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Summary. The present paper is concerned with Saint—Venant’s problem for
inhomogeneous and anisotropic cylinder in the linear theory of Cosserat viscoelasticity.
The material is at rest at all times ¢ < 0 and the coefficients are independent of the
axial coordinate. On the basis of the solutions of some generalized plane strain problems
we describe two classes of solutions to Saint—Venant’s problem. These classes are used in

order to obtain a solution for the relaxed Saint—Venant’s problem.

1. Introduction. The continuum media with microstructure are ex-
tensively studied in literature. The memory effects are coupled with the
microstructure of the material in [3]. The basic equations for the linear
theory of micropolar viscoelasticity are presented in [3], [7]. In [7], IESAN
establishes some general theorems in linear micropolar theory of viscoelas-
todynamics.

In the present paper, we consider the Saint—Venant’s problem for a
cylinder made of an inhomogeneous and anisotropic micropolar viscoelastic
material. We extend the results established by CHIRITA [1]. In the first
part of the paper we define the generalized plane strain for a quasi—static
micropolar viscoelastic material. The existence and uniqueness of the so-
lution for the resulting two—dimensional boundary value problem can be
established by using the theory described by FICHERA [4]. Then an analysis
of Saint—Venant’s problem is given by means of some plane cross section so-
lutions. We treat Saint—Venant’s problem by reformulating the equilibrium
equations with the axial variable playing the role of a parameter. We deduce
the conditions upon the solution of Saint—Venant’s problem in order to treat
it as a generalized plane strain problem. Further, we point out two classes
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of solutions of Saint—Venant’s problem that may be expressed in terms of a
plane motion. In the last part of the paper, we use these classes in order to
obtain a solution for the relaxed Saint—Venant’s problem.

2. Saint—Venant’s problem. Throughout this paper B denotes the
interior of a straight cylinder of length L with the open cross—section D and
the lateral boundary 7. We call D the boundary of the generic cross—section
D. Throughout this paper a rectangular Cartesian coordinate system Oxy
(k=1,2,3) is used. The rectangular Cartesian coordinate system is chosen
such that the rs—axis is parallel to the generators of B, and the x;0xo—plane
contains one of the terminal cross—sections. We call D(0) the cross—section
located at 3 = 0 and D(L) the cross—section which lies in the plane z3 = L.

We shall employ the usual summation and differentiation conventions:
Greek subscripts are understood to range over the integers (1,2), whereas
Latin subscripts (unless otherwise specified) to the range (1, 2, 3); summation
over repeated subscripts is implied and subscripts preceded by a comma
denote partial differentiation with respect to the corresponding Cartesian
coordinate; superposed dots denote differentiation with respect to the time
variable; where no confusion may occur, we suppress the dependence upon
the spatial variables.

We assume that the body occupying B is a linearly viscoelastic micro-
polar material that is at rest at all times ¢ < 0. Let u; be the components of
the displacement vector and ; the components of the microrotation vector.
Then

(1) €ij (W) = wji +€jikPr, Kij = Pji
are the kinematic characteristics of the strain associated with u = (u;, ;).

The components of the stress tensor and the components of the couple—stress
tensor are [3]

Sij(u) = Aijri(0)ers + Bijri(0)kip +/0 (Aijra(t — 2)ep(2)+
+Bijkl (t — z)/@kl(z))dz,
2 t
M;j(u) = Bpij(0)er + Cijri(0) kg +/O (Briij (t — 2)ep(2)+
+Cijkl (t — Z)Hkl(z))dz.

The characteristic coefficients of the material A;;xi, Bijki, Cijri satisfy
the symmetry relations

(3) Aijkt = Aktiz, Cijt = Chaij-
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Moreover, we assume that
(4) Aijir = Aiji(z1,225t), Bijii = Bijri(v1,22;t), Cijir = Cijri(1, x2;t)

are smooth functions on Dx[0, c0).
The surface tractions and surface couples acting at point x on the
oriented surface OB are given by

(5) si(u) = Sji(a)n;, mi(u) = Mji(a)n;,

where n; are the components of the outward unit normal to 0B.

We call a six—dimensional vector field u a quasi—static equilibrium
motion field for B, if for each time ¢ € [0,7), we have u € C*(B) N C?*(B)
and is continuous with respect to t on [0,7") and

(6) Sjij(a) =0, Mj; j(u) + €515k (u) = 0

hold on B.
Saint—Venant’s problem for B consists in the determination of a quasi—
static equilibrium motion field, subjected to the requirements

(7) s;(u) =0, m;(u) =0, on T,

= sgl), m;(u) = m"  on D(0),

si(u) i

(8)

si(u) = 31(»2), m;(u) = mgz) on D(L),
for each time t € [0,T"). Here sgl),mgl) and 352),m§2) are functions preas-
signed on D(0) and D(L), respectively, for each time ¢ € [0, 7).

The conditions of equilibrium of the considered cylinder can be written

in the form
/ sgl)da +/ 5&2)da =0,
D(0) D(L)

(9)
/ (Eijkmjs;(:) + mﬁ”)da —|—/ (gijkl'jsl({:l) +m{*)da = 0.
D(0) D(L)

Under suitable smoothness hypotheses on 7 and on the given functions
()

and m, ’, a solution of Saint—Venant’s problem exists being continuous
with respect to time on [0,7) (cf. FICHERA [4]).

)
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If we introduce the relations (1) and (2) into (5) and (6), it results
that u satisfies the boundary value problem

Si(uw) = [Aji ® (wk + €temem) + Bjint @ 18] ; =0,
(10)  Sits(u) = [Briji ® (uik + €tkm®m) + Clikl @ ©1k),;+

+ €ijk[Ajkim @ (Um,i + Emin®n) + Bjkim ® ¢m, ] = 0in B,

and
. Bi(u) = [Awiki @ (U1 + €tkmPm) + Baiki © €160 =0,
- Bits(u) = [Briai @ (Ui + €tkm®m) + Caikl @ @1xne =0on 7
and
Ssi(u) = s, Mgi(u) = -m{"  on D(0),
(12)

Szi(u) = 352), Msi(u) = ml(.2) on D(L),

where we have used the notation
(13) (F@9)0) = FO)a(t)+ | Ft=2)a:)a

We have introduced the operators [S;,S;13] and [B;, Biy3] with do-
mains C([0,7); C*(B) N CY(B)) and C([0,T); C'(r)) respectively.
Let us denote by

A={u=(u;, ¢;)|Si(u)=0,S;4+3(u)=0in B, B;(u)=0,B;13(u)=0 on 7}.

3. The generalized plane strain state. Following [6] we define the
state of generalized plane strain of the considered cylinder to be the state
in which the functions v; and ; depend only on x; and x5 and t

(14) v; = vi(x1, 225 t), 5 = Yi(r1,223t), (w1,22) € D, t€[0,T).

The above restriction implies that the components of the stress tensor and
couple-stress tensor are functions of 1 and x9 and ¢, i.e. T;; = T;;(x1, z2,1),
M;; = M;j(x1,z2,t). Moreover, we have

(15) Tii(v) = Aijp @ vi,8 + Aijil @ (Etkm¥m) + Bijsi © U1,
Nij(v) = Bgaiij @ v1,8 + Briij @ (Etkm¥m) + Cijai @ 1 8.
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A six dimensional vector field v is an admissible motion provided v is con-
tinuous with respect to time variable on [0,7") and, moreover, for each
te0,7),
i) v is independent of 3
ii) ve CY(D) N C?*(D).
The generalized plane strain problem for D U 0D consists in finding
an admissible motion v which satisfies the equations of equilibrium

(16) Tai,a(v) + fz = 07 Nai,a(v) + Ez]kT‘]k(V) + lz =0in D
and the boundary conditions
(17) Twi(V)ng = pi, Noi(v)ne = ¢q; on 0D

for each ¢t € [0,T). In the above relations f;(z1,x2;t) and I;(z1, x2;t) denote
the body loads and p;(x1,z2;t) and ¢;(x1,x2;t) denote the surface loads.

If we introduce the relations (15) into (16) and (17) we get the boun-
dary value problem

Ti(v) = [Awig®u g+Aciti®Ekm¥m)+Baigi®V18] o= — fis
(18) Tix3(v) = [Bpiai®ui,3+Briai®(Etkm¥m)+Caigt®@Vi1 8] .o+
+ €ijk[Ajra1 2V 3+ AjkmiQ(Etmn¥n) +Bjkgi @ gl= — l; in D,

and

Pi(v)=[Anigi @3+ Aniki @ (Etkm¥m )+ Baigi @1, g na=pi,

19
(19) Pit3(V)=[Bs1ai®U1,3+Briai®(EtkmVm ) +Caigi®¥1,gna=¢; on 0D

for each t € [0,T). Here the operators [7;,7;13] and [P;, P;is3] have the
domains C([0,T); C*(D) N C?(D)) and C([0,T); C*(OD)) respectively.

The necessary and sufficient conditions for the existence of the solution
v for the boundary value problem associated to D U 9D, are given by

(20) /fida +/ pids = 0,
D aD
(21) /(sgagxaf@ +l3)da —I—/ (€3apTapp + q3)ds = 0.
D oD

Under suitable smoothness hypotheses on the given forces a solution of the
generalized strain problem exists for each ¢ € [0,T) (cf. FICHERA [4]).

4. Analysis of Saint—Venant’s problem by plane cross—section
solution. Following the method developed in [1] we study the possibility
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to reduce the system (10) and the lateral boundary conditions (11) to a
generalized plane strain problem.

Thus, in what follows we consider the system (10) and the boundary
conditions (11) on the cross section D U dD. Therefore, we consider the
plane boundary value problem

(22) Sz(u) = 0, S,‘+3(U.) =0in D
and
(23) Bi(u) =0, Bits(u) =0 on 0D

considering x3 € (0,L) and ¢t € [0,7) as parameters. In this connection
we propose the following question: when does u € A is solution for the
boundary value problem associated with the cross—section D U dD of the
cylinder?

The answer to the above question will be given in the terms of the
vector—valued linear functionals R and M, whose components are defined
by

(24) Rz(u) :/DSgi(u)da, /\/lz(u) :/D(Eijkijgk(u) —I—Mgﬂ‘(u))da,

and which represent the resultant force and the resultant moment about 0
of the tractions acting on the cross—section D of the cylinder. We remark
that

(25) M (u) :/[)(Egagxgsgg(u) + M3 (u))da — e3qpx3Ra(0),

(26) Ms(u) = /D (EsuaSss(1) + Mys(w))da.

In order to answer the above question, we write the plane boundary
value problem (22) and (23) in the form

(27) Si(u) =7;(u) + fi =0, Siy3(u) = Tiy3(u) +1; =0 in D,

(28) B;(u) = Pi(u) —p; =0, Biys(u) = Pit3(u) —¢; =0 on 9D,
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where

fi = (Aaizi®u 3 + Baisi®¢i1,3),a + S3i,3(0),

li = (B31ai®u1,3 + Caizi®@1,3) o + €ijk(Ajrs1®@u 3+
(29) +Bjrai®p1,3) + M3; 3(u),

Pi = —(Aaizi®u 3 + Baizi®¢1,3)Na;

¢i = —(B31ai®ui 3 + Caizi®9i 3)Na.

The necessary and sufficient conditions (20) and (21) imply

(30) / Sg@g(ll)dd =0, /(63(15:3&535’3(11) + M3373(u))da =0.
D D

It is easy to observe that, under the hypothesis (4), relation (2) gives
(31) Ssi,3(u) = Szi(u3), Ms;z(u) = Msi(ugs),
so that the relation (30) takes the form

(32) / Ssi(u3)da = 0, /(53aﬁ$a53ﬁ(u,3) + M33(u 3))da = 0.
D D

On the other hand, relation (30) proves, by means of relations (24) and (26),
that
(33) (Ri(u)),3 =0, (Mj(u))s =0.

)

We are thus led to the following result.

Proposition 1. Let u € A. If relation (33) holds true then u can be expressed
i terms of a plane motion.

Corollary 1. Let u € A and relation (33) holds true. Then
(34) (Mg (1)) = 0.

Proof. In view of relations (6), (7) and (25), we get

<Mawm:/@Mww@aw+Mmmmm—@wnww=

D
(35) = _/D[53aﬁxﬁsp37p(u) +Mpa,p(u) +€a35S35(u) +€ap3Ss3(u)]da—
~ a0iRa(w) = | (saasa(u) + ma(u))ds-
aD

— 5a3gR5(u) — €3aI@Rg(u) =0.
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Remark 1. Relations (33) and (35) yield
(36) /(Egagl'/gSgg(u’gg) + M3a(u733))da =0.
D

Relations (32) and (36) allow us to point two classes of six—dimensional
vector fields, who belong to A, that can be expressed in terms of a plane
motion.

The class C1. We denote by

(37)  Cr={u’=(u]. @) [ uls = ai(t) +eirBi(Dzr, @03 =0:(1)}

If u® € Cy then Y% is a rigid motion. In view of relations (32), (33), (35)
and (37), we deduce that for u° € Cf, we have

(38) Ra(u’) =0, (R3(u’)) 3 =0, (M;(u’))s=0.

)

On the other hand, if u® € Cy, then from (37) we deduce

1
Uy = _§aa(t)fv§ — 30504 (D) T3 + Wa (21, 22;1),

(39)  wg = (as(t) + ap(t)zp)as + ws(w1, 223),
@) = €3apag(t)rs + Xa (@1, 22;t), ©§ = as(t)zs + x3(1, 22;1),

except for an additive rigid motion. Here w = (w;, X;) is an arbitrary vector
field independent of z3, and we have used the notations aq (t) = 3500, (%),
as(t) = as(t), as(t) = P3(t). The corresponding stress tensor and couple
stress tensor are

Sij(u) = Tij(w) + Aijz3@(az + apz,) — Aijza®(3050475)+
+B;j330a4 + B;jza®(€30308),
(40)
Mij(u®) = Nij(w) + Bssij®(a3 + aptp) — B3aij®(€3a50475)+
+C’ij33®a4 + Cijga®(€3a5a5).

Clearly S;;(u®) and M;;(u®) are independent of the axial coordinate. There-
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fore, the boundary value problem defined by (22) and (23) become
Si(w?)  =Ti(w) + [Aaizz®(as + a,p) = Aaisg®(e35p047))+
+ Baizz®as + Baizp®(e38pa,)] 0 = 0,

Sivs(u®) = Tiy3(w) + [B3sai®(as + apz,) — B3gai®(€38p042,)+

(41)
+ Crizs®as + Coizp®(e35,0,)] 0t
+ gijrAjrzs®(as + apz,) — Ajkza®(e308a475)+
+ Bjr3s®as + Bjrsa®(e3apas)] = 0 in D,
and
B;(u?) = Pi(w) + [Aaizz®(as + apz,) — Anizp®(e3ppa4x,)+
) + Baiss®as + Baisp®(e3gpa,)ne =0,

Biy3(u®) = Pirs(w) 4 [Bssai®(as + apz,) — B3pai®(£33p04,)+

+ Caizz®a4 + Caizp®(€33,0,)n0 = 0 on 0D.

It follows from Proposition 1 and relation (38) that the necessary and
sufficient conditions to solve the above problem are satisfied for any functions
as(t), s = 1,2,3,4. Thus, w represents the solution of the plane boundary
value problem defined by (41) and (42).

We denote by w'?) a solution of the boundary value problem (41) and
(42) when a; = 05, as = 0, and by w® a solution of the boundary value
problem (41) and (42) when a; = 0 and a4 = 1. Therefore, w'*), s = 1,2, 3, 4,
are characterized by the equations

(43) Ti(w™) + £ =0, Tips(w®)+1 =0 in D

(44) Pi(w®) =pi, Piysw®)=¢ onD
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where
fz(ﬁ) = (AaiSBxﬁ + Bai3p53pﬁ),aa f2(3) = Aai33,a7 f1(4) =
= —(Aaizesppty — Baiss),a,
lgﬁ) = (B330it3 + Caizpespp),a + €ijk(Ajr33xs + Bjk3acs3as),
153) = B33qi,a + €ijkAjk3s,
(45) 154) = —(B38ai€38pTp — Caizz),a — €ijk(Ajr3a€3082T3 — Bjkss),
Pgﬁ) = —(Aaizsxg + Baizpesps)Nas p§3) =
= —Auizsna, P = (Aas — Bui
@i33Nay D; ( ai3BE3B8pTp az33)naa
q2(6) = _(B33aix,8 + Cai3p53p,6)na> q7§3) =
— —Basy; 4 — (Bagas —Cy,
33aiNa, 4; ( 38ai€38pLp azSS)na‘
Clearly, we have
4
(46) w = Zw(s)@)as.
s=1

In what follows we assume that w) (s = 1,2, 3,4) are known. Then
u" can be written in the form

0

4
(47) u’ = Zu(s)®a57
s=1
where 1
u&ﬁ) = —ixgéa/g + w,(f), u,(;g’) = wg’), ugfl) = —£3,373%3 + w,(f),
uéﬁ) = x37T3 + wéﬁ), uéS) =x3+ wé?’), u§4) = w:(;l),
(48)
N R T R (N )
3 3 4 4
(péﬁ): :(),6)» @g): z()))’ 90:(3):9534‘)(:(),)-
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It follows from (40) and (47) that

4

Sii (W) = Si; (ul))®as,

(49) =1
My (u®) =y " My (u*))@a,,
s=1

where

Sii(u®) =Ty (wP®) + Ajjs3zs + Bijsasap

Sij(u®) =Ty (w®) + Ajjss,

Sij(u®) =T (w™) — Aijzac3apts + Bijas,
(50)

M;;(u®) = Nij(w®) 4 Bssijzg + Cijsacsags,

Mij(u®) = Nij(w®) + Baayj,

Mij(u(‘l)) = Nij (w(4)) — Bgaijéga@xﬁ + C¢j33.
Obviously, relations (43), (44) and (50) give
(51) Si(u®) =0, Siys(u®)=0 inD
(52) Bi(u®) =0, Birs(u®)=0o0ndD
These relations imply

R (ul) :/ S3a(u(5))da:/(53a(u(s)) + 05,3, (u))da =
D D

(53) _ /D (S50 () = Sg(u®) + (20 S,5(ul®)),)da =

:/13[53904M,6’p75(u(8)) + (anp3(u(S))),p} =0.

Finally, we note that for u° € C we have

4
R3(UO) - ZD3S®CLS7 Ma(uo) -
(54) e s
= ZESQﬁDﬁs®asy M3(u0) = ZD4S®GS7
s=1

s=1
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where

Daw = [ (uSsu) + €0 Moy (),

(55) Y

D3, :/ S33(U(S))d(l, Dy, :/(53a5$a535(u(3)) + M33(u(8)))da'
D D

Let a(t) be the four-dimensional vector (a;(t),az2(t),as(t),as(t)). We shall
write u®{a} for the vector u" defined by relation (47) indicating thus its
dependence on the functions a;(t), az(t),as(t) and ay(t).

In view of relations (32) and (36) we are led to introduce the following
class.

The class Ci;. We denote by Cfp the class of six—dimensional vectors
u* = (u}, pf) € A for which the conditions (33) hold true, and, moreover

(56) u33 is a rigid motion.

For w* € Cyp it follows that v’ € Cp and, by means of the above
discussion, we have

(57) uy = u’{b},
and hence
xrs3 .
(58) u” :/ u’{b}drs + u’{e} + w* (x1,z2;1),
0

where b and ¢ are arbitrary four—dimensional vectors, depending only on the
time ¢ on [0,7), and w* = (w}, x}) is an arbitrary vector field independent
of xIs3.

The components of the stress tensor and couple stress tensor corres-
ponding to u* defined by (58) have the form

(59) ’
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where
4
kij = Z(AijSl@wl(S)@bs + Bij31®XlS)®bs),
(60) e
hij =Y (Baiij@w}” @b, + Cijz@x|” @bs).
s=1

In view of relations (53), (33), (55) and (59), we get

4 4
(61) > Ds,@bs =0, Y Dys®bs = 0.
s=1 s=1

Because the conditions (33) are satisfied, on the basis of relations (51) and
(52), the plane boundary value problem defined by (22) and (23) reduces to

4
Z(w*) + kai,a + Zb5®531(u(s)) = O’
(62) s=1 \
7;+3(w*) + hai7a + €ijkkjk + st@MSi(U(S)) =0in D,
s=1
and
P’L(w*) + kaina - 0,

(63) Pirs(w*) 4+ haing = 0 on 9D.

The necessary and sufficient conditions for the existence of a solution
of this problem are satisfied on the basis of relations (53) and (61).
Thus, we have

Proposition 2. If u* € Cyy, it has the form (58), where b satisfies the
conditions (61). Moreover, w* can be obtained from the generalized plane
strain problem defined by relations (62) and (63).

Remark 2. Let u* € Cyp. Then, from relations (25), (53) and (59), we have
4

4
Ra (1) =3 Dabe, Ra(u*) =3 P+ (haa+ Taa(w) o
s=1

s=1

4
(64)Ma(u*) :Z€3aﬁD,38®cs +/ [Egagxg(kgg +T33 (w*)) +h3a +N3a (w*)]da,
D

s=1

4
Mg(u*):zp4s®cs+/ (Esapa(ksg+Tys(w"))+has+ Nag (w*)]da.
s=1 D
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5. The relaxed Saint—Venant’s problem. The relaxed Saint—
Venant’s problem consists in the determination of a quasi—static equilibrium
motion field u that satisfies the conditions

(65) si(u) =0, m;(u) =0 on T,
and
(66) Ri(u) = —R;(t), M;(u) = —=M;(t) on x3 =0,

where R; and M, are continuous functions preassigned on [0,7"). Similar
conditions are assumed on the end located at z3 = L.

In what follows we proceed to determine a solution of the relaxed
Saint—Venant’s problem. In view of the discussion in the previous Section,
we use the decomposition of the relaxed problem into problems (P;) and
(P) characterized by

(P1) (extension-bending—torsion): R, =0,
(P2) (flexure): R3 = M; = 0.

The solution of the problem (7). In view of the results of the previous
Section, a solution of the problem (P;) has the form

4
(67) uy = u’ = Zu(s)@)as.

s=1

Relations (54) and (66) give for determination of the unknown func-
tions as(t), s = 1,2, 3,4, the following system

4 4 4
(68) > Das®as = €305Mp, Y Dss®as = —Rs, Y Dis®a, = —Ms.

s=1 s=1 s=1

Let us denote by D(t) the 4x4 matrix whose components are D,.(t),
(r,s = 1,2,3,4). Let K; = (M, —M;,—R3,—M3)" and @ = a'. Then the
above system can be written in the following matrix form:

(69) D(0)a(t) + /O Dt — 2)al2)dz = Ki(t).

Now, we observe that S;;(u(®)) and M;;(u(®)) at t = 0 coincide with the com-
ponents of the stress and couple stress in the auxiliary strain problems from
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micropolar elasticity corresponding to a Cosserat material with A;;z;(0),
Bi;11(0), Cijri(0) characteristic coefficients.
We assume that the strain energy density corresponding to u

W) = %Az’jkl(o)em‘(u)ekl(u) + Bijri(0)e (w)rp (u)+

(70) 1
+ §Cijkz(0)ﬂz‘j(“)’fkl(“)’

is a positive definite quadric form in the components of the strain measures
ei;j(u) and k;;(u).

Let us prove that the system (69) can be solved for a;,as, a3 and ay.
We show that the matrix D(0) is invertible. For this, we use the method
developed in [5]. The strain energy U(u) on B is

(71) U(u) :/W(u)dv.
B
The functional U(-) generates the bilinear symmetric functional

<u,v> :/B[Aijkl(o)eij(u)ekl(v)+

(72)
+ Bijri(0)(eij(w) ki (v) + €55 (v)kri(w)) + Cijri(0)kij (w)kp (v)]dv.
In view of (67), (70) and (71), we get
4
(73) U(0)) = % S <u(0),u(0)> > ar(0)a,(0).

r,s=1

Since W (u°(0)) is positive definite and u°(0) is not a rigid motion, it
follows that

(74) det <u(™(0),u¥ (0)> # 0.
By (48), (50), (53) and u(®) € A (s =1,2,3,4),
<ul®(0),u(0)> = / (@™ (0)5:(wD(0)) + ¢ (0)ym;(u{” (0)))da =
0B

_ _%LzRa(um (0)) + LDas(0) = LDyp(0),
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< u(o‘)(O), u(‘?‘)(()) > = LD,3(0),

<u(®)(0),u™®(0)> = LD44(0),
(75) <u®(0),u3(0) > = LD33(0),
<u®(0),u®(0)> = LD34(0),

<u®(0),u®(0)> = LD4y(0).
It follows from (72) and (75) that D,s(0) = Ds,(0) and
(76) det D(0) # 0.

Therefore we deduce from (69) that
(77) a(t) +/O [D(0)] ' D(t — 2)a(z)dz = [D(0)] ' Ki(t).

Since R3(t) and M;(t) are continuous on [0,7), the Volterra integral
equation (77) has one and only one solution a(t) continuous on [0,7"), which
can be obtained by the method of successive approximations [2].

Therefore, the solution of the problem (P;) is given by relation (67)
where u(*) are defined by the relation (48), and the unknown functions a,(t)
are determined by means of the system (68).

The solution of the problem (P2). On the basis of the results from the
previous Section, we seek a solution of the problem (Ps) in the class Cyy.
Therefore, we seek a solution in the form (58), i.e.

(78) Ui = u*,
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where
" 1 3 1 2 ]- 2
Uy = _6ba(t)$3 §Ca(t)$3 - §b4(t)53aﬁxﬁx3 — ca(t)ezaprptat
4
+Z(cs + x3bs )®w&s)
s=1
1
uj = 5 (bo(t)x, + b3(£))73 + (c(t)z, + c3(t))ws+
(79) . ©
—|—Z(cs + 23, )Qws” + wi,
s=1
1 *
Yo = §€3aﬁbﬂ( )x3 + e3apcs(t)Ts + Z s +@sb)Ox + X,

s=1

s= 1

and the unknown functions bs(t) satisfy the conditions

4 4
(80) Y Dso®by =0, Y Dys®by = 0.

From relations (64) and (66), we get

4
(81) ZDQS@I)S == _R
s=1

so that from the integral system (80) and (81) we can determine uniquely the
functions bs(t), s = 1,2,3,4. In what follows, we assume that the functions
bs(t) are known. Then the vector w* can be determined from the generalized
plane strain problem defined by relations (62) and (63). Further, from the
relations (64) and (66), we get for the determination of the unknown func-
tions cs(t) s =1,2,3,4, the following integral system:

ZDw@Cs = /[xa(’fss + Ts3(w”)) + 3pa(hsp + N3p(w™))lda,
(82) ZD33®03 = /(k33 + T33(w"))da,

ZD4S®CS = /[Egagl'a(k‘gg + ng( )) + hss + Ngg(w*)]da.
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Therefore, a solution of the problem (Ps) has the form (79) where the un-
known functions bs(t) and cs(t) are determined by means of the Volterra
integral equations systems defined by relations (80) and (81), and (82) re-
spectively; the vector field w* is determined as a solution of the generalized
plane strain problem defined by relations (62) and (63).

Finally, we note that the relaxed Saint—Venant’s problem has a solu-
tion of the form

(83) U = ur + ur,

where u; and uyy are defined by relations (67) and (78), respectively.
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