g,S), k
is a nonzero constant and R;; are the components of the Ricci tensor de-
fined by the curvature tensor of V. Then the almost parahermitian manifold
(TM,G, P) where G is given by (7) and P is defined by (19) is a parakaehle-
rian manifold if and only if the quaternion Kaehler manifold (M, g,S) has
constant (Q—sectional curvature (see [4]).
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