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MULTIPLIERS FOR FOURIER - ULTRASPHERICAL
EXPANSIONS IN WEIGHTED LOCALLY CONVEX SPACES

BY
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Abstract. Using a convolution formula of GASPER (1971), we prove a new
result on multipliers for Fourier — ultraspherical series in a suitably chosen locally convex

Hausdorff topological vector space.

1. Introduction. Let X = (X, {p;}icr) be alocally convex Hausdorff
topological vector space whose topology is generated by a system of semi-
norms {p;}icr, I being an index set. Let X* be the space of all continuous
linear operators of X onto itself and let { Py }xep C X ™ be a total sequence of
mutually orthogonal projections on X (cf. [1]). The sequence {Py}rep is
said to be fundamental provided the set of all such projections is dense in
X.

The formal expansion of a function f in X in the form of Fourier series
is given by

(1.1) [~ Z P.f
k=0
Since the sequence { Py }rcp is total, the series (1.1) is unique.

2. Multipliers for X. Let X be the set of all sequences 7 = {nx }rep
of scalars. A sequence 1 € S is called a multiplier for X with respect to
{Px}rep if Vf € X there exists an element f” € X such that

Ppf"=mniPyf.
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Since { Py }rep is total, f7 is uniquely determined by f.

JUNGGEBURTH [4] has studied in detail the multiplier criteria for va-
rious types of Fourier—orthogonal expansions in locally convex topological
vector spaces using sequence to sequence transformation methods. He has
shown that if X is a locally convex space and the (C,6), § > 0, transforma-
tion of the Fourier series of every f € X is uniformly bounded, then bvs41 is
continuously embedded in the space of multipliers M (X, {Px}rcp), where

[e.o]

(2.1)  busyr = {77 €St s, = ZA%A‘SHW‘ + leIEO Ine| < oo} ,
k=0

M. is the class of all continuous multipliers on X with respect to { Py},

s T(k+6+1)
FTT(k+ 1T +1)

and the fractional difference A" is defined by
oo
(2:2) AT = AT
v=0
3. In the present paper we study the problem of approximation of
functions by Fourier—ultraspherical series and use our results to characterize
the space of multipliers on weighted locally convex spaces.

We suppose that X? is the Banach space of all measurable functions
on [0, 7] such that

™ 1/p
(3.1) XY= {f € L0, 7] : al(f) = </0 |f(9)\p[Uf(9)]_ld9> < OO},

1 < p < oo, where

, 2 1/q
(G}
Ur9) —2-r/rta P (sin 0)7/7

()

=C(sinf)"/?, re J=[1,p], 1/p+1/g=1

and C' is a positive constant, but not necessarily the same at each occurence.
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It is clear that in the sense of continuous embeddings we have
L>®[0, 71]c XPC L0, n].
Let P,? (csof) denotes the kth ultraspherical polynomial of order A. We

write

Ri(0) = R (cos ) = P (cos )/ P (1).

The convolution formula for any two functions f,g € L'[0, 7] is defined by

(3.2) 790 = [ " F) (T (0)du(v),

where the generalized translation operator T}, is defined by

(3.3) Ty9(0) = /0 " g(@)k(0, 6, 0)du(6),

K (0, ¢,1) is a non—negative symmetric function such that

(34)  Rip(0)R() Z/OﬁRk(%Z))K(@,¢,¢)du(¢),/07rK(9a¢,¢)du(¢) =1

and
dp(v) = 222 (sin§/2)** (cos §/2)*.

GASPER [2] has shown that L'[0,27] is a commutative semi-simple Banach
algebra with respect to the convolution defined by (3.2) as multiplication.
We now define the mutually orthogonal projections { By }rcp by

(3.5) By f(6) = ( / ”fw)Rk(e)du(e)) BB (0).

where

he=h = ( / ”[Rkw)]?du(e))l -

2 D@2A)2(k + AT (k + 2))
a (L'(A)?L(k+1)




46 S.S. PANDEY 4

On the lines of TREBELS [5], it can be easily seen that the sequence
{ B }rep is total and fundamental in X?. Following JUNGGEBURTH [4] we
define the locally convex space

X = (UX}?), l<p<ooandJ=1[1,p].
reJ

The formal expansion of a function f € X in the form of Fourier—ultrasphe-
rical series is given by

(3.7) f~ Byf.
k=0

We denote by M. = M.(X,{Bx}rep) the set of all continuous multipliers
on X with respect to { By }xep. We shall prove the following:

Theorem. If X = UXf?, 1 <p<oo, J=[1,p] is a locally convex

reJ
space whose topology, defined by the system of semi-norms (3.1), then the
space buyy is continuously embedded in M.(X,{B}rep)-

4. Proof of the Theorem. At first we shall demonstrate that

the sequence of Cesaro means {(c, A), f(0)} is uniformly bounded for every
feX.
Using the formulas (3.3) and (3.4), it can be easily seen that

(e, Mnf(6) = f(6) Z/OW(szf(@) — FO) K () dp(y)

where

1 n
KMNW) = o3> An, b R)(cos )
" y=0

= 52 A W+ NP (cos )
ny=0

(& - _
= EZAQ_}/ Y (k4 A) P (cos ).
y=0

k=0
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Thus it follows that

s s

(41) =</ | [Ty £(6) — F(O)/(UP (1)) KX () UP () dp(tp)df} <

< / T 6) - peNwr )y
0 0
R () UP () (sin o /2)2 (cos 1/2)2 | db.

We now consider the inside integral in (4.1). We write

= /{wa )P ()
(I (U () (sin /2)? (cos 1/2)? dip =

c/n € T—c/n ™
:/ +/ +/ +/ =L+ I+ I3+ 1,
0 2/n € T—c/n

say, where ¢ is a sufficiently small psoitive number.
In order to evaluate the above integrals, we shall use the following
order estimates for the ultraspherical polynomials:

(4.2)

P20 1), e/n < <m/2,

O(n*~1), 0 < <c/n,

(4.3) P cos 1) =

where ¢ is a constant;
A k(Y) cos(NY + ) + (nsing) ~'O(1)
(4.4) PX(cos ) = for ¢/n < < m —c/n;
nA () cos(NY +7) + O(n=3/2),

where

k(1p) = m=1/2(sinep/2) "M (cos 1 /2) 2,

N =n+Xand v=—\r/2.
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We discuss I first.
c/n

hi=o {[Ty f(O)=FONTE ()™}

{EG () UE () (sin ) /2)** (cos 1p/2)* hdip.
Applying Holder’s inequality, we obtain
Iy <c sup |[[Tyf(0) = f(O)l
0<p<e/n

c/n 1/q
{/O | K (¥)UE (¢)(sin v /2)*} (cos 1/2)* UE (¢ \w} .

Since || Ty f(0) — f(0)||x — 0 as ¢ — 0, using the order estimates in
(4.3), we get

c/n 1/q
Iy =o(1)O(n* 1) </ <w<”+’“/p>>qdw)

0
(4.5) _ o(nQ/\'H)[(C/n)(”""r/i")q"‘l]l/q

>2>\+r/p+1/q

= o(n?*1) (
Next, we consider Ip.
I=c jgwﬂm — HONU W)Y
{KNW)UP () (sin /22 (cos /27 .
Applying Holder’s inequality again, we obtain

L<ce sup  [[Tyf(0) — f(O)l
c/n<yY<e/2

€ 1/q
- { / / !W)Uf(w)(smw/2>”<coswm”ﬁw} .

- = o(1) for r € [1, p].

Using the first part of (4.4), we evaluate the integral in the small
bracket. We have

€ 1/q
WZ{ y !Ké(w)Uf(w)(SinW%”(COSW%”I"W} =

Sl

1/q
(k4+X\) P (cos ) UP (¢ )(sin1/}/2)”‘((:051#/2)”‘\%1/}}

k=0
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{ [ > [ R + P2

n,—0 r=cos
U () (sin/2) (cos 4/ 2)2 1} 1 =
1« :
{/ AL |G P+ P smw}-
—0 T=Cos 1
(sin ) LU () (sin 9/2) X (cos /2) A |2y } 2.
Following GUPTA [3], the order estimate for the expression inside the
curley bracket may be written in the form

(4.6)

%ém—;; [(Z{PVA(J;) + P,j\H(x)}] s sinth =
=0@W™) + 0 1y~ (sin ) ™)+
+O0(n~ ! (siny) 1) + O(n* 1y~ A (siny) ")
= O(~2 + O(n 1y,
Combining (4.6) and (4.7), we get

W =0

. 1/q
/ |2 (sin ) ™! (sinh/2)*} (cos ¥ /2)* UL ()] dw]
c/n

. 1/q
-I-O(n)‘_l)[/ w—H(Smzp)—l(sinz/)/2)2*(cos¢/2)”Uf(w)}‘%w]

:o[//n + O~ [//n

= 0) + o ()T

(4.8)

1/q
wr/p 1‘ dw ¢A+r/2 2‘ dw]

- =0(1) for r € [1, p].

Since
1Ty f(0) — f(O)]| x —0 as ¢ — 0,

there exists € such that

(4.9) sup [[Typf(0) — f(O)llx < ce.
c/n<ip<e
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Combining (4.8) and (4.9) and making € — 0, we obtain
(4.10) I, = O(1).
Now we discuss Iy.
n=cf )~ SOIURE) )
LK (P)UF () (sin 1 /2)*} (cos 19/2)*A }dup.

Using Holder’s inequality, we get

m—c/n<yp<n

Li<e s [Tof®) - Oy [/ /

{ EA
1({d
2[ {P)x)+ +<>}me

UP(¥)(sin/2)** (cos /2)*[" } dy]

1/q

Using the order estimate

d
[d:z:{P’f\(x) + Plf‘H(ac)}] = O(W*) for m — % <y <m,
T=cos

we have
4.11
( ) q 1/q

fi= / | A3 ZAA VP AUP (1) (sin 4h/2)* (cos 1/2) cw]

mT—Cc/n ny 0
c/n 1/q
= O(n2’\)/ ‘Uf(ﬂ' — 2)(sin z/2)2>“qdz] for p =7 — 2.
0

0 n

_ O(n%)[/dnz?/\qdz] 1/q _ o) <£>2,\+1+1/q —o0().

Finally, we discuss 3.

c/n
I =c / W (B) KN (@) UP (1) (50 16/2)2 (cosp/2) 2 dip,
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where
wi () = [Ty f(0) = FOUL W)

Thus we have

T—c/n 1 <& 17 d
o= a0 g YA S + )

=0

sin 1 (sin ) "1 UE () (sin 1) /2)** (cos 1/2)*Ady)

Tr=cos i)

T—c/n
@1 e [T U ) A) BN sin /2

—c/n
+ / oy () [UP () O~ (sin ) ™+

+n "L (sin ) A" (sin )2 dy = I3 1+ I3 2,

say, where

Eg(zp)zR{—iAsm A (cos1p/2) A (sin 1/1/2)1—2%(14)

2
./w (W — t)_x—lzn:Agji [ei(u+>\+1/2)¢ _ 6i(n+/\+1/2)t] dt} )
— 00 vr=0
L(1p) e nTA+1/2)%

where

() = O(nPp=?),
(4.13)

U3+ pn) — £(y) = O(n* 1y~ logn).

Hence we have
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(4.14) /
Is = O(1) / oy () (sin )| | UP () )

7'r—c/n€
LO(n 1) / oy () U2 () sin 6 *~2dy
T—c/n
— O(n ) / (wp () |UP () (cos /2)2~>+7/Pdy

T—c/n
o) / oy () [U2 ()] (cos /22477y

e<y<m—c/n

T—€ 1/q
<Ot  sup || Tpf(0) — Tl [// {(sin z/2)r/p+2>\2}qu]

+0(n™Y)  sup [Ty f(0) — f(O)ll

e<yp<m—c/n

= O(n*™) [ / T e,

c/n

m™—E 1/q
/ {(sin z/Z)T/p+’\_2}qdz]
c/n

—_— 1/a
ot [

c/n

1/q

O <E>2A—2+1/Q+r/p O (c>,\—2+1/q+r/p B

n n

= O(1) for r € [1,p].

Next, we have

T—c/n
B =)™ [T (@) sin Pt vy
(4.15) .

T—c/n
— (A / wp () ) m () AT gy

where

m(1) = (sing) /e
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The integral in (4.15) may be rewritten in the form

1

T—c/n
2 { [ eswtwmu)et vy

T—c/n—pn )
- / ' wi (¥ + )0 + p)m(yp + mel(”“*”mdw} <

e—fin

1
< §(L1+L2+L3+L4+L5),
say, where pu, =7/(n+ X +1/2),

L= / w07 (4 + 1) + o)) + 1)),
e—p

T—c/n
Lo = / oy () £(0)m () |d,

—c/n—pn

T—c/n—pn
/ g (84 1) — wp (O IGE + p) e+ )i,

~

3

T—c/n—pn
Ly / 10+ pin) — €8) oy () [m () + )|

and N
Lo~ | (W + p) — (@) oy ()| ) e
Now we see that

b ::O{n{/ﬂ wi (¥ + g ) [P AP | =
e—fin

=0(n*) sup ||Tyf(0)— fOlx =

e—pn<th<e

= 0O(n*) asn — oo and € — 0,
T—c/n—pn

Lo = O(m) / wp () - (sin )M/ dy,
‘ T—c/n—pn
Ly =0 / wp (6 + fn) — w ()86 + pin)
[sin(y + )27 dyp =
—0mY) s (wr ) —wr (@) =

e<p<m—c/n—pn

= 0O(n*) as n — 00,
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because translation is continuous in the X-norm;

T—c/n—pn

Ly <c-n**"llog n/ Y wp (W) |[sin(y + pn)]PATPHdy <

<c-n*"logn sup [Ty f(0) — f(O)]l x =
e<yp<m—c/n—pn
= O0(n**~llogn)
and

T—c/n—pn
L = cun | sin 77y ()i =

AL —2+41
_ c P a
:c~n’\1< ) = O(n*) as n — oo.

n

Substituting the above order estimates for Ly, Lo, L3, L4, L5 in (4.15),
we obtain

(4.16) Is1 = O(1).

Thus, on account of the relations (4.1), (4.2), (4.5), (4.10), (4.11),
(4.14) and (4.16), we find that

/0 e N f(8) — £(0)] (UP(0))" U (6)d6 = / 110

where I = O(1) as n — oc.

(4.17)

Applying Holder’s inequality to (4.17), we get

™ 1/p T 1/q
[/ (e N f(6) — FONUP©) ] de] ( / |sz<0)|ch) — oq),
which implies that
(4.18) 1(e:\)uf(8) — FB)]lx = O(1) as n— oo.

Combining (4.17) and (4.18), we have

/O "l (e N (0 (sin 0)7d <
< / F(O)](sin0)dd, 7 € [1,p),
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which implies that (¢, \)-means of the Fourier—ultraspherical series (3.7) are
uniformly bounded in the locally convex space X. Hence, on the lines of
BUTZER, NESSEL and TREBELS [1], we have

fh= ZAQA)“HW(C, ANif 4+ Moo f, where 1o = klim M-
k=0

Thus, for each v € [1, p], there exists ¢t € J such that

al(f") < er,t: Nay ()Y AR AN ] + mooa (f) <
k=0

< c(r,t; Mnlly,, ,, a7 (),

which implies that f”7 exists in the space X.
Finally, in order to complete the proof of our theorem, it remains to
show that

By f" = ni By f.
On the lines of TREBELS [5, p.22], it follows that

0 for k < mn,
Bn(C, )\)kf =

(Ag_n/Aﬁ)an for k > n,
Hence, using the result
[ee]
M — TNoo = ZAQA)H—lnkJrna
k=0

where 7 is the limiting value of the sequence {n;} as k — oo (cf. [4],
pp.136-137), we find that

Bnf" = Bnf <ZA2 ) 2)\ ) AA“% + 7700) =nnBnf.
k=0 k

This completes the proof of our theorem.
The author is highly thankful to the referee for a number of useful
suggestions to improve the paper.
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