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0. Introduction. In 1963 K. YANO and E.T. DAVIES [8] have consi-
dered the tangent bundle T'(M) of a differentiable manifold M and define a
function L on T'(M) with the properties necessary to make M into a Finsler
space. Furthermore, they have considered the special case in which L defines
a Riemannian metric on M. In particular, using the lift in Sasaki’s sense,
they have given the following two main theorems.

Theorem A. The necessary and sufficient condition in order that
the tangent bundle of a Finsler space to be Kéahlerian is that the Finsler
space shall have absolute parallelism of line elements.

Theorem B. The tangent bundle of a Riemannian manifold is Kahle-
rian if and only if the Riemannian manifold is locally flat.

In 1984 C. SHIBATA [5] studied some geometrical properties of tensors
being invariant by f—change of the metric. The author and S. KIKUCHI [2]
also investigated the geometric characters of the Finsler space with Ry%;,,=0,
that is, the theory of the Finsler space and the osculating Riemannian spaces.

Our purpose is to see how certain structures on the tangent bundle
over a Finsler space are influenced by a S—change of the Finslerian functions.
In particular, the osculating Riemannian spaces of a Finsler space will be
discussed.

The terminology and notations are referred to well-known RUND’s
book [4] and MATSUMOTO’s monograph [3].

The author is indebted to Professor M. Anastasiei for some comments on the draft

of this paper.
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1. Introduction. Tangent bundle and fg—changes. We shall
be concerned with an n—dimensional C'*°—paracompact manifold M and its
tangent bundle T(M) with the projection m. Let F™ = (M"™, L) be an n—
dimensional Finsler space with a fundamental function L(x,y) and a tensor
gji(z,y) = (0°L?*/0y0y")/2. We consider a -change of Finsler metric
which is defined by L — L = f(L,3), and have another Finsler space
F" = (M™, L) with L = f(L,8), where 3 = b;(z)y" with a covector field
bi(x) on M™ and f(L, () is a positively homogeneous function of L and 3
of degree one. Then we can introduce in F™ the Cartan connection CT' =
= (F}'y, N'j,C;%) and another Cartan connection CT = (Fjik,ﬁzj,éjik)
is derived in F' from a ([B—change of metrics.

For the later use, we show here a lemma.

Lemma 1. ([5]) If the covariant vector b;(x) is parallel with respect to

the Cartan connection CT' on F™, the difference tensor Djik(:: sz’k —Fjik)
vanishes.
From D';(:= sz—Nij):D~ikyk:Djio, this lemma leads us to le:Nij.
The fundamental function L(z,y) gives a global 1-form w=g;;(z,y)y’dz’,
and, by exterior derivation, a global 2—form dw of rank 2n with skew—
symmetric coefficients Fga(A, B,...=1,2,...,2n). Then we can introduce
a positive definite Riemannian metric Gp4 in T(M) which is permutable
with F', and which defines, by Fo? = FopGP4, an almost complex struc-
ture FoPFp? = —6c4. Using the adapted frame we can now write for the
components of tensors the following expressions :

_(9i O o _ (9" 0
e (% 0) e (18

_( 0 gj o 0 &M
(1'2) Fﬁ’ﬁ - (_gji 0 )’ Fﬁ - <_5hi 0.

The fundamental tensor g;; = (0232 JOy?dy') /2 of F" is given by
(1.3) 9ji = PYji + aji,
where we put p = ffr/L #0,
aji = pobjb; + p_1(bjyi + biyi) + p—2y;vs,
po=ffap+ f3°, p—1=(ffs+ frfs)/L,
p—2=(ffoe+ fL* — ffo/L)/L?
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and subscripts L, 8 denote partial differentiations by L, 3 respectively.
From F.,g, F',3 and (1.3) we can easily obtain

Proposition 1. Let b;(x) be parallel with respect to the Cartan

connection CT on F™. Then dw defines a symplectic structure in T(F") if
and only if dw defines a symplectic structure in T(F™).

Proposition 2. Let b;(x) be parallel with respect to the Cartan
connection CT on F™. Then (F,G) is an almost Hermitian structure in

T(F") if and only if (F,G) is an almost Hermitian structure in T(F™).

Proof. We can easily verify that Fvﬁfﬁa = —0,“ is equivalent to
FPFz* = —§,% From (1.1), (1.2) and (1.3) we obtain that 'F G F = G
is equivalent to ‘FGF = G. Thus F3°F,"Gs, = Gp, is equivalent to
F30F,"Gsy = Gaa.

From Proposition 2 and the fundamental 2—forms dw, dw, we imme-
diately have

Proposition 3. Let b;(x) be parallel with respect to the Cartan
connection CT' on F". Then (F,G) is an almost K&hlerian structure in
T(F") if and only if (F,G) is an almost Kéhlerian structure in T(F™).

SHIBATA [5] has shown that the (v)h—torsion tensor with respect to
the Cartan connection CT on F' is written as

(1.4) Eljk = Rijk + a(jk){Dij\k; - (aDij/ayT +pijr)Drk},

where D?; = D;, the notation a(j) denotes the interchange of indices, j, k
and substraction, and (|) the h—covariant differentiation with respect to the
Cartan connection CT on F™. By Lemma 1, if b;(z) is parallel with respect

to the Cartan connection CT on F™, then (1.4) reduces to szk = Rijk. As
the vanishing of R';; is equivalent to the condition that the Finsler space
F™ has absolute parallelism of line elements (see [7]), using Theorem A, we
get

Theorem 1.1.  Let b;(z) be paralle] with respect to the Cartan
connection CT" on F™. Then the tangent bundle T (Fn) of the Finsler space
F" given by a [3—change is Kahlerian if and only if the tangent bundle T'(F™)
of the Finsler space F" is Kahlerian.

Next, we shall restrict ourselves to a Riemannian space F™ with a
Riemannian metric o. Then F' = (M", L = f(a,3)) which is obtained
from F™ = (M™,L = «) by a f—change becomes a Finsler space with an
(o, B)—metric.
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SHIBATA [5] also has shown that the h—curvature tensor of F" is writen as

(15)  Ru'ju(w,y) = Ri'jr(@) + On'my' Ba"™ ji(x) + aji{ Dj' i
+ D," Dy + Cp' (D™ + D™ ;D)

where (]) is the h—covariant differentiation with respect to the Cartan con-
nection CT on F'. Let bi(z) be parallel with respect to the Riemannian
connection on Riemannian space F™.

By Lemma 1, (1.5) reduces to

(1.6) Rp'je(z,y) = R’ ji(@) + Crlmy R ji ().

Using now Theorem A and Theorem B, we get

Theorem 1.2. Let b;(x) be parallel with respect to the Riemannian
connection on Riemannian space F" = (M™,L = «). Then the tangent
bundle T(fn) of the Finsler space F'' = (M™, L = f(a, 3)) given by a -
change is Kéhlerian if and only if the tangent bundle T'(F™) of the associated
Riemannian space F™ is Kahlerian.

Proof. Contracting (1.6) by 3", we obtain Rijk(x,y) = y" Ry i1 ().
It is seen that R ji(z,y) = 0 is equivalent to Ry, jx(z) = 0.

Remark. KIKUCHI [1] has given the conditions that the Finsler spaces
with Randers metric, Kropina metric and generalized Kropina metric are
locally Minkowskian. All these metrics have the form f(«, ).

2. Tangent bundles of osculating Riemannain spaces. A vector
field £'(z) in a domain D of the Finsler space F™" is said to be stationary if
it satisfies the partial differential equations

(2.1) g') ;= 08'/0x7 + Fj'i(2,£)8” =0,

and the integrability conditions of (2.1) are reduced to the form
Ro‘pi(x,y) =0in D [2].

We shall here suppose that our argument is restricted to 7—!(D) and
now consider the particular case in which the Finsler metric is osculating
Riemannian. Putting *g;;(x) = g;;(x, £(z)) and using Theorem B, the equa-
tion Ro’nr = 0 gives us the following theorem.
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Theorem 2.1. Let Ry'y; = 0 be satisfied in a domain D of the
Finsler space F™. Then the tangent bundles T(*F™) over the osculating
Riemannian spaces *F™ are Kahlerian if and only if the osculating Rieman-
nian spaces *F'™ are locally flat.

The author and KIKUCHI [2] gave the following theorem.

Theorem C. The differential equations (2.1) are completely inte-
grable and the osculating Riemannian spaces with its solutions are always
locally flat if and only if R;'pi(x,y) = 0 is satisfied in D.

By virtue of Theorem 2.1, Theorem A and Theorem C, we obtain

Theorem 2.2. Both the tangent bundle T'(F™) of the Finsler space
F™ and the tangent bundles T'(*F™) of its osculating Riemannian spaces
*F™ are Kéhlerian if and only if R;*p,(x,y) = 0 is satisfied in D.

Next, we are concerning with f—changes and the stationary vector
fileds.

Lemma 2. ([5]) Assume that the covariant vector b;(x) is parallel
with respect to the Cartan connection CI'. Then the h—curvature temsor
Ry of Fn, obtained from F™ by a B- change, vanishes if and only if the
h—curvature tensor Rhijk of F™ vanishes.

Thus, from Lemma 2 and Theorem 2.2, we have

Theorem 2.3.  Let b;(z) be paralle] with respect to the Cartan
connection CT on F™. Then both the tangent bundle T(F") of the Finsler
space F' given by a (3—change and the tangent bundles T(*Fn) over the

osculating Riemannian spaces *F" are Kéhlerian if and only if both the
tangent bundle T(F™) of the Finsler space F™ and the tangent bundles
T(*F™) over the osculating Riemannian spaces *F"™ are Kéhlerian.

As arelation between the tangent bundle of the associated Riemannian
space and the tangent bundles of the osculating Riemannian spaces, from
Theorem 1.2 and Theorem 2.1, we have

Theorem 2.4. Let b;(z) be parallel with respect to the Riemannian
connection on Riemannian space F" = (M™, L = «). If the tangent bunde
T(F™) of the Riemannian space F™ which is asociated with F" given by a
(B—change is Kéahlerian, then the tangent bundles T(*Fn over the osculating
Riemannian spaces *F" are Kéhlerian.
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