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SOME ALMOST COMPLEX STRUCTURES WITH NORDEN
METRIC ON THE TANGENT BUNDLE OF A SPACE FORM

BY

N. PAPAGHIUC!

Abstract. It is defined an almost complex structure with Norden metric (see
[2]) on the tangent bundle of an n-dimensional Riemannian manifold. Next, according to
the terminology and the classification from [2], we obtain some classes of almost complex
manifolds with Norden metric on the tangent bundle of a space form (Theorems 4, 5, 6,
7 and 8).

Introduction. It is known (see [1], [10]) that the tangent bundle
TM of an n-dimensional Riemannian manifold (M, g) can be organized as
an almost Kaehlerian manifold by using the Sasaki metric and an almost
complex structure defined by the splitting of the tangent bundle to T'M into
the vertical and horizontal distributions VT'M, HTM (the last one being
determined by the Levi Civita connection on M).

In [6], V. OPROIU is interested in finding a Kaehler Einstein structure
on the tangent bundle of a space form. For this purpose, he has changed the
metric G on the tangent bundle (so that it is no longer a metric of Sasaki
type) in the following way. Let ¢ be the energy density defined on TM by
the Riemannian metric g on M:

1 y

t=59i()y"y’.
Then V. OPROIU considers the symmetric M-tensor field of type (0,2) on
T M defined by the components
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Gij = u(t) gij + v(t) goigo;

where go; = griy* and u,v : [0,00) — R are smooth real valued functions
depending on t only such that u(t) > 0, u(t)+2tv(t) > 0forallt € [0,00). He
has studied the conditions for the functions u, v in order to obtain an Einstein
metric on T'M defined by using the M —tensor field G' of the components
G;; and an almost complex structure J on T'M, related to the considered
metric. In the case when (M, g) has negative sectional curvature he has
obtained in fact, a Kaehler Einstein structure with constant holomorphic
sectional curvature on the manifold 7M.

Remark that in [6], the author excludes some important cases which
appeared, in a certain sense, as singular cases. These singular cases have
been studied by V. OPROIU and the present author in [8], [5], [9].

In [9] the present author studies the singular case which appeared in
[6], when u(t) is a smooth real valued function such that u(¢) > 0 for all
t € [0,00) and v(t) = 0. In this case we obtain a Kaehler structure on
the tangent bundle T'M if and only if the Riemannian manifold (M, g) has
constant positive sectional curvature ¢ and the function u(t) is given by
u(t) = v2ct + A, where A is an arbitrary positive real constant.

In the present paper we consider a pseudo-Riemannian metric G of
type ”complete lift” on the tangent bundle T'M of a Riemannian manifold
(M, g). The considered pseudo—Riemannian metric G on T'M is defined by
using the Levi Civita connection of the Riemannian metric g on M and a
smooth real valued function u(t) depending on the energy density only, such
that either u(t) > 0 for all ¢t € [0,00) or u(t) < 0 for all ¢t € [0,00). Next, we
define an almost complex structure J on T'M and we get the necessary and
sufficient conditions under which the almost complex manifold with Norden
metric (T'M, G, J) is in one from the classes of almost complex manifolds
with Norden metric given in the classification from [2] (see Theorems 4, 5,
6, 7 and 8).

The manifolds, tensor fields and geometric objects we consider in this
paper, are assumed to be differentiable of class C*° (i.e. smooth). We
use the computations in local coordinates in a fixed local chart, but many
results from this paper may be expressed in an invariant form. The well
known summation convention is used throughout this paper, the range for
the indices i, j, k, [, h, s, 7 being always{1,...,n} (see [7]). We shall denote by
(T M) the module of smooth vector fields on T'M.

1. An almost complex structure with Norden metric on the
tangent bundle. Let (M, g) be a smooth n—dimensional Riemannian ma-
nifold, » > 1, and denote its tangent bundle by 7 : TM— M . Recall
that T'M has a structure of 2n—dimensional smooth manifold induced from
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the smooth manifold structure of M. A local chart (U, ¢) = (U,z,...,z")
on M induces a local chart (r=1(U),®) = (r=4(U), !, ..2™, y!,...,y") on
TM where the local coordinates z?,%%; i = 1,...,n are defined as follows.
The first n local coordinates ' = zfor; i = 1,...,n of y € 7-1(U) are the
local coordinates in the local chart (U, ¢) of the base point 7(y) € U and the
last n local coordinates y*;i = 1, ..., n are the vector space coordinates of the

0
same tangent vector y with respect to the natural local basis —;i=1,...,n

oxt
defined by (U, p), i.e.
= (5)
T ()

This special structure of T'M allows us to introduce the notion of M — tensor
field on it (see [3]). An M —tensor field of type (p,q) on T'M is defined by
sets of functions

i1 ip . o .
le,..jq (ﬁ)y)) Uy ey lpy J15 ooy Jqg = 17 e n

assigned to any induced local chart (771 (U), ®) on T M, such that the change
rule is that of the components of a tensor field of type (p, q) on the base ma-
nifold, when a change of local charts on the base manifold is performed.
We shall use currently M —tensor fields defined on T'M. Remark also that
any ordinary tensor field on the base manifold may be thought of as an
M —tensor field on T'M, having the same type and with the components in
the induced local chart on T'M, equal to the local coordinate components of
the given tensor field in the chosen local chart on the base manifold. In the
case of a covariant tensor field on the base manifold M the corresponding
M —tensor field on the tangent bundle TM may be thought of as the pull-
back of the initial tensor field defined on the base manifold, by the smooth
submersion 7 : TTM— M.

The tangent bundle TM of a Riemannian manifold (M,g) can be
organized as a Riemannian or a pseudo-Riemannian manifold in many ways.
The most known such structures are given by the Sasaki metric on T'M
defined by g (see [1]) and the complete lift type pseudo—Riemannian metric
defined by g (see [10], [4]). Recall that the Levi Civita connection V of g
defines a direct sum decomposition

(1) TTM = VTM&HTM

of the tangent bundle to T'M into the vertical distribution VI'M = Ker 7,

and the horizontal distribution HT'M. The vector fields i, v i
oyt oy
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define a local fragne field for VI'M and for HT' M we have the local frame

1)
ﬁeld <(5:L‘1’...7 63’;”) Where
0 0 0
= _Th . ph _h,k
St ot i0 ayh7 30 ikY

and I'%t (z) are the Christoffel symbols defined by the Riemannian metric g.
The distributions VI'M and HT M are isomorphic each other and it is
possible to derive an almost complex structure on 7'M which, together with
the Sasaki metric, determines a structure of almost Kaehlerian manifold on
TM (see [1]).
Consider now the energy density (kinetic energy):

1

(2) t= §gik(f£)yiyk,

defined on T'M by the Riemannian metric g of M, where g;; are the com-
ponents of g in the local chart (U, ). Let u : [0,00) — R be a real smooth
function such that either u(¢) > 0 for all ¢ € [0,00) or u(t) < 0 for all
t € [0,00). Then we may consider the following symmetric M —tensor field
of type (0,2) on T'M, defined by the components (see [9], [8], [5]):

Gij = u(t)gij-
The matrix (Gj;) is symmetric and has the inverse with the entries

1
GF = ZgM.
u

where ¢gF! are the componets of the inverse of the matrix (gij). The compo-
nents G*!(z,y) define a symmetric M —tensor field of type (2,0) on TM.
The following pseudo—Riemannian metric may be considered on T'M

(3) G= 2Giijidxj = 2ugiijidwj,

where Vyi = dy + Ida’ is the absolute differential of y* with respect to
the Levi Civita connection V of g. Equivalently, we have

o 0 o 0
(i am) =0 ¢ aran)

g 9 o 0
*(og5r) = (o) = o
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Remark that the system of 1-forms (dzt!, ..., dz", Viyl, .., Vy") defines a lo-
cal frame of T*T M, dual to the local frame i,..., i, i, - i
oxl ox™’ oyl oy"
adapted to the direct sum decomposition (1).
An almost complex structure J may be defined on T'M by:

o 0 0 1 46

@ J(Szi = ult) oy’ J(‘)yi C w(t) Szt

Then we obtain

Proposition 1. (T'M, G, J) is an almost complex manifold with Nor-
den metric.

Proof. First of all we may check easily that

ori ozt oy’ oy’

thus J really defines an almost complex structure on TM. Then we have

d d 0 0
(5 75) =€ U Tap) =0

0 4] g 0
(3 755) = = () =0

G(JX,JY)=—-G(X,Y),VX,Y € T(TM),

i.e. we have

thus G is a Norden (or an hyperbolic) metric for J.

2. Some classes of almost complex structures with Norden
metric on T M. In this section we shall study the existence of some classes
of almost complex manifolds with Norden metric according with the classi-
fication and the terminology from [2]. To do this we need the following well

9 9 .,
oyt st

o 0 g 0 6 0 0
(5) {ayl’ 8;;]} 0 [ayz’ 5353} Yoy’ [5371’ (Sxﬂ] Foij oyh’

known formulas for the brackets of the vector fields =1,..,n
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where R(})Lz’j = Rzijyk and Rzij are the local coordinate components of the

curvature tensor field of V on M.

In the following we determine the Levi Civita connection V of the
pseudo-Riemannian metric G on T M, where G is defined by (3). Recall that
the Levi Civita connection V on the pseudo-Riemannian manifold (7'M, G)
is obtained from the formula

26(VxY,Z) = X(G(Y, 2)) + Y (G(X, 2)) — Z(G(X,Y))+
+G([X,Y],Z) - G([X,2),Y) - G([Y, 2], X); VX,Y,Z e T(TM).

We shall use this formula in order to obtain the expression of the Levi Civita
connection V on T'M, determined by the conditions

VG =0, T=0,
where T is the torsion tensor of V.

Proposition 2. Let (M, g) be a Riemannian manifold. Then the Levi
Civita connection ¥V of the pseudo-Riemannian manifold (TM,G) has the

0 0 ) )
following expression in the local adapted frame <8y1’ ey @7 S (Sx”> .
a o h 0 . 8 1k 8 n 5
Va%iaiya‘* Qijwa Véii @ F”@ -+ P”(S =
Viesar = i Vit 5 = Vi t Sige
where the M-tensor fields P, ”, Z,Sh are given by:
u/
Pl = %(902'5? — 959",
u/
?j = %(9015? + gojéf),

h o hk
Sis = 9" Roikj.

Rpixj denoting the local coordinate components of the Riemann—Christoffel
tensor of V. on M and Roij = Rhikjyh.

If V is the Levi Civita connection of G on the almost compex manifold
with Norden metric (T'M, G, J), then the following tensor field F, of type
(0,3) may be considered (see [2])

F(X,Y,Z) = G((VxJ)Y,Z); X,Y,ZeT(TM).
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The tensor field F' has the following properties

(6) F(X,Y,Z)=F(X,JY,JZ)=F(X,Z)Y).

The space of tensor fields F' of type (0,3) with the properties (6) has been
decomposed (see [2]) in a direct sum of three terms. Using this decompo-
sition, there are obtained eight classes of almost complex manifolds with
Norden metric. To describe these classes, introduce the following 1-form ¢,
associated with F' (see also [2]):

(7) #(X)=GYF(E;,E;,X); X el (TM), i,j=1,...,2n,

where (FE1, ..., Ea,) is a local frame in TT M.
Then (TM,G,J) is called:

1. Kaehlerian manifold with Norden metric if
(8) F(X,Y,Z) =0,

or, equivalently, VJ = 0.

2. Conformally Kaehlerian manifold with Norden metric, or wi-manifold if

gy 2F(X.Y,Z)=G(X,Y)$(2) + G(X,Z)$(Y) + G(X, JY)$(J Z)+
) +G(X,IZ)p(JY).

8. Special complex manifold with Norden metric, or we-manifold if

(10) p=0, F(X,)Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY)=0.

4. Quasi-Kaehlerian manifold with Norden metric, or ws-manifold if
(11) FX,2Y,Z2)+FY,Z,X)+ F(Z,X,Y) =0.

5. Complex manifold with Norden metric, or wi@ws- manifold if

(12) FX,Y,JZ)+ F(Y,Z,JX)+ F(Z,X,JY)=0.

6. Semi-Kaehlerian manifold with Norden metric, or wo®ws- manifold if

(13) ¢ = 0.
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7. An wi1Bws-manifold if

n{F(X,Y,Z)+ F(Y,Z,X) + F(Z,X,Y)} = G(X,Y)$(2)+
(14) +G(Z, X)o(Y) + G(Y, Z)p(X) + G(X, JY)p(J Z)+
+G(Y, JZ)p(JX) + G(Z, TX)p(JY).

8. Almost complex manifold with Norden metric if no special condition is
fulfilled.

We get by a straightforward computation

Proposition 3. The expressions of F' and ¢ in the case of (T M, G, J)
o 9
are given in the adapted local frame (., > by
oyt dxt

P00 DN
8yi’ 8yj7 8yk - 2 9oi9gijk 905 9ik gokYij ),

o 0 9§ o 6 0
FﬁwvwwMQ—F(@vwwam)—Q

F 9 6 0\ _ w 200 G . y
(9711“ Sl sk ) T 7( 90igjk + 90j9ik + GokGij)

6 0 o ) 1) 0 uu’
F <5mi’8yj’ W) =F <5xi’ W’@yJ) = Romk+7(90kgij—90j9ik)7

1) 0 0 0] 1) 1)
FQﬂwwww)F<w~MWMQQ

0 ) 1 .. )
¢ (W“) =0 ¢ (M) = (97 Roigi + uw'(n + 1)gor)-

In the case 1, the condition F' = 0 which must be fulfilled in order to
(TM, G, J) be a Kaehlerian manifold is reduced to the conditions

(15) Rly=0, u==%A,

where A is a nonzero real constant.

Analysing the conditions under which the relations (9), (respectvely
(10)), (respectively (11)) are fulfilled in order to the almost complex ma-
nifold with Norden metric to be a conformally Kaehlerian manifold, (res-
pectively a special complex manifold with Norden metric), (respectively a
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quasi—Kaehlerian manifold with Norden metric), we obtain by a straightfor-
ward computation that these conditions are expressed by the relations (15).
Hence we may state

Theorem 4. For the almost complex manifold with Norden metric
(TM,G, J) the following five assertions are equivalent to each other:

(i) (TM,G,J) is a Kaehlerian manifold with Norden metric.
(ii) (TM,G,J) is a conformally Kaehlerian manifold with Norden metric.
(iii) (T'M,G,J) is a special complexr manifold with Norden metric.
(iv) (TM,G,J) is a quasi-Kaehlerian manifold with Norden metric.
(v) The base manifold (M, g) is flat and the function u(t) is either a po-
sitive or a negative real constant.

In the following we study the specific conditions such that the almost
complex manifold with Norden metric (7'M, G, J) to be in the one from the
cases b, 6 or 7.

The relation (12) which must be fulfilled in order to that ("M, G, J) to
be a complex manifold with Norden metric is reduced after a straightforward
computation to the condition

(16) Rokij — ut/(90igkj — 9ojgri) = 0.

Remark that the condition (16) is equivalent to the condition N; = 0, where
N denotes the Nijenhuis tensor field of the almost complex structure J (see
Theorem 2 in [9]). Assuming that the function u(t) satisfies the condition
u(0)u'(0) # 0, we get that the condition (16) is equivalent to the relations

(17) we' = ¢, Rukij = c(GhiGkj — 9nj9ri),

where ¢ = u(0)u’(0) is a nonzero real constant.

It follows that the base manifold (M, g) must have constant sectional
curvature ¢ # 0 and the function u(¢) must be a solution of the ordinary dif-
ferential equation uu’ = ¢. The general solution of the differential equation
uu’ = c is given by

(18) u(t) = £v2ct + 4,

where A is an arbitrary real constant.

From (18) it follows that the function u(t) satisfies the condition either
u(t) > 0 for all t € [0,00) or u(t) < 0 for all t € [0, 00) if and only if we have
¢ >0 and A > 0. Hence we may state
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Theorem 5. The almost complex manifold with Norden metric
(TM,G,J) is a complex manifold with Norden metric if and only if the base
manifold (M, g) has positive constant sectional curvature ¢ and the function

u(t) is given by either u(t) = v2ct + A or u(t) = —v/2ct + A, where A > 0.

Remark. If we assume that (M, g) has positive constant sectional
curvature ¢ and the function u(t) is given by either u(t) = v/2ct or u(t) =
= —+/2ct, we obtain a complex structure with Norden metric only on Ty M=
the tangent bundle to M minus the null section.

In order to obtain some specific examples of semi-Kaehlerian manifold
with Norden metric (the case 6), first we assume that the base manifold
(M, g) has constant sectional curvature ¢ # 0 and the dimension n of M
satisfies n > 1. Then we get that the condition (13) in order to (T'M,G, J)
be a semi—Kaehlerian manifold with Norden metric is equivalent to

n—1
19 ' = .
(19) e n+1c

The general solution of the differential equation (19) is given by

n—1
1) ==44/2 t+ A
u(®) n+1c+

where A is an arbitrary real constant. Hence we may state

Theorem 6. Let (M, g) be an n—dimensional space form with n > 1
and the sectional curvature ¢ # 0. Then the almost complex manifold with
Norden metric (TM,G,J) is a semi—Kaehlerian manifold with Norden me-
tric if and only if ¢ > 0 and the function u(t) is given by either u(t) =

= ,/QZ—ﬁct—l— A oru(t) = —, /22—;}61& + A, where A > 0.
Another example of semi-Kaehlerian manifold with Norden metric can
be obtained as follows. Let (M, g) be a Ricci flat Riemannian manifold.

Then we have Ny
9" Roijk = 0

and the condition (13) which must be fulfilled in order to (TM, G, J) be a
semi-Kaehlerian manifold with Norden metric becomes

u==tA,

where a is a nonzero real constant. Hence we have
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Theorem 7. Assume that the Riemannian manifold (M, g) is Ricci
flat. Then (T'M,G,J) is a semi-Kaehlerian manifold with Norden metric if
and only if the function u(t) is either a positive or a negative nonzero real
constant.

Finally, we study the condition (14) which must be fulfilled in order to
(TM, G, J) be an wy ®ws—manifold (the case 7). We get by a straightforward
computation that the condition (14) is equivalent to the condition

(20) Rorij + uu'(goigrj — 9ojgri) = 0.

Assuming again that the function u(t) satisfies the condition u(0)u’ (0) # 0,
we get that the condition (20) is equivalent to the relations

(21) wu' = —¢,  Rpij = c(gnigkj — 9njgri),
where ¢ = —u(0)u/((0) is a nonzero real constant.

It follows that (M, g) must have constant sectional curvature ¢ # 0 and
the function u(t) must be a solution of the differential equation uu’ = —c.
The general solution of the differential equation uu’ = —c is given by

(22) u(t) = £v/—2ct + 4,

where A is an arbitrary real constant.

From (22) it follows that the function u(t) satisfies the condition either
u(t) > 0 for all t € [0,00) or u(t) < 0 for all t € [0, 00) if and only if we have
¢ < 0and A > 0. Hence we may state

Theorem 8. The almost complex manifold with Norden metric
(TM,G,J) is an wy®ws—manifold with Norden metric if and only if the
base manifold (M,g) has negative constant sectional curvature ¢ and the
function u(t) is given by either u(t) = v—2ct + A or u(t) = —/—2ct + A,

where A > 0.

Remarks. (i). If we assume that (M, g) has negative constant sec-
tional curvature ¢ and the function u(t) is given by either u(t) = v/—2ct or
u(t) = —v/—2ct, we obtain an w1@ ws— structure with Norden metric only
on the TyM = the nonzero tangent bundle to M.

(ii). The given examples of almost complex manifolds with Norden
metric from the classes 5, 6 and 7 are specific examples for the considered
cases 5, 6 and 7, respectively.
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