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ON CERTAIN LIFTS IN THE TANGENT BUNDLE

BY

V. CRUCEANU

Introduction. Continuing the study from [5], concerning some lifts
for tensor fields and linear connections on a vector bundle, in this paper we
shall deal with the particular case of the lifts on the tangent bundle.

The total space of the tangent bundle is a manifold naturally endowed
with a very rich geometrical structure and that is why it presents a special
interest for Differential Geometry, Analytical Mechanics and Theoretical
Physics. See the recent monograph [12] by R. MIRON and M. ANASTASIEI
and the references therein.

Starting from a natural and unitary point of view, we obtain new
vertical and horizontal lifts, different from those introduced by K. YANO and
S. ISHIHARA [15], which respect to a nonlinear connection. We give also
simple characterizations for these lifts.

1. d—Tensor fields and certain lifts. We shall work in the category
of C'*°-manifolds. Let M be a connected and paracompact m—dimensional
manifold, F(M) the ring of real functions, 7P(M) the F(M)-module of
(p, ¢)—tensor fields and T (M) the F(M )-bigraded tensor algebra of M. Let
be then (T'M,w, M) the tangent bundle of M, VT'M = Ker T the vertical
subbundle of T(T M) and VAT M = Im T*7 the subbundle of T*(T'M), dual
orthogonal to VT'M. Denote by WT M the quotient bundle of T'(TM) by
VTM and by W-TM the quotient bundle of T*(TM) by VL-TM. We ob-
tain the following short exact sequences of vector bundles over the manifold
™

(1) 0— VIM - T(TM) 25 WTM — 0,
(2) 0 — ViTM L (T M) L WETM — 0,
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where 7, j and p, ¢ are the canonical injections and projections, respectively.
Let be, in the local chart (U, ) and (7~ 1(U),®) on M and TM, the local
coordinates (z¢), (%, y), respectively and the pairs of corresponding dual
bases (0;; d?), (93, 0;;d,d), where 0;=0/0x", &z@/@yi, di=daxt, di=dy’,
i,j,k=1,2,...,m. For VT M, V*TM,WTM and WL'TM, we obtain, res-
pectively, the natural bases (), (d%), (8; = p(d;)), (dl = q(d")). The exact
sequences (1) and (2) suggest us to consider the following natural class of
”tensor fields” on the manifold T'M.

Definition 1.1. A distinguished, or shortly, a d—tensor field of type
(p,q,7,s), on the tangent manifold T'M, is a section T of the vector bundle
QPWTM @" VI M @1 V+TM @° W-TM over TM.

The local expression for such a tensor field is

. . _ . . 4 =l
() T() =T 50l (@ )iy ® Oy @ d @ d © - @d .

We shall denote by 'Z_;If;T(TM) and 7 (T'M), the F(TM)-module of d-
tensor fields of type (p, g, r, s) and the corresponding fourgraded tensor alge-
bra on T'M. The coordinates of d-tensor fields of types (0,0, p, q), (p,q,0,0),
(0,q,p,0) and (p, 0,0, q) have the same law of transformation as those of ten-
sor fields of type (p,q) on M and so we can consider the following lifts

Definition 1.2. The vw*, wvt, vot and ww*-lift for a tensor field
t € TP(M), given by

(4) b=t ()0, @ d @ @ d
is the d-tensor field T" of type (07 Oup) Q)’ (p7 q, 07 0)7 (07 q,p, 0) and (p7 07 O) Q)
respectively on T'M, given by (3), where

iy..i i
(5) le...j:(xay) = tjl...jl;(x)‘

The ring F(M) being isomorphic with the subring F(M) = {fon | f €
€ F(M)} of F(T M), it may be considered as a subring of F(T'M). So the
previous lifts give four embeddings of the bigraded tensor algebra 7 (M)
in the fourgraded d-tensor algebra 7 (M). We remark that the bigraded
subalgebra of d-tensor fields on T'M of type (0,q,p,0), p,q € IN is also a
subalgebra of the tensor algebra T (TM). So, by the vv-lift, the tensor
algebra 7 (M) is embedded naturally in the tensor algebra 7 (T'M). The
d-tensor fields of type (0,q,p,0) on TM were considered in many papers
with different names: M-tensors [13],[12], Finsler tensors [11], d-tensors [12],
semibasic tensors [3] etc.
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For example, if I is the identical automorphism of the bundle T'M,
then o = (I)’”’L is the natural almost tangent structure on the manifold

T M with the local expression o = 9; @ di. '
Setting for each 1-form w € 77 (M), given locally by w(z) = w;(z)d",

(7) V(W) (2) = wi(z)y',

where z = (z,y), we obtain a class of functions on T'M with the following
important property. For two vector fields A and B on TM we have A = B
if and only if A(yw) = B(qyw), for each w € 7;(M). The operator v may be
extended to tensor fields t € 7", (M) by

’}/(tilmip‘ ail SRR ®d-7 ®d]1 & - ®djq)(z) =

J3J1---Jq
®) e - |
=gl (x)ah@...@aip@dh®...®djq_

Ji1---Jq

In particular, for t = I, we get the canonical (or Liouville) vector field
K = ~(I) on the manifold T'M, given by

9) K(yw) =qw, Yw e T (M),

with the local expression K (z) = y9;.
Definition 1.3. A vertical vector field on the manifold T'M is a section

of the vertical subbundle VT M.
So a vertical vector field is a d-tensor field of type (0,0, 1,0) and it has

the local expression A(z) = A¥(z,y)d;.
Definition 1.4. The vertical lift for a vector field X € T1(M) is the
vector field XV on T'M given by

(10) X’ (yw)=w(X)om, YweT1(M).
Locally, if X = X?(2)d;, then X = X?(z)9;. For X = d; we obtain
(11) (8;)° =0y, i=1,2,..,m.

Hence, for a vector field on M, the vertical lift coincides with the vot-lift.
We remark the properties

(12) (XU, Y] =0, Lk X" =—X", VX,Y € T"(M),

where £ is the Lie derivation and K the canonical vector field.
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Definition 1.5. A horizontal 1-form on the manifold T'M is a 1-form
which vanishes on every vertical vector field.

Hence, a horizontal 1-form on T'M is a section in the subbundle ViTM
and it has the local expression a(z) = a;(z,y)d".

Definition 1.6. The horizontal lift of a 1-form w € 7;(M) is the
1-form on T'M given by

(13) wh = T*r(w).
If w = w;(r)d}, then wW"(2) = w;(r)d'. For w = d* we get
(14) (dYr=d', i=1,2,...,m.

Hence for a 1-form on M, the horizontal lift coincides with the vo--lift.

Remark 1.1. The horizontal 1-forms and the horizontal lift for 1-
forms coincide respectively with the vertical 1-forms and the vertical lifts
for 1-forms considered by K. YANO and S. ISHIHARA [15].

2. Normalization for the vertical foliation. T'M being a ma-
nifold endowed with the vertical foliation, it is convenient for its study to
consider a normalization of the foliation, that is, a distribution on T'M sup-
plementary to the vertical one. Such a distribution will be called horizontal
distribution and denoted by HT M. With HT'M will be denoted also the
corresponding subbundle of T'(T'M) and we shall call it the horizontal sub-
bundle. A normalization can be defined, for example, by a right splitting
of the exact sequence (1), that is, a morphism N : WI'M — T(TM) so
that p o N = Iywrpa. Then putting HTM = N((WTM), we obtain an em-
bedding of WT'M, as a supplementary subbundle for VI'M. Setting locally
§; = N(0;) we obtain

(15) (51 :81—Nf(x,y)8] 1= 1,2,,m

and it follows that (d;), 7 = 1,2, ...,m is a local basis for HT M. The splitting
N is also called nonlinear connection. The name is justified by the fact that
if we have a linear connection V on M, then putting locally

(16) Vo0 = (2)9; and N (z,y) =T, (2)y",

the relations (15) give a normalization N on TM. But generally, for a
normalization N, the local functions N (z,y) are not linear in y.
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Definition 2.1. A horizontal vector field on the manifold T'M, with
respect to normalization IV, is a section on the horizontal subbundle HT'M.
Locally, a horizontal vector field is given by A(z) = A*(x,y)d;.

Definition 2.2. The horizontal lift of a vector field X € T1(M) is the
horizontal vector field X " on T M which satisfies the condition T'm (X by = X.
Locally, if X = X*(2)9;, then X"(2) = X!(x)d;. For X = §;, we obtain

(17) (8Z)h = (51‘, 1= 172, ceey ML

It is not difficult to prove

Proposition 2.1. If N is the normalization defined by a linear con-
nection V on M, then the horizontal lift X", for X € T1(M), is characte-
rized by

(18) XMw) = 7(Vxw), Ywe Ti(M).
Proposition 2.2. A normalization N on T M is induced by a linear
connection V on M if and only if

(19) LrX"=0, VX € TY(M).

Proof. We obtain locally

. ON?t . .
LxX"=(Ni— L4 ) XF0;
K ( k By Z/)
and N} being of class C> on T'M, the condition (19) is equivalent with
(16)2. In this case one has

(20) (X", Y" = [X,Y])" —yRxy, VX,Y € THM),

where R is the curvature of the linear connection V.

Remark 2.1. In [15], for a linear connection V on M, given locally by
(16)1, the horizontal lift, for a vector field X € T1(M), is defined by X"(2) =
= X'(2)(9; — T,(2)y*d;). That is, in [15], the horizontal lift of X, with
respect to V, coincides with the horizontal lift of X given by the Definition
2.1, with respect to the connection transposed to V, ie. 'V =V =TV,
where TV is the torsion of V. Evidently, the definition in [15] complicates
the things in many questions concerning the horizontal lift. This deficience
was deleted in [6], but the old definition is still used by certain authors.
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Now, we obtain, for the horizontal lift of a 1-form w € 7;(M), the
following characterization.

Proposition 2.3. The horizontal lift for the 1-form w on M, is the
1-form w" on TM given by

(21) WX =0, W"(X") =w(X)om VX € THM).

Definition 2.3. A wvertical 1-form on T M is a 1-form which vanishes
on every horizontal vector field.

Hence, a vertical 1-form is a section in the subbundle H+TM C
C T*(TM), the orthogonal dual of HT'M. Locally, for such a 1-form one
has a(z) = ozi(:c,y)(di + N;(a:, y)d?).

Definition 2.4. The vertical lift of a 1-form w on M, with respect to
a normalization N, is the 1-form w” on T'M given by

(22) Ww'(XY) =w(X)om, (XM =0, VX eT'(M).
If w = w;(x)d’, then w'(z) = w;(z)(d" + Nj(z,y)d’). For w = d" we obtain
(23) 0= (d")' =d + Nid’, i=1,2,..,m.

Hence the 1-forms (5’),@2 1,2,...,m generate locally the subbundle H-TM.

Remark 2.2. The vertical 1-forms and the vertical lifts for 1-forms
coincide with the horizontal 1-forms and the horizontal lifts for 1-forms
considered by K. YANO and S. ISHIHARA [15].

From the previous considerations it results that the following systems
of local sections (d;,0;) and (d?, d%) represent the dual bases adapted to the
normalization N and the natural charts on T'M.

These bases are very convenient in the study of TM. From the trans-
formation laws of natural and adapted bases one obtains isomorphisms be-
tween VT'M and WTM with HT M and between V+TM and W+T M with
H-+TM, which evidently depend on the normalization N.

3. N-decomposable tensor fields and N-lifts. A normalization
N of the vertical foliation determines a direct sum decomposition of the
bundles T'(T'M) and T*(T M),

(24)  T(TM)=HTM &VTM, T*(TM) = V+TM & H-TM.

Denoting by H and V the horizontal and the vertical projectors, asso-
ciated to these decompositions, we obtain for A € 7'(T'M) and o € T (T M)
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(25) A=HA+VA a=Ha+Va=aoH+aoV.

From (25) and the Definitions 2.3 and 1.5 it follows that the duals
(VTM)* and (HTM)* are isomorphic with H-TM and V-TM respecti-
vely.

Definition 3.1. A N-decomposable tensor field of type (p,q,r,s) on
the manifold T'M, with respect to the normalization N, is a section of the
vector bundle @ HTM ®@" VT M @4 V+-TM @* H-TM.

We denote by 7P (TM,N) and 7(T'M,N) the F(T'M)-module of
N-decomposable tensor fields of type (p, g, r, s) and the corresponding four-
graded tensor algebra on TM. Considering a tensor field T € ’Z;pfsr(T M) as
a F(TM)-multilinear mapping T : T;(TM)**" x THTM)"™* — F(TM),
it follows

Proposition 3.1. A tensor field T € TP} (T M) is N-decomposable
of type (p,q,r,s) if and only if

(26) T=To(HP xV" x H? x V?*).
Such a tensor field has the local expression in adapted bases

(27) T(z) =T 20 (2 )6, @Oy @+ d @ -6 @ - @ b,

- jln-jqzlu-es

From (24) and (26) it results that each tensor field T' € 7/(T M) may

be decomposed in 2¢+7 N-decomposable tensor fields of type (p, q,r, s) with
p+ 1 =1, g+ s =7j. Therefore we obtain for each i, € IN*,

T} (TM) = €D 777 (TM,N)

ptr=i
q+s=j

and so, the bigraded algebra 7 (T'M) can be replaced by the fourgraded
algebra 7 (T M, N).

Definition 3.2. The N-lift with respect to normalization N, of a d-
tensor field T of type (p,q,r,s) on TM, given by (3), is the N-decomposable
tensor field T of the same type, given by (27), where

~inipky.. Ky 1. ipkt. .k
(28) T;f...;fell...es (z,y) = T;f...;:ell...es (z,9).

Evidently, the N-lift is an isomorphism between the fourgraded algebras
T(TM) and T(TM,N).
In the following table we consider certain important classes of N-

decomposable tensor fields of type (p, g, r, s) on the manifold TM.
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Characte— .
Name N Local expression
rization

Vertical p=q=0 T:Tzlil.izf"'ékl & ® 8k; @00 - ®
(29) |Horizontal —r=5=0 T:T;ll;s&l Q- ®0, AN @ Qdla

Vertical - . ; ‘ A
h(fll:izlgital p=s5=0 T:T]l?lerakl Q- Q0 @A Q- Qdle
Horizontal— . ‘ :
Ve(i“?li(;rll T r=g=0 T=T)06, 9 ©6, 080 @@

These tensor fields determine four bigraded subalgebras in the alge-
bra 7(T'M,N), which will be called respectively: wvertical (VT (T M, N)),
horizontal (HT (TM, N)), vertical-horizontal (VHT (TM,N)) and horizon-
tal-vertical (HVT (T'M, N)) subalgebras. We remark that the vertical, ho-
rizontal and horizontal-vertical subalgebras depend on the normalization
N. The vertical-horizontal subalgebra is independent on the normalization
and coincides with the subalgebra of 7 (T'M) formed by the d-tensor fields
of type (0,q,7,0), g,r € IN. Since (VIT'M)* is naturally isomorphic with
H+TM, it follows that the N-lift determines an isomorphism between the
tensor algebra of VT'M and the subalgebra V7 (T'M, N) of the vertical ten-
sor fields on T'M, with respect to N. Then, (HT M)* being isomorphic with
VATM, the N-lift determines an isomorphism between the tensor algebra
of HT'M and the subalgebra H7 (T'M, N) of the horizontal tensor fields on
TM, with respect to the normalization N.

Definition 3.3. The wvertical (v), horizontal (h), vertical-horizontal

(vh) and horizontal-vertical (hv)-lifts of the module 7P(M), with respect

to the normalization N on T'M, are the vw™, wvt, vot

composed respectively, with the N-lift, that is:

(30) v=Novw", h=Nowvt, vh=Nowvvt, hv =N oww".

and ww*-lifts

All these lifts determine F (M )-morphisms of tensor algebras.

Proposition 3.2. The vertical, horizontal, vertical-horizontal and
horizontal-vertical lifts for a tensor fieldt € TP(M) are respectively the ver-
tical, horizontal, vertical-horizontal and horizontal-vertical tensor fields on
TM, denoted by t°,t", t** t"* and given by
(W ey wp, X7, X)) = Hwr, ooy wp, X1y, Xg) 0,
th(wh, ...,w;},X{l, ...,X(;‘) =t(wi, ..., wp, X1, ..., Xg) o,

(WY wl, X, XD = twr, o wp, X, X)) o,
thv (wh, ...,wg, X7y X)) = t(wr, oy wp, X1,y 0, Xg) 0,
)

for every w; € T,(M) and X; € T'(M

(31)
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If the normalization N is defined by a linear connection V on M,
taking into account that Lx X¥ = — X" and Lx X" =0, we obtain for these
lifts the following characterizations.

Proposition 3.3. A tensor field T € TP(TM) is the vertical, horizon-
tal, vertical-horizontal or horizontal-vertical lift of a tensor fieldt € TP (M),
with respect to normalization N defined by a linear connection V on M, if
and only if it is a vertical, horizontal, vertical-horizontal or horizontal-ver-
tical tensor field respectively, which satisfies the corresponding condition

(32) LxkT =(q—p)T; LxkT =0; LgT =—pT; LT = qT.

4. Structures associated to a normalization on 7M. Let N be
a normalization of the vertical foliation on the tangent manifold T'M and I
the identical automorphism of the tangent bundle T'M. Using the v, h,vh
and hv-lifts associated to N, we obtain the well known [2,4,7-15] and very
important tensor fields of type (1,1) on T'M:

V=I'H=I" o=1" 7=I" F=I"-1",

(33) P = Iiw _}_Ivh’ J = Ihv o Ivh.

From (31) it results, for these tensor fields, the characterizations:

V(XV)=X"?, V(X" =0; H(X")=0, H(X")=X"; o(X"V)=0,
(34) o(XM=XV; 7(X?)=X" 7(X")=0; F(X")=X", F(X?)= —X";
P(XV)=X" P(XM)=X"; J(X")=-X"?, J(XV)=X".

For the composition of the morphisms defined by these tensor fields on the
bundle T'M, we obtain the table

o | vV | H | o | T | F | P | J
V | V| 0 | o | 0O | -V | o | -0
H | o0o| H | 0] 71 | I
o | 0 | o | 0 | Vo] o | V| Vv
(35)
T | T | 0 | H | O | -~ | H | -H
F | -V | H | -0 | T | I | J | P
P | T | o | H | v | -J | I | -F
J | | o | H | -V | =P | F | -I

So, V and H are the vertical and horizontal projectors, ¢ is the natural
tangent structure, 7 is another almost tangent structure (the second), F'
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and P are two almost paracomplex structures [4] (the first and the second),
and J is an almost complex structure on T'M. Excepting o, all these structu-
res depend on the normalization N. The tensor fields, F, P and J determine
together an almost antiquaternionic structure on T'M, associated to N.

The normalization N can be defined by a right or left splitting of the
sequence (1) or (2), but it can be also defined by one of the tensor fields
V,H,F,P,J,7 on TM. Using the characterizations (34) and computing the
Lie derivative of these tensor fields, with respect to canonical vector field K,
we can see when the normalization N is induced by a linear connection V
on M. After some simple calculations we obtain

Proposition 4.1. Let be o the natural tangent structure and K the
canonical vector field on the tangent manifold TM. Then:

(i) A normalization N on TM can be defined by one of the tensor
fields V,H, F, P, J,7 € T;{(T M), which satisfy respectively the conditions:

Voo=0,00V =0 Hoo=0, coH =0; Foo=—ao,
(36) coF=0; P2=1, Poo+ooP=1I;
J?=—-1I Joo+ocoJ=1;,72=0, Too+oco7=1.

(ii) The horizontal distribution is given respectively by

KerV; ImH; Ft ={Ae T TM)|F(A) = A};

(37) P(VTM); JVITM); Kert =Imr.

(iii) The normalization N is induced by a linear connection on M if
and only if one has, respectively

(38) LgV=0; LkH=0; LxF=0; LkP=J; LxJ=P; LgT=T.

Let ¢ be a tensor field of type (1,1) on T'M. Setting ¢f = f, pA =
= p(A), pa = aop,pT(ay, ..., A1,...) = T(pay, ..., pA1,...) for f € F(TM),
A; € THTM), oj € To(TM), T € TP(TM), it results that ¢ defines an
endomorphism of the algebra 7 (T'M). Considering then ¢ equal with one
of the tensor fields V|, H, o, 7, P, J and taking into account the relations (34),
we obtain

Proposition 4.2.  The subalgebras VI (TM,N), HT(TM,N),
VHT(TM,N) and HVT (T M, N) have the following properties:
VI(TM,N)=ImV =KerH, HT(TM,N)=ImH =KerV,
VHT(TM,N)=1Imo =Kero, HVT(TM,N)=1Im7 = Kerr,
P(VT(TM,N)) = HT(TM,N), P(VHT (TM,N)) = HVT(TM, N),
J(VT(TM,N)) = HT(TM,N), J(VHT(TM,N)) = HVT (TM, N).

(39)
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Remark 4.1. This proposition gives a new justification for the de-
finition adopted by us for the vertical and horizontal tensor fields on T'M
and for the corresponding lifts of tensor fields on M. The definitions given
by K. YANO and S. ISHIHARA in [15], for the vertical and the horizontal
lifts, are not justified, firstly, because the corresponding tensor fields are not
generally, vertical or horizontal respectively. Actually the vertical lift of K.
Yano and S. Ishihara coincides with our vh-lift and it is independent on the
normalization. After that, the horizontal lift of K. YANO and S. ISHIHARA
[15] is an artificial and complicated construction. It has been used in the
form of K. Yano and S. Ishihara or easily modified (as we have seen for
vector fields), but only for some particular types of tensor fields for which it
may be expressed simply with the lifts considered by us. The complet lift,
defined by K. YANO and S. KOBAYASHI [14] is also complicated, but it is a
natural and useful construction which is independent of the normalization
and is strongly related with our vh-lift.

5. Derivation laws in the algebra of d-tensor fields.

Definition 5.1. A d-connection on the manifold T'M, with respect
to a normalization N, is a linear connection on T'M which induces a law of
derivation in the algebra of d-tensor fields 7 (T'M).

Proposition 5.1. A linear connection D on TM is a d-connection if
and only if it preserves by parallel transport the vertical subbundle.
The proof is the same as in [5]. It follows from here

Proposition 5.2. A connection on the manifold TM is a d-connec-
tion if and only if it satisfies one of the following conditions:

(40) (i) poDaoi=0; (ii)ooDaoo=0, YAcTHTM).

6. Derivation laws in the algebra of N-decomposable tensor
fields.

Definition 6.1. A wvertical-horizontal (vh)-connection on the ma-
nifold T'"M, with respect to a normalization N, is a linear connection on
T M which induces a law of derivation in the vertical-horizontal subalgebra
VHT(TM,N).

It is easy to prove

Proposition 6.1. A connection D on T M is a vh-connection if and
only if it satisfies one of the following conditions:

(41) (i) D preserves the vertical subbundle,
(ii) coDpoo =0, (iii) HoDaoV =0, VA e TYTM).
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Definition 6.2. A horizontal-vertical (hv)-connection on T'M, with
respect to a normalization N, is a linear connection on 7'M, which induces
a law of derivation in the horizontal-vertical subalgebra HV 7T (T'M, N).

We obtain

Proposition 6.2. A linear connection D on T M is a hv-connection
if and only if it satisfies one of the following conditions:

(i) D preserves the horizontal subbundle,
(ii) 7ToDgor =0, (ili) VoDsoH =0, VAcTYHTM).

Remark 6.1. A vh-connection is independent on the normalization
and it is in the same time a d-connection. A hwv-connection depends on the
normalization N.

Let D be a linear connection on T'M which preserves the vertical sub-
bundle VTM and A € TY(TM), B € HT'(TM,N), a € VT;(TM, N).
We obtain (Daa)(B) = —a(DaB) and so, D« is a vertical 1-form if and
only if D4 B is a horizontal vector field. Therefore, a connection D on T'M
induces a law of derivation in the subalgebra of vertical tensor fields (i.e.
it is vertical) if and only if it induces a law of derivation in the subalgebra
of horizontal tensor fields (i.e. it is horizontal). But in this case it induces
a law of derivation in the whole algebra of N-decomposable tensor fields.
Hence it is justified the following

Definition 6.3. A N-decomposable connection, with respect to a nor-
malization N, is a linear connection D on T'M , which induces a law of deriva-
tion in the fourgraded algebra of N-decomposable tensor fields 7 (T'M, N).

From the previous considerations it follows

Proposition 6.3. A linear connection D on the manifold TM is
N-decomposable if and only if it satisfies one of the conditions:

(i) D is in the same time a vh and a hv-connection.

(ii)) D induces a law of derivation in the vertical subalgebra.
(iii) D induces a law of derivation in the horizontal subalgebra.
(iv) D is a F-connection, i.e. DF = 0.

(v) There exists a pair of connections (D, D) on the subbundles VT M
and HT'M , so that

Q

(42) Dy =DyoV+DoH, YA e THTM).
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Let be N a normalization on T'M, P the second almost paracomplex

structure associated to N and D a linear connection on the vertical subbun-
dle VI'M. Then setting

(43)  Dxr Y"=P(Dx1Y?), Dx. Y =0, VX,Y € T (M),

we obtain a linear connection on the horizontal subbundle HT M. Conversely,

if D is a linear connection on HTM , then putting

(44) DynYV = P(Dxn Y), DxoY" =0, VX,Y € TH(M),

we obtain a linear connection on VT'M. So, we get

Proposition 6.4. A N-decomposable connection on TM is uniquely
determined by a linear connection on VI'M or on HT M.

It is easy to prove

Proposition 6.5. If N is a normalization on the manifold T M, then
setting
DxnY? = [X", V"], Dx.Y" =0;

(45) ~
Dxn Yh = P[X" Y"], Dx. Y" =0,

VX,Y € TYTM), one obtains a pair (25, ZN?) of linear connections on VT M
and HTM and by (42) a N-decomposable connection on T'M.

Definition 6.4. The N-decomposable connection D on T'M given by
(46) DxnY" = [X",Y"], Dx. YV =0, DxnY" = P[X" Y], Dx.Y" =0,

will be called the canonical connection associated to the normalization NN.
For its local expression, we obtain

. 8N]?' . . ;
(47) Déjak; - Tyk&, Dajak - 0, D(Sj(sk; - Twéh Dajék - O

The torsion 7 and the curvature R of D are given by

(48) T(Xh7yh) - _NP(Xh7Yh)7 T(Xh7Yv) - 07 T(XU7Y1)) - 07
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where Np is the Nijenhuis tensor field of P and

RxnynZ' = [VIX", Y, Z"], RxnynZ" = P[VIX" Y"], 2,
(49)  RxnyoZ° =[[X",2°],Y"], Rxny-Z" = P[[ X", Z],Y"],
RXva ZU = O, RXVYP Zh == O

We obtain also the following useful relations

Dx.K = X", DxnK =[X" K],

(50) DV =DH =DF =DP =DJ =Do =Dt =0.

It follows

Proposition 6.6. If D is the canonical connection associated to nor-
malization N on TM, then the canonical vector field K is absolute con-
current for vertical movements. It is absolute parallel for horizontal move-
ments if and only if N is defined by a linear connection on M.

A characterization for the canonical connection is given by

Proposition 6.7. The linear connection D on the tangent manifold
TM 1is the canonical connection, associated to the normalization N, if and
only if it satisfies the conditions:

(51) DF =0, DP=0, 7oV xH=0.

Proof. If D is the canonical connection, then the conditions are sa-
tisfied by (46) and (50). Conversely, from DF =0, it follows that D pre-
serves the vertical and horizontal subbundles. After that, 7oV x H=0
gives Dx1n Y '—Dy X[ X" Y¥]=0. But from Dx» Y, [X", Y']|eVTHTM),
and Dy.X" € HTYTM,N), it follows that Dx»Y"? = [X" Y] and
Dy X" = 0. Combining these with DP = 0, it follows Dx»Y" = P[X" V"]
and Dx.Yh = 0.

If we take, in particular, the normalization IV, given by a linear con-
nection V on M, we may set the following

Definition 6.5. The v-lift for a linear connection V on M is the
canonical connection on T'M associated to the normalization N defined by
V, that is, the connection D = V¥ given by

(52) V5. Y = (VxY)", V4. Y' =0, V5. V" = (VxY)", V.Y =0.
For the torsion and the curvature of V¥, we obtain

T(XhYM) =TV(X,Y)" +yRYy, T(X" V") =0,
(53) T(X°,Y?) =0, RxnynZ® = (RYy Z),
RxnynZ" = (R%y Z)", Rxny» =0, Rxvy» =0,
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where TV and RY are the torsion and the curvature of V.
The previous construction may be extended as follows.

Definition 6.6. The 1y-lift of a linear connection V on M, with
respect to another linear connections V°? on M, is the Ny-decomposable
connection D on T'M, given by

DY, Y" = (VxY)?, DY =0,

(54) Ny ho P yh
DY, Yho = (VxY)h, DY, Yho =0,

where hg is the horizontal lift corresponding to V°.
For the torsion and the curvature of D*° we obtain

T(Xho, Yho)=TV (X, V)" +~yRYy,

T(XhO,Y”) =S5(X,Y)", T(X”,Y”):O,

R xroyho ZUZ(R)V(YZ)va RXhOY’LOZhO:(RXYZ)hO7
RXhOYU :0, RXva :0,

(55)

where S =V — V0.

Remark 6.1. The ”horizontal lift” for a linear connection V on M,
defined by K. YANO and S. ISHIHARA [15], is the vy-lift D of V, with res-
pect to the normalization N° defined by the transposed connection of V,
i.e. the connection VY = V—TV. In this case we have in (55), S =TV.
The denomination ”horizontal lift of V7, given in [15] for D*° defined by
V0=V —-TV, is not justified because generally D*° does not induces a law
of derivation in the horizontal subalgebra on T'M with respect to the nor-
malization N, defined by V. After that, D*° is more complicated than D".
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