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A SET-VALUED INTEGRAL

BY

A. CROITORU

Introduction. The purpose of this paper is to define an integral
for multifunctions with values in the family of all nonempty compact con-
vex subsets of a real Banach algebra with respect to a multimeasure. The
multimeasure is here in the sense of [2] (i.e. it is a multifunction ¢ de-
fined on a measurable space (S5,.4) and having values in the family of
all nonempty compact convex subsets of a real Banach algebra such that
©(E1 U Es) = p(E1) + ¢(Ey), whenever Ey; N Ey = 0).

First, the integral of simple multifunctions is defined and some pro-
perties of the integral are presented. Then we define p—integrable multi-
functions F' by means of a sequence of simple multifunctions which is said
to be a defining sequence for F. In this case we define the integral of F' as
the limit of integrals of a defining sequence for F' and prove some properties
of the integral. Finally, we get a convergence theorem of Vitaly type for this
kind of integral.

Note also that our integral includes both the Brooks integral 2] and
the integral described in [9]. Exactly, if the multifunctions to be integrated
are single valued then our integral becomes the Brooks integral and if the
multimeasure is single valued then our integral becomes the Martellotti—
Sambucini integral [9].

Terminology and Notations. Let S be a nonempty set, let A be an
algebra of subsets of S, let (X, || -||) be a real commutative Banach algebra.
Pre(X) = Pre is the family of all nonempty compact convex subsets of
X and D is the usual Hausdorff metric defined on Py.. We define |A| =
D(A,0), A € Py, where 0 is used in place of {0} € Py.. If A, B € Pge, A €

i

(%) A+B={z+vy|z€ Ay B},
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AB={zy|zecAye B}, MM={\x|xe A}
Let I C Pk be a semigroup with identity 0 under the operation (x),
satisfying the conditions:

(K7). A-Bis convex for every A, B € K.
(Ky). A(B+C)=A-B+ A-.C, VA, B,C e K.

It is easy to see that the following classes of sets:

1. K={{z} |z € X} for X like above and
2. K={AePr. |AC Ry} for X =R

are such semigroups.

Assume ¢ : A — Pi.. ¢ is said to be a multimeasure (cf. [2]) if
©(E1UEy) = o(Eq) + ¢(Ey), whenever Ey N Ey = (). The total variation of
¢ is the non—negative (possibly infinite) set function v(¢p, -) defined on A as

follows:
A)=sup ) |o(E
i=1

where the supremum is taken over all finite partitions {E;}! ; of
Ac A with E; € Aforalli=1,...,n
If  is a multimeasure then v(yp,-) is finitely additive.

Let F,G : S — P, be multifunctions. We denote by IN)(F, G):S— IR
the function defined on S as follows:

(D(F,G))(s) = D(F(s),G(s)), Vs € S.

Throughout this paper, A will be an algebra of subsets of S, ¢ : A —
K a multimeasure and v the total variation of ¢. We shall assume v(S) < oco.
A multifunction F' : § — K is said to be a simple multifunction if

n

F=>) Ci-1a, where C; € K, A; € A,i=1,..,n, A;nA; = (i # j) and
i=1

14, is the characteristic function of A;.

The Integral. Definition 1. If F': S — K is a simple multifunction
:ZC’ 14, then ”the integral of F' over E” is defined to be

=1

/ngo Zc (A;NE), Ec A
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Since C; € K for all i+ = 1,...,n the integral of F' is independent of the
representation chosen for F.

The following lemma will be needed.

Lemma 2. For every A, B,C € Pge,
D(A-B,A-C) < |A|- D(B,C).

The next theorem establishes some properties of simple multifunctions.

Theorem 3. Let F,G : S — K be simple multifunctions. Then:

D(/ ngo,/Gdgp) g/f)(F,G)du, VE € A.
FE FE FE

b) / Fdy = Fdy +/ F dy, whenever E1 N Ey =0,
FE,UE>5 Eq Eo

Ei,E; € A (if we put I'(E) = / Fdp,VE € A, then T is
E
a multimeasure).

Proof. a) Let F,G : S — K be simple multifunctions F' = ZBi 1a,,
i=1

n
G = Z C;-14,. From Lemma 2 we have

D(/SW,/SGW):D(igi%),ia.@ )

<> D(B;-¢(4;),C <Z|<P ) D(B;, C;) <

n

b) Let F be a simple multifunction F = ZBi - 14, and E1,Ey € A,
i=1

E, N Ey = (. Then we have

| Fde=3 Biel(BUE)N A -
E1UE>

i=1

:ZBi‘QO(ElﬂAi)""ZBi'(P(EQﬂAi):/ Fd90+/ Fdp.
FEq Es

i=1 =1
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Theorem 4. Let F': S — K be a simple multifunction and I'(E) =
/ Fdp, VE € A. Then the total variation of I' on E, v(I', E) = / |F|dv,
E

VE € A, where |F| = D(F,0) and 0 is the multifunction defined by 0(s) = 0,
Vs € 8.

Proof. Let F : S — K be a simple multifunction F' = ZBi “1a,,

Ai € A, B, eK,i=1,n, AiNnA; =0 (i #j), 8 = UAZ-. Then

=1
/FdsozzBi-sO(A
S i=1

Let Ej, j = 1,...,m, be disjoint sets in A with § = U E;. Then we
j=1

<D D IBil-le(B; N A=

j=11i=1

have
m

ZIF M=

=1

=N IB S (B 0 A< S Bl v(Ai) = /S |Fldv
i=1 j=1 i

Z Bi - p(E; N A;)

=1

which shows that

U(F,S)S/SlFldV. (1)

Now, let Ei, k = 1,...,m;, be disjoint sets in A with 4; = U E!
k=1
such that Z"gp(E,’Cﬂ > v(A;) — <
k=1

number and M = Z | Bi]. Then

,t =1,...,n, where € is a given positive

n my

o(T, S) > Z}; ILEDI =) IBil- le(BL)] =

zlkl

—ZIBI ilw ()l Z\!BV v(

/ |\Fldv — e,
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which proves that

(T, 8) > /S |Flv. 2)

From (1) and (2) results v(I", S) = / |Fldv.
S

Corollary 5. If F': S — K is a simple multifunction then

D (/ chp,(]) < / D(F,0)dv, VE € A.

E E
/ ngo“ S/ |Fldv, YE € A.)
E E

Definiton 6. A multifunction F' : § — K is said to be p—totally
measurable if there is a sequence (F},),, of simple multifunctions F,, : S — K
satisfying the conditions:

(The inequality is also written as

1) D(F,, F) is v—measurable (in the sense of [7]), Vn € IN.

2) D(F,, F) converges to 0 in v—measure (in the sense of [7])
(D(F,,F) - 0).

Remark 7. If F is p—totally measurable then F' is also totally mea-
surable (with respect to v) in the sense of [9].

The next result follows from Definition 6.

Proposition 8. Let F,G : S — K be multifunctions such that F" is
p—totally measurable and G is simple. Then D(F,G) is v—measurable.

Definition 9. Let F': § — K be a p—totally measurable multifunc-
tion. F is said to be p—integrable on S if there is a sequence (F},),, of simple
multifunctions F;, : § — K satisfying the conditions:

1) D(F,, F) is v—measurable, Vn € IN.

2) D(F,,F) - 0.
3) lim [ D(F,,Fy)dv=0.
n,m—oo g

Such a sequence (F},),, of simple multifunctions will be said to be a
defining sequence for F.
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For each E € A,D(/ Fndgo,/ Fmdcp> < /E(Fn,Fm)dy <
E E E

< / D(F,, Fy)dv.
S

n,m—oo |g

Since lim l~7(Fn, F,,)dv = 0, the sequence {/ F, dgo} is
E n

Cauchy in Pp..
The completeness of Py, (cf. [5], Theorem II-14, p.47) implies that

lim F,, dy exists in Pke.
n—oo
The above inequality shows that the limit is uniform with respect to
E e A
Definiton 10. Let F': S — K be a p—integrable multifunction with
defining sequence (F},),. Define / Fdp = lim F,, dy to be the integral
E E

n—oo
of F over E, E € A.

Theorem 11. If F : S — K is a p—integrable multifunction and

I'(FE) = / Fdp, VE € A, then T is a multimeasure.
E

Proof. It results straightforward from Definitions 9 and 10. In fact, let
(F.)n be a defining sequence for F and E;, E; € A, E; N Ey = (). Then we
have

=00 JEUE,

/ Fdp= lim F,dy =
E1UE2

= lim/ F,dp+ lim Fndcp—/ ngo—i—/ Fdp.
B4 By

n—oo El n—oo E2

Proposition 12. Let F : S — K be a yp—integrable multifunction
with defining sequence (F,),. Then:

a) The function D(F,6) is v-integrable and
/E(F, 0)dv = lim /E(Fn,e)du, VE € A.
E n—eeJE

b) lim [ D(F,,F)dv =0.

n—oo S

Proof. It follows once again from Definitions 9 and 10.
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Remark 13. The Brooks, Martellotti-Sambucini and Dunford in-
tegrals are obtained like particular cases from the integral defined in this
paper. So:

a) f X = R, K= {{z}|z€R} and F : S — K, F = {f}, then
we get the Brooks integral [2] for the function f with respect to the
multimeasure .

b) If ¢ is single valued, ¢ = {u}, , then we get the Martellotti-Sambucini
integral [9] for F' with respect to the measure pu.

o) U X=R, K={{z} |ze€ R}, F: S— K, F={f}and ¢ = {u} (so
the multifunction and the multimeasure are both single valued) then
the integral here defined becomes the Dunford integral [7].

The next theorem extends the result of Theorem 3-a) to ¢—integrable
multifunctions.

Theorem 14. Let F,G : S — K be p—integrable multifunctions.

Then
D(/ ngp,/ Gd¢> g/f)(F,G)du, VE € A.
E E E

Proof. Let (F,)n, (Gr)n be defining sequences for F, G respective. Then,
for all sufficiently large n we have

D(/Engo,/EGdgo) §25+/]315(Fn,Gn)du. (3)

Since |D(F,G) — D(F,,G,)| < D(F,F,) + D(G,G,), D(F,G) is v-
limit of a sequence of simple functions so it is v-measurable.
Also the sequence {D(F,,,G,)}, is Cauchy in L'(S, A, v) since

/|l~)(Fn, Gp) — D(F,,, Gm)|du§/l~7(Fn, F,,)dv +/l~)(Gn, G )dv.
s _ s s
Therefore D(F, G) is v—integrable and

lim [ D(F,,Gy)dv = / D(F,G)dv.
S

n—oo S
We make n — oo in (3) and the statement is proved.

Theorem 15. If F : S — K is a p—integrable multifunction, then
D (/ Fdy, 0) < /ZN?(F,H)dV, VE € A. Moreover, if we put I'(E) =
E E
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/ Fdp, VE € A, then the total variation of T on E, v(I', E) =
E
/ D(F,0)dv = / |F|dv, VE € A.

E E

Proof. Let (F,), be a defining sequence for F'. Then

lim D(/ Fndg0,0> :D</ ngo,O).

From b)-Proposition 12 we have

D</ ngo,O)_ lim D(/ Fndgo,())g
E n—oo E

< lim / 5(Fn,0)du§/ﬁ(F,9)du

We now prove that v(T', E):/ 5(F,9)d1/:/ |Fldv,VE € A.
E E

We consider I'),(E) = / F,dp,VE € A;ne€ IN and € > 0.
E

Then there is ng such that E(Fn,F)dV < &, VYn > ng. We can choose
E
Aq,...,An, By, ..., By such that

m

v, E) =) (4] <e, v(ln,E) - Zur | < e

=1

Let (E;) be the partition of E generated by the sets A;, B;. Then
|u(T', E) — v(T,, E)| < 3¢ and so v(T, E) = / D(F,6)dv.
E

Theorem 16. If F : S — K is a p—integrable multifunction and
I'E) = / Fdp, VE € A, then T' << v (i.e. Ye > 0, 36 > 0 such that
E
v(I',E) < e for all E € A with v(E) < 9).

Proof. From Theorem 15 we have

o(I, E) = /E D(F,0)dv, VE € A. (4)
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Let M be the total variation of I'. Since the function 15(F ,0) is v—integrable
(cf. a)-Proposition 12),

li M.E) = 0. 5
V(é])“Lo”(  B) (5)

Then the conclusion of the theorem follows immediately from (4) and (5).

Theorem 17. Let (Fy)n, (Gn)n be two defining sequences for a ¢—
integrable multifunction F:S— K. Then

/F dp=lim [ F,dp=lim [ G,dp, VEEA.
E n—JE E

n—0o0

Proof. It easily results that ﬁ(Fn,Gn) 5 0. Let ¢ > 0 and A, =
={s € S| D(F,.(s),Gn(s)) > €}

We will prove that lim D </ F, dcp,/ G, dap) =0, VE € A
E E

n—0o0

For all sufficiently large n > ng,

D</ Fndw,/ Gnd<p> g/ D(F,,Gp)dv =
E E E

= E(Fn,Gn)dz/—i—/ D(F,,Gp)dv <
EﬂAn E_An

< D(F,,Gp)dv + cv(E).
ENA,

Using the Vitali-Hahn—Saks Theorem, by a standard proof, it follows
that lim D(F,,Gy)dv = 0 (see Theorem 2.8 in [9]).

n—oo JENA,

Definition 18. A finite or countable family of pairwise disjoint sets
(E;)i; € A will be called a v—exhaustion of S if for each € > 0 there is ng € IV

no
such that v (S — U EZ) <Ee.
i=1

Proposition 19. Let (E;);ev C A be a v-exhaustion of S such that

S = U E;. Let (Cy)n be a sequence in KC such that there exists r > 0 such
ieN
that |Cy| <7, ¥n € IN. We define

F:ZCilEi- ()
i=1
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Such definition is formal, in the sense that for every s € S there exists a
unique i = i(s) € IN such that s € E;(5) and so F(s) = C;(5) (hence F is
K-valued). Then F defined as in (xx) is @-integrable.

n
Proof. It easily results that F,, = Z C; - 1g, is a defining sequence for F.
i=1

Theorem 20. (The convergence theorem of Vitaly type) Let
F:S — K be a multifunction, (F,)n be a sequence of p—integrable multi-

functions F,, : S — K and I',,(E) = / F,dp, VE € A, n € IN with the
conditions: "

(i) D(F,,F) -2 0.

(ii) Iy, << v, uniform with respect to n € IN.

Then F is p—integrable and/ Fdp= lim F,dp, VE € A.
E n—oJE
Proof. It easily follows that

lim v({s € S;D(F,(s), Fin(s)) >e}) =0, Ve > 0.

n,m— 00

From (ii), the sequence (/ F, dgo) is Cauchy in Py, VE € A.
E n

To prove that F' is p—integrable one has to find a defining sequence
(Gp)n for F. Since F,, is p—integrable for all n, there is a defining sequence
(G})kemw for F,,. Then we have for every n € IN :

E(GZ,Fn) is v—measurable, Vk € IN.
E(GZ,FH) 50, for k — o0.

3. lim [ D(G},G)dv = 0.

k,p—oo Jg
Let Hy,, = {s € S; D(G}(s) > o)
Then for all n € IN there is k( ) 6 IN such that v(H, ) < 3 and
/ D( n)dv < , VEk > k.
Let B, = H, (). Then nle v(B,) = 0 and if we put G, =

= G? . then D(G,(s),F(s)) <

R Vs € ¢By. Then D(G,,F) - 0. In

_2717
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fact, since |D(Gm, Gn) — D(Gm, F)| < E(Gg(n), F,) + D(F,,F), D(Gpn, F)
is v-totally measurable and so D(G,,, F) —— 0. We now prove that

lim | D(Gn,Gy)dv = 0.

n,k—oo Jg

~ 1
Since for all sufficiently large n,k, /D(Gn,Fn)dV
s

< an ?
S o
- 1 -
/D(Gk,Fk)dy < o8 and from (ii), /D(Fn,Fk)dy < ¢, from a standard
s S

~ 1 1

decomposition of S, we have /SD(Gn, Gr)dv < e+ o + o
Thus F' is p—integrable.

Moreover, lim D </ E, dgo,/ G dg@) =0, VE € A. In fact,
E E

n—oo

~ 1
D </ Gndw,/ Fndq)) S/D(Gn,Fn)dyg =
E E s 2

therefore / Fdp = lim Gpdp = lim F,, de. This completes the
E n—oo E n—oo E
proof.

The following result is an immediate consequence of Theorem 20.

Corollary 21. (Lebesgue dominated convergence theorem) Let
(F)n be a sequence of p—integrable multifunctions F,, : S — K. Let F be

a multifunction F : S — K such that 5(Fn,F) 0. Suppose that there
exists g € L'(S, A, v) such that |Fo| < |g|, ¥n € IN. Then F is p—integrable

and/ngaz lim /Fndgp,VEGA.
E T JE

Proposition 22. Let (F,), be a sequence of -integrable multifunc-
tions that converges to F, uniformly with respect to s € S. Then F is -
integrable and

/ Fdy = lim F,dy, VE € A.
E E

n—oo

Proof. The proof is analogous to that of Theorem 20. In fact, if (G})rem is
a defining sequence of simple multifunctions for F,,, for every € > 0, n € IN
there exists k(n,e) € IN such that, for k > k(n,¢)

(s€ 8| D(G(s), Fu(s)) >} =0
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and, for n suitable large
{s € S| D(F(s),F,(s)) >e} =0.

Then G,, = GZ(n ) is a defining sequence for F'.

s QT
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