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A THEORY OF NONSIMPLE MICROSTRETCH FLUIDS

BY

D. IESAN* and R. QUINTANILLA**

Abstract. The paper is concerned with a theory of microstretch fluids in which
the second—order velocity gradient is added to the classic set of independent constitutive
variables. First, the field equations and a uniqueness result are established. Then a
linearized theory is derived. A representation of Galerkin type for the solutions to the
field equations is given. The effect of concentrated body loads is also studied.

1. Introduction. The theory of microfluids was introduced by ERIN-
GEN [1] in order to study fluids whose microelements can deform indepen-
dently from their centroidal motions. The theory has been the subject of
an enormous number of investigations. Various reviews of the subject have
been presented by ERINGEN [2], [3], ERINGEN and KAFADAR [4], ARIMAN,
SILVESTER and TURK [5] and BRULIN [6]. In [7], ERINGEN has introduced
the theory of microstretch fluids where the micromotions consist of the in-
trinsic rotations and stretch. Recently, ERINGEN [8] has extended this theory
to include heat conduction and dependence of constitutive equations on the
microinertia tensor. The intended applications of the theory are to suspen-
sions in viscous fluids, bubbly fluids, blood and liquid crystals.

In various papers [6], [9], [10], the authors have advocated the proposal
that a consistent grade level for a micropolar theory, containing the velocity
vector v and the angular velocity vector ¢ as independent constitutive va-
riables, should contain field derivatives of one order higher in v; than in )y.
The arguments for this are drawn from general dimensional considerations
as well as from the analysis of special micro-model cases.

In the first part of this paper we present a theory of microstretch fluids
which includes the velocity gradients of second order as independent consti-
tutive variables. The theory is a generalization of the theory presented by
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ERINGEN in [8]. In the context of elastic continua, TOUPIN [11], MINDLIN [12]
and GREEN and RIVLIN [13] have established a theory of nonsimple media
which is characterized by the inclusion of higher gradients of displacement in
the basic postulates. The theory of nonsimple fluids in which velocity gra-
dients of the first and second order are present in the constitutive equations
has been developed by BLEUSTEIN and GREEN [14].

In the second part of the paper we present a uniqueness theorem within
the framework of the theory of isothermal incompressible fluids which occupy
bounded domains. Then we derive a linear theory of non—heat—conducting
compressible fluids appropriate to small departures from an equilibrium
state. We establish a representation of Galerkin type for the solutions to
the field equations. Finally, we use the Galerkin representation to study the
problem of concentrated body loads in the case of steady vibrations.

2. Basic Equations. Throughout this paper we consider a contin-
uum that in the present configuration at time ¢t occupies a regular region
B(t) of Euclidean three-dimensional space. We denote by 0B the boundary
of B and designate by n the outward unit normal of dB. We assume that
0B is a smooth surface. Letters in boldface stand for tensors of an order
p > 1, and if u has the order p, we write u;;. s (p subscripts) for the rectan-
gular Cartesian components of u. We refer the motion of the body to a fixed
system of rectangular Cartesian axes Oz; (1 = 1,2,3). We shall employ the
Euler representation and usual summation and differentiation conventions:
Latin subscripts are confined to the range (1,2,3); summation over repeated
subscripts is implied and subscripts preceded by a comma denote partial dif-
ferentiation with respect to the corresponding spatial coordinate. In all that
follows, we use a superposed dot or d/dt to denote the material derivative.
The place occupied by the material point X in the current configuration is
X.

We present a theory of nonsimple microstretch fluids. The local form
of the law of conservation of mass is

dp . _
(2.1) 5 +div (pv) =0,

where p is the mass density at time ¢, and v is the velocity vector field.
We restrict our attention to microisotropic fluids. In this case the law of
conservation of microinertia is (cf. [8])

(2.2) 24 s —2jr =0,

9j
ot
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where j is the microinertia and v is the microstretch velocity.
We postulate an energy balance in the form

/ p(8 + bivi + fﬂﬁi + CV + Fjivi,j) dv =
14

= / p(FzUz + M;; + Lv + Fjivi,j + S) dv+
1%

+/ (tivi + m;; + hv + Vs 5 + q) da
oV

for every part V of B and every time. Here, ¢ is the internal energy density,
1; is the microrotation rate, F; is the body force density, M; is the body
couple density, L is the generalized body load, Fj; is the dipolar body force,
S is the heat source density, t; is the stress vector, m; is the couple stress
vector, h is the microstress, p;; is the dipolar surface force and ¢ is the
heat flux. Moreover, &; is the microrotation spin inertia per unit mass (see
ERINGEN [8])

(2.4) & = 3 (i + 201y

( is the microstretch spin inertia per unit mass ([8])

(2.5) ¢= gj(ﬂ + % — %@Z)ﬂbi),

and I';; is the dipolar spin inertia per unit mass (see BLEUSTEIN and GREEN

[14])
(2.6) Tij = d? [(05)5 — vjkVki]

where d is a given constant.

We consider a second motion which differs from the given motion of
the continuum by a constant rigid body translational velocity. In this case v;
is replaced by v; +a;, where a; is an arbitrary constant. Under this transfor-
mation the functions P& wiv v, g’ia Ca Fija Vi,j, Fi7 Mia L7 Fija ‘97 i, My, h7 Hji
and ¢ are not affected. Subtracting the energy balance (2.3) from that for
the new motion, we obtain

{/ pU;dv —/ pF;dv —/ tida] a; =0,
v 1% ov
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for all arbitrary constants a;. The quantities in the square brackets are
independent of a; so that we get

(2.7) /pz}idv—/pFidv+/ t;da .
v v oV

Let n be the outward unit normal of V. Using the well-known method,
from (2.7) we obtain

(2/8) i =1tung,
and
(29) tji,j =+ pFZ = p’Uz ,

where ¢;; is the stress tensor. Taking into account (2.8) and (2.9), the
equation (2.3) reduces to

/ p(€ + &by + Qv+ Tjv; 5) dv =
1%
(2.10) = / [tjﬂ)i,j + p(Mﬂm +Lv+ Fjiw’j + S)] dv+
1%
+/ (mhs + hv 4 pjivij +q) da.
ov

We now assume that V is a tetrahedral element bounded by a plane with
arbitrary unit normal n;, and by planes through the point x, parallel to
the coordinate planes. With an argument similar to that used in obtaining
(2.3), from (2.10) we find that

(211) (ms —mging )i + (h — hyng)v + (i — prjing)vi; +q — q5m; =0,

where mj; is the couple stress tensor, h; is the microstress vector, p,5; is the
hyperstress tensor and g; is the heat flux vector. With the help of (2.11),
the equation (2.10) reduces to

ple+ (& — M) + (¢ — L)v + (Ui — Fji)vig] =
(2.12) =tjv; + pS + mjmwi + hjyjl/ + Wi rVi 5+
+q5,5 + mgithi; + hjv; + prjivijr -

Let us now consider a motion of the continua which differs from the given
motion only by a superposed uniform rigid body angular velocity, the body
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occupying the same position at time ¢. Velocity in the new motion is given
by ©; = v; + €irjbrx; Where €55 is the alternating symbol and b; are ar-
bitrary constants. Moreover, v; is replaced by v¥; = v; + b;, and v; ; by
U;j = Vi j + €irjbr. Under this transformation the functions p, ¢, v, t;;, S,
mij, hj, prj; and g; are not affected. But the body loads M;, L and Fj;
must be accommodated by corresponding changes in rotatory accelerations
(cf. ERINGEN [15]) so that

& — M; =& — M; (-L=(-1L, Dji — Fji =Tji — Fj;.

Subtracting the energy equation (2.12) from the corresponding energy equa-
tion for the new motion, we obtain

(& — M;) + peirs Trs — Frg) — €irstrs — Myjij — Eimnbbrmn,r) bi =0,
for all arbitrary constants b;. We conclude that
(2.13) mjij + €irsTrs + pM; = p&;
where we have used the notation
(2.14) Trs = trs + fkrs k. — P(Trs — Frs) .

With the help of (2.13) and (2.14), the equation (2.12) becomes

(2.15) pE = Tijdij + mijvij + MijkKije + hivi + gv + qii + pS
where

(2.16) dij = vji + Ejirthr Yij = Vi s Kijk = Uk,ij »

and

(2.17) g="hii+pL—pC.

The entropy production inequality is

1 1
/pﬁdv—/dev— —qda >0,
1% v o ov 0

where 7 is the entropy density and 6 is the absolute temperature which is
assumed to be always positive. If we apply the entropy production inequality
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to an arbitrary tetrahedron bounded by coordinate planes at x and a plane
with unit normal n, then we obtain (cf. GREEN and STEEL [16])

(2.18) q=qn;.

The local form of the entropy production inequality is

1
(2.19) PO —pS — qi; + 5%9,1 >0.

By eliminating pS between (2.15) and (2.19) we obtain

1

0, >0,
9q )

(2.20)  mjdij + mujyi + ijekiie + hivi + gr — pzl} - pén +
where the Helmholtz free energy v is defined by
Y =¢ec—0n.
Let us introduce the notation
A= (p,J,dij,Vijs Kijks V, Vi3 0,0.5) -
A heat—conducting fluid is a medium having the constitutive equations

Y= @(A) y Tij = 7A'z‘j(A) , My; = mij(A) y  Mijk = ﬁz‘jk(A) )
(221)  hi=hi(A), g=g(4), n=70(A), ¢=aq(A),

mg :mi(mr57nj)a h:h(hkanj)a Mji:ﬁji(,upqmn5>7

subject to the axioms of admissibility and objectivity. The axiom of objec-
tivity requires that the constitutive functionals must be hemitropic. In what
follows we restrict our attention to isotropic fluids. It follows from (2.20)
and (2.21) that

-~ O
2.22 _ 9 _
(2.22) v=9(p.5,0), n=-755,
and
ovdp oYvdj 1
(2.23) 7ijdij+mijvi +Mijkﬁijk+hiv,i+gV—Pfap it "o dt +§%‘0,i > 0.
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In view of (2.1),
do_ b,
dt 1,29 Y

so that (2.23) becomes

(2.24) (135 + miz)dij + mijvij + pijekigre + hivg + (9 +p)v + %%’9@ >0,
where

(2.25) i = pQ?ﬁ% ., p= —2pj(?;§ .

We introduce the functions s;; and G by

(2.26) Tij = —Tij + Sij g=-p+G.

The inequality (2.24) reduces to

(2.27) Sijdij + mijvij + pijkkije + hivi + Gr + é(he,i > 0.

If we carry (2.25) and (2.26) into (2.15) then we obtain

(2.28) PO = siidij + MY + pijrRige + hivs + G+ g + pS..

Following [8], [14] we assume that s;j, m;j, fijk, hi, G and ¢; are
nonlinear functions of p,j and 6, and linear functions in the variables d;;,
Yij, Kijk, Vi, v and 6 ;. In view of (2.28) we obtain

mi; = €ijk(Bovk + a0l k) + avrrbij + By +7Vi5
1

Wijk = 50&1 (/irm‘(sj'k + 2Kkrr6ij + "frrj(sik)"i‘
+a2(’%’i’r‘r5‘jk + K;j"‘r6ik) + 20431%7"7-]@61‘]' + 20é4f€ijk+
+a5(’{kﬂ + Kkij) + 71040k + '72(5%‘9,]' + 5jk9,i)+
+ﬁl(5ijy,k + ﬂ2(5ik7/,j + 5jk7/,i) ,

(2.29)

hi = aov;+ ai€irsYrs + 20 ; + azkrri + askipr
G = bOV + bldrr )
g =kO;+ ki + kocirsYrs + k3krri + KaKirr

where the constitutive coefficients depend on p, j and 6.
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The inequality (2.27) is a restriction on the constitutive coefficients.
Using standard techniques of the theory of quadratic forms we can derive
the necessary and sufficient conditions for (2.29) to be satisfied for all inde-
pendent constitutive variables (see [8], [14]).

In view of (2.18), the equation (2.11) becomes
(2.30) (mi = mging)i + (b = hyng)v + (i = prjine)vig = 0.

For a given motion, 1, v and v; ; in (2.30) may be chosen arbitrarily so that,
on the basis of the constitutive equations (2.21), (2.24), (2.25), (2.26) and
(2.29) we find that

(229) m; = mjmj s h = hjnj s ,U/ji = urjmr .
The total rate of the work over the surface 9B is given by
W = / (tivi + m;; + Vi + hl/)da =

OB

(2.30)
= / (tjivi +mjithi + pjrsvs,r + hjv)n; da.
oB
Following TOUPIN [11] and MINDLIN [12], we can write
(2.33) W = (Pyv; + R;Dv; + mitp; + hv)da,
oB

where
Py = [1ji — pji + p(Lji — Fji)lng — 205 Drpijri—
(234) _nrnsD,ursi + (brs - bmmnrns),ursi )
Ri = HrsiNyNs .
Here D; is the surface gradient, b;; is the second fundamental form of the
surface 0B and Df = f;n,.

3. Field Equations. In view of (2.14) the equations of motion (2.9)
become

(3.1) Tiig — Mijiks + PFi = (pFji) g = pbi — (pL'ji) -
By using (2.4) the equations (2.13) can be written in the form

(32> Mg, + EirsTrs + PMZ = p]('¢z + 27/'(/11) .
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From (2.5) and (2.17) we obtain the equation
3 .. 2

(3:3) hii —g+pL = 5pj(v + v?— g%%) :
The basic equations of the theory consist of the equations (2.1), (2.2), (3.1)—
(3.3), (2.28), (2.22), (2.25), (2.26), (2.29) and (2.16) for the determination
of the functions p, v;, 7, ¥;, v and 6.

In what follows we assume that the constitutive coefficients from (2.29)
are constants. By substituting (2.16), (2.29), (2.26) into (3.1)—(3.3) we ob-
tain the field equations in the form

dp B
87t. + (pvz),z - 07

ZZS +J.ivi —2vj =0,
Iig(l — ZQA)AUk + [/431 — K9 — (/illl — KQZQ)A}Uj,jk"i_
+rekjsPsg — (71 4+ 272) A0k + [Ao — (B1 + 262)AJv k. + pr+
(3.4) +pFi — (pFjk),; = pox — (PLjk) 5 » _
’Ysz + (Oé + 5)7115,“' + Klfirsvs,r - Q/fwz + ,OMz = ;0.7(77/)1 + 2V¢z) )
apAv + asAf — [by — (ag + as)Alvs s

~bov +p+pL = gpj(v +v7 - %wiwi) :
EAO + k1 Av + (ks + ka) Avj j + si(vji + €jintr)+
+M 05 + WijkVk,ig + hivi + Gr — pbn = —pS
where A is the Laplacian and
K1=A+2u+K, Ko=p+k, I :2(a3+a4)m;1,
5

3.5 _
(3:5) 5122/‘%112%, Pk = —Tjk,j -
i=1
For an incompressible fluid we have
(36) vi,i = 0,
and the constitutive equations for non-heat-conducting fluids become
T = —I0i; + 545,
sij = Aovbij + (u+ K)dij + pdji
mij = EijkPoVk + OVrrdij + BYji + VVij s
Wik = IHiéjk —1L;0ik + pijk »
(3.7) Dijk = §a1(f€rrz‘5jk + KypjOik) + 203K7050i5 + 2004 K455+
tas(Krji + Erig) + B0V, + B2 (dinvj + djkvi)
hi = aov;+ a1€irsVrs + a3kirri,
g = —r* + G7

G :bOVa QZ:07
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where

* (s x N
(39) ¢ = w (]7 9) ) ™ = _2/00]87 ;

J
po is the constant density of incompressible fluid, and IT and II; are arbi-
trary functions to be determined in the course of solution of each particular
problem.

4. A Uniqueness Result. In what follows we assume that the
motion takes place under isothermal conditions. We consider incompressible
fluids with the constant density po on Bx (0, t1) and assume that ) = ¢j/2po,
where c is a constant. The constitutive equations (3.7) lead to

Tij = —H(Sij + Sij
(4.1) wije = =166 — 165, + Dijke
g = _Cj + Ga

where s;;, piji and G are given by (3.7). The Clausius-Duhem inequality
reduces to

(4.2) sijdij +MiYij + PijkRije +hivg +Gr > 0.

In what follows we use the approximation (cf. ERINGEN [7])

(4.3) &=, (=i

The basic equations are given by

vi; =0,

g‘i +jivi —2vj =0,

ko(1 = I A)Av; + Keijsths j + [Ao — (B1 + 262)Alv; — P+
+fi = po(1 — d?A) (861: + Uz’,svs)
+p0d? (Vi s AVs + Vi smVs.m) »

YAY; + (o + B) s si + KEirsVs,r — 2605 + g

(O
= pPoJ <8t + ¢z7svs> )

agAv —boy —cj +1 = gpoj (gj + I/,SUS> ,

(4.4)
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where
P =1-2IL;, fi=poki—poFji;j,

9i = poM;, l=polL.

We suppose that f;, g; and [ are prescribed continuous functions. We assume
that the fluid occupies the bounded domain B(t), t € I.
To the field equations we add the initial conditions

’l)i(X,O) :U?(X), j(X,O) :jo(x)7
(4.5) 0i(x,0) = 10(x), v(x,0) = 10(x), x e B0),

and the boundary conditions (cf. [8], [14])

(46) ’Ui:(), DUZ':O, @/JZZO, v=0 on 8B><I,
where v?, 19, j% and 10 are prescribed continuous functions. The conditions
on the boundary are related with the strict adherence (see [4], p. 62). The
boundary conditions for nonsimple continuous media have been discussed by
RAJAGOPAL, MASSOUDI and EKMANN [17] and RAJAGOPAL and TAO [18].

By an admissible process on B x I we mean an ordered array of func-
tions (v;, s, v, j, P) with the properties: (i) v; are of class C*! on B x I;
(i) v; are of class C*Y on OB x I; (iii) ¥; and v are of class C*! on B x I;
(iv) 9; and v are of class C° on OB x I; (v) j is of class C! on B x I; (vi)
j is of class C° on OB x I; (vii) P is of class C*% on B x I. By a solution
of the boundary-initial-value problem we mean an admissible process that
satisfies the equations (4.4), the initial conditions (4.5) and the boundary
conditions (4.6).

We note that by (4.1), (4.4)1, (2.32) and (2.33) we obtain

/ [i(Tjij — Hijiks) + i(myi g + €irsTrs) + V(i — g)] dv =
B

= / [Vi(Tji — prjik) + imgi + vhy]njda — / (755 — fkgi k) vi i+
OB B
+eirs®iTrs + Myt j + hiv; + gv] dv =

(4.6)

= /8 {vi [(75i — pwgie)ny — ng Drprjrit
B
(47) +(brs - bmmnrns)ﬂrsi] + MrsinTnsti + mjinjwi + hjnjV} da—

—/ (Sijdij + MiiYij + PijkRijk + hiV’i + Gl/) dv + / cjvdv .
B B
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Theorem 4.1. Assume that

(i) po is strictly positive;
(ii) the entropy inequality (4.2) holds.

Then for any two solutions
(v (1)7¢(1) i, PMY and (v?)ﬂ/}z@),V(2),j(2),P(2))
of the boundary—initial-value problem (4.4)—(4.6) we have
U(l) _ U(2) (1) _ w@)’ (1) — y(2)
j(l) — ](2) P(l) = P(2) +F,
where F is an arbitrary function of time.
Proof. Suppose that the functions UZ(O‘), @Di(o‘), vl jle)  pla) dl(»;-l),

%(Ja), Z(]a,g, Ti(;l), ml(]a), ,ugjak), hl(-a), G(@) gsatisfy the equations

(o)
() _ 8] (a) (CV) _ (a) (a)
4, o + =2
(4.8) (20 0, T v

T ko) fi = po(6 — T8,
(4.9) ﬁ§+&mﬁ9+y-—p%”¢w

hg’a) g(a)+l_ Po](a) (0‘)

and
H = @ s ) = s — T 40
g = —cjl@) 1 Gl
s = A5 + (i + K + d§?> :
( ) ,E;l) = €Ukﬁ0V( @) + a’}/r(‘r)(szj + 5%1 + ’yf)/( o)
4.10 o a
z('jk) ial( 1(”m)63k + ’k';?(ﬂrj)d@k) + 2a3"£7("r1)céw + 20&4/411(],2
o)+ )+ A Gk )
hz(a) = aou( ) + algmﬂs'%('s) +a Hg,m) y G(a) = boy(a)
(a a ) @) « a) a)
dw) ( ) + €]zrw( 71(3 %( z) ) E]k - U/(f Jij o
where

() _ 12|/ () (06) (a)
) = @ [(6),, - B

], /Uk:z



13 A THEORY OF NONSIMPLE MICROSTRETCH FLUIDS 183

We introduce the notations

wi=v? -0V, w=9® ™ o=@ )
5= _ ) T, =& 70
Sy ol D gD D,

(4.11) oy A 5 !
Nijr = ngll - ng;)w Pijr = pz('jl)c - pgjl)w

Qi=h® —n T =g¢@ g, S=aG® g
A=1® —n®, A, =0? -1,

The functions wu;, w;, ¢ and s satisfy the initial conditions
(4.12)  u;i(x,0) =0, w;(x,0) =0, p(x,0) =0, s(x,0) =0, xcB(0),
and the boundary conditions
(4.13) u=0, Du;=0, w;=0, =0 on OB xI.
In view of (4.8); we have
(4.14) u;; =0 on BxI.
By (4.8)2 and (4.11) we obtain

ds

(4.15) o

+squ; + 5,00 +j,(i1)ui =250 42N,

on B x I. It follows from (4.10) and (4.11) that

Tij = —Ndy; + Sij, Nijk = —Ai0ji — Njdix + Pijk »
I =-cs+ 89,
Sij = Xopdij + (1 + K)eij + peji
(4.16) M = Pocijepr + anerdij + Bngi + i
P = ial(Vrri(sjk + VppjOik) + 203051055 + 20040555+
+as(Vrji + Vkij) + 81005 + B2(dinp.j + 0jk0.i) »
Qi = aop,;+ a1€irsNrs + a3Vprg S =bop,

where

(4.17) €ij = Uji + EjirWr Nij = Wj,i Vijk = Uk,ij -
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The equations (4.9) imply that
du; (1) (1) >
Tjij — Nijikj = E + (v, F ) sus + ui kv | — pod®Qji g,
(2) QW @ 4 Wy
(418) M]z i + EzrsTrs = poJ 87 + Wi, sVg + ¢ + pOSV; )

Qii—1I = 3p §@ <8c,0 + v —i—v(l) > + posW,

2 ot
where
& (1) @)
jS = m + ui,sj(us + v ) T+ s
(4.19) 1y
8¢ 1) (1 3 81/(1)
1% ! ) W= =_— MM
ot T Yists A
It follows from (4.14) and (4.18) that
10 1
(Tji.j — Nkjikg)ui = po [2(%(02) + §(U2Uk),k+
oM uguy + 1( 2000 1| = pod?(Qjius)
i Willk T 5 vy )k pod®(Qjiu;) j+

0
Frod” [&t (wij) + tisjus + Uz( s)J“s + ui o0l | g

4.20 0
( ) (M]z] +5irsTrs)wi *PO](Q)*( )+ pO( (2) 2 (2))75+
2 ot ] 2
+Pj(2)¢£,ls)uswi + pOV'wiS - 2poj(k)W2U(2)
_3 0
- 1(2) 2 (2 i@ 202,
4= 003(2) (1)u s@ + poseW — 4[)0]( ) 2 (2)
Clearly,
1
Ui sjUslUij = 5(“%]“%]“8) 8
1
(4.21) ui,sjvgl)ui,j = 5(“1 3 Wi, gv(l)), )
vgvlj)susui,j = (0! ]Susul)d — u]uzAv( ) (v(l)uwul) s+

“+v ()usjuls.
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In view of (4.7), (4.20), (4.21) and the boundary conditions (4.13) we obtain

- /B(Sijeij + Mijnij + Pijvije + Qipi + pS) dv =
1 0 0 3 0
— (2) 252 22
5 [ | gy Pugung) 55 %)+ 550 6| o
(4.22) —I-/ {po { a )(uZuJ + d? Us jUis) — dQUZu]A’U( )4
B
+j(2)1/1§718)wius + §j(2)u7(51)uscp + Viw;s + sch] + csgp} dv—

1
4/ po(2w? + 3¢?) 5 (2) v dv .

By (4.8), (4.14) and (4.15),

1
(4.23) (%) = 2252 + 2j0 05 — (557 ;01 = jPus.

N |
SIS

In view of (4.12), (4.22), (4.23) and the entropy inequality we find that

1 9 0 3 (3 9
i(2) 2 (2) Y, 2 )| <

< - / Po [ (1)(u1u] + dPug ju; s) — dQUlUJAU( )+

(4.24) 5
5O Jwius + S50 D + i uns + Viwis+

+ (Wepy ' =2j1)sp—203 5] du+ / po(2w?+30%)j D v do.
By the arithmetic-geometric mean inequality

(w? + o ug;) |
(0 + 550,
(
(u”

—v(%%w

IN

IN
[ N N N N | —

(4.25) —Viwis
—jf;i)uks

IN

w? 4+ V;V;s?),
j(l) (1) s2),

IN

(W +epgt =270 ps

IN

5 |68+ (W + et — 20282
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Since (Ufa),wl-(a),v(a),j(a)), (aw = 1,2) are admissible processes on B x I,
the functions vgg), Avl(’lj), @Di(f;), V,(SO‘), j,(sa), Vi, W, 5 and v(® are bounded
on B x I. If we define the function £ on I by

1
FE = 5 / po(uiui + dzumui,j + w;w; + g02 + 82) dv
B

then from (4.24) and (4.25) we conclude that there exists a positive constant

m such that

b <mFE

— <mkFE.

at —
By integration on (0,7) and recalling that E(0) = 0, we find
E(1)exp(—m7) < 0. Thus we conclude that £ =0 on B x I. This fact im-
plies that u=0,w =0, p =0 and s =0 on B x I. From (4.16) and (4.17)
we find S;; = 0, Nyjx = 0 so that from (4.18); we obtain (P(") — P(?)) ; = 0.
This completes the proof.

The weighted energy method of GALDI and RIONERO [19] can be used
to establish a uniqueness result for unbounded domains.

5. Concentrated Body Loads. In this section we consider non-
heat-conducting compressible fluids and assume that the free energy de-
pends on the density p and the microinertia j. First we derive the linear
theory appropiate to small departures from an equilibrium state and esta-
blish a representation of Galerkin type for the solutions to the field equa-
tions. Representations of this type for micropolar fluids have been presented
in [20]. Then we use the Galerkin representation to study the problem of
concentrated body loads in the case of steady vibrations.

We assume that there exists an equilibrium state of the fluid in which
the density and the microinertia have the uniform values pg and jg, repec-
tively. We introduce the notations

(5.1) ©=p—po, §=J—1Jo-

We assume that ¢, &, v;, ¥; and v are small, i.e. ¢ =e¢’, & =&, v; = ev],
; = e}, v = e’ where ¢ is a constant small enough for squares and higher
powers to be neglected, and ¢, £, v}, ¢., V' are independent of ¢.

To the second order, the free energy is taken in the form

1 1
(5.2) W = tho + Top + pof + §a’902 + 5b’£2 + g,
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where g, m, po, a’, b’ and ¢ are prescribed constants. Without loss of
generality we assume that 7o = 0, pg = 0. It follows from (2.25), (3.5) and
(5.2) that

(5.3) pi = —(ap +6§) i, p=ci1p+di§,
where
a=pga’, b=pic, 1 =—2jopoc, di=—2jopob’.

From (3.4) we obtain the following equations for the functions v;, ¥, v, ¢
and &

ko(1 — Lo A)Av; + [k1 — ko — (Kili — Kal2) Alvj ji + Keijsths j+

(%
+[Xo — (Br +2B2)Alv; —api — bEi + fi = po(1 — d*A) 5
0Y;
(54) ’Ysz + (a + ﬁ)zljs,si + KEirsVs,r — 2"<‘3¢Z + g = I 81/; y
0

apAv — [by — (a3 + a4)A)vs s —bov + crp + di§ + 1 = Ja—z ,

Oy B /3 .

E—povm—o, a—2joy—0,

where I = pgjo, J = 31/2. The system (5.4) can be written in the form

Dyv+Tigrad div v+kcurl p+Tsgrad v—agrad ¢o—bgrad ¢ = —f,
Dotp + (o + B)grad div ¢ + keurl v = —g,
(5.5) g3V_T3diVV+C1g0—|—d1§: -1,
®

E—podivv:O, gﬁ—QjOy:O,

where we have used the notations

D1 = K/Q(l — lgA)A — po(l — dQA)aat,
0 0
(5.6) Dy =yA—1I5 =2k,  Dz=aoA—Jo —bo,

Ti =k1— ke — (Kily — Ral2) A, To =X — (1 +262)A,
T3 =b — (a3 + a4)A .

In the linearized theory a superposed dot will be used to denote the partial
derivative with respect to the time.
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In what follows we establish a representation of Galerkin type for the
solutions of the field equations (5.5). We introduce the notations

0
P = (D1 —I—TlA)f —apoA,

ot
) 0 .
My :Clpg_T?’&t’ M2=D3§+2jod1,
(5.7) Z =Tl —2joh, N =PMs— ZAM,,

ot
0
L = (TlDQ—KJQ)Mga —Dg(apoMz—l-Z./\/h),
Q =Dy+(a+pB)A, Q=c1Dy— (a3 —c1Th)A,
H =T3ZA+ (Dl + TlA)./\/lg .
Theorem 5.1. Let

v = (=N'Dy + Lgrad div )U + xQcurl W + Zgrad 4—
—(aMs + 1 Z)gradv — (bMg + dy Z)grad w
¢ = rcNcurlU — {D1Q — [(a + 8) Dy — k?|grad div } W,
v = (D1Dy + K2A)MydivU — Pi 4+ Qi + (diP + bAM ) )w,
Y= —po(DlDQ-I-K,QA)MgdiV U—l—poAZu—'Hv—po(ng—l—leg)Aw,
&= 2j0(D1D2—|—H2A)M1diV U—2j0Pu+2pov+(T2AM1—D377)w,

(5.8)

where U, W, u, v and w satisfy the equations
(D1D2 + KZA)NU = f,
(5.9) (D1D3 4+ K2A)QW =g,
Nu=1, Nv=0, Nw=0.
Then v;, ¥;, v, ¢ and & satisfy the equations (5.5).
Proof. It follows from (5.5) and (5.8) that
Dyv + Tygrad div v 4 kcurl ¢ + Thgrad v — agrad p—
—bgrad & = —(D1D2 + KJQA)NU + {D1£ + T (EA — ND2)+
0
+K2N + To(D1 Dy + HZA)Mla + apo(D1 Dy + K2 A) My —
—2job(D1 D3y + k2A)M; }grad div U + (25obP — apgAZ —

) ) )
5.10 —TyP— 9 9 o
(5.10) TP, + TWZA 5+ DlZat)gradu + [aH — 250bQ+

0
+T2Qa — (I1A+ D) (aMsz + 1 Z)|grad v+

+[— (M2 + di1 Z)(D:1 + T1A) + To(diP + bAM, )+
+apo(bDs + diTo) A — b(ToAMy — D3P)|grad w =
= —(D1Dy + K*A)NU .
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Similarly we obtain

Dotp + (o + B)grad div ¢ + reurl v = —(D1Dg + £2A)QW |
Dsv —Tzdivv 4+ c1p + di1€§ = —Nu,

(5.11) aaf — podivv = —Nu,
g
i 2jov = —Nw

In view of (5.9), from (5.10) and (5.11) we obtain the desired result.

In the case of steady motions of micropolar fluids the Galerkin repre-
sentations were presented in [21].

We now consider a fluid which occupies the entire three-dimensional
Euclidean space. We use the representation (5.8) to study the problem of
concentrated body loads in the case of steady vibrations. We assume that

f = Re[f*(x) exp(—iwt)], g = Relg"(x)exp(—iwt)],
I = Re [I*(x) exp(—iwt)] ,

where w is the frequency of vibration and i = (—1)%/2. If we take

v = Re[v*(x;w)exp(—iwt)], ¢ = Re[y*(x;w)exp(—iwt)],
(5.12) v =Re[v*(x;w)exp(—iwt)], ¢ = Relp*(x;w)exp(—iwt)],
§ =Rel[¢"(x;w) exp(—iwt)],

then the field equations reduce to a differential system for the amplitudes
v*, Yt v* p* and £*. We denote

w
w

U =Re|[U*(x;w)exp(—iwt)], W = Re[W*(x;w)exp(—iwt)],
(5.13) u = Re[u*(x;w)exp(—iwt)], v =Rel[v*(x;w)exp(—iwt)],
w = Re[w*(x;w) exp(—iwt)].

Then, from (5.8) we obtain

v* = (=MAs + Ligrad div )U* 4+ £Qqcurl W* — iwZ; grad u*—
—(aMy + c1Z7)grad v* — (bMy + dy Z7 )grad w* |
P* = kNjcurl U* — {4;Q1 — [(a + B)A; — k?|grad div JW* |

v* = —(A1 45 + k2A)Myiwdiv U* + iwPiu* — iwQiv*+
"t = —pQ(A1A2 + I€2A)Mgdiv U* + poAZlu* — Hv*—

—po(bAg, + leg)Aw* s
& = 2jo(A1As + K2A) My div U* — 250Pru* + 250Q1v*+
+(T2M1A — A3731)w* R
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where we have used the notations

A = Kz(l — ZQA)A + ’iwpo(l — d2A) ,
Ay =~A+idwl — 2k, Az =agA +iwJ — by,

Pr = —iw(Ar +ThA) —apoA,
(5.15) My =cipo +iwTs, My =2jod; —iwAs,
' Z1 = —inQ - 2jgb, Nl = M2731 - ZlMlA,
Ly = —iu)(TlAQ — /{2)M2 — (ap0M2 + ZlMl)Ag ,

N =Ar+ (a+B)A, Qi1 =cid — (a5 —caiTh)A,
Hi =TZA + (A + TiA) My

The functions U*, W*, u*, v* and w* satisfy the equations

(A1A2 + K)QA)./\/’lU* = f* y
(516) (A1A2 + I€2A)Qlw* = g* y
Nlu*:l*, va*:(), le*ZO.

Let us assume that f* =0, g* = 0, [* = §(x —y) where ¢ is the Dirac
delta and y is a fixed point. In view of (5.16) we take U} = 0, W} = 0,
u* = x(x;y), v* =0, w* = 0, where x satisfies the equation

(5.17) ./\/1)(:5.

From (5.14) we obtain the amplitudes

(5.18) \V/* = —iwZigrady, ¥* =0,

*—_

=iwP1x, ©" =pAZix, & =-2jPix-
In view of (5.6) and (5.15) we obtain
./\[1 = TWQAAA + iw(SQ — Cleg — C3€4)AA + (83 — C1<3)A + pUCQWZ ,

where we have used the notations

e1 =Ky — Kz, ex=~Kili—koly, e3=p1+202, es4=az+ay,

T =kiliag —ezeq, (G =c1pg+iwbi, (o= Jw? + 270d1 + twby ,

G =2job+iwhg, s1=—pow?d® —iwki, s = Cakili —ao(s1 —apo),
s3 = (s1—apo)Cz — iwpoag .

Clearly, we can write

(5.19) N1 = 1w (A + 02) (A + 02) (A + 02),
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where 07, 03 and 03 are the roots of the equation

(5.20) 7wy’ —iw(sy — (res — (sea)y” + (s3 — (1G3)y — polaw® = 0.

In what follows we denote by o1, 02 and o3 the roots with nonnegative real
parts. We assume that oy # 09 # 03 # 01, and 7 # 0. Let us consider the
equation

(5.21) (A4 0})(A+0)(A+02)d=F.

If the functions @); satisfy the equations

(5.22) (A + O’?)Qj =F, (no sum; j =1,2,3),

then the function ® can be expressed as

3
(5.23) =) BjQ;,
j=1
where
(5.24) Br'=(of ~03)(0f ~03). By' = (03~ o})(03 ~ o).

B?)_l = (03 —07)(03 — 03)
If we take F' = §/(Tw?), then from (5.22) we get
1

ArTw?r

(5.25) Q=

exp(io;r),

where r = |x — y|. Thus, from (5.17), (5.19), (5.23) and (5.25) we conclude
that

1

ArTw?r

J

3
(5.26) X = Bj exp(iojr) .
=1

If we substitute the function x from (5.26) into (5.18) then we obtain the
amplitudes corresponding to the considered concentrated load.

We now assume that g7 = md;;, (j fixed), f = 0 and [* = 0. If we
take U = 0, W = Wd;;, u* =0, v* =0, w* = 0 then the equations (5.16)
are satisfied if W is a solution of the equation

(527) (A1A2 + HQA)Ql\I/ =m.
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We introduce the notations

m =26 +iwl, = (y—ml)ke —iwpoyd®,
ns = K>+ mee +iwpo(y — md?).

In what follows we denote by 7']-2 the roots of the equation

Kaloyz® + 1222 — ngz + iwpem = 0.
Let
i =m/(a+B+7).
The equation (5.27) can be written in the form

1
m.
Ykala

(5.28) A+7)(A+73)(A+73)( A+ TV = —

We denote by 75 (s = 1,2, 3,4) the roots with positive real parts and assume

that 71 # 70 # 73 # T4 # T1, T2 # T4, T1 F T3
If the functions Y, (r = 1,2, 3,4) satisfy the equations

1
m, (nosum;s=1,2,3,4),

A+7-52 sz:* P
( ) Yk2la

then the function ¥ can be expressed as

4
U= ZQS}/Sv
s=1

where
4

o'= [ -7, (k=1,2,3,4).
J=1(j#k)

If m = §(x — y) then we find that ¥ = E, where

1

5.29 - -
( ) A ykolar

4
Z qs exp(iTsr) .
s=1

It follows from (5.14) that

'Uk = HngksjE737
v =(a+B)Ar — :“62]E,kj — 0 AW E,
v* :0, (,0*:0, 5*20
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In a similar way we can establish the solutions corresponding to a concen-
trated body force.

In the context of the nonpolar theory of fluids the fundamental so-
lutions have been established in various papers (see e.g. [22], [23]). The
problem of concentrated loads in the theory of micropolar fluids has been
studied in [20], [24].
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