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Abstract. The present paper establishes growth and decay spatial properties for
the solutions of a fourth—order initial boundary value problem describing the flow of heat
in a non-simple heat conductor along a semi-infinite strip in R%. The method of time—
weighted line and area integral measures is used. When the time—weighted line integral
measure is used, then an alternative of Phragmén—Lindel6f type is established. It is shown
that the decay rate of the end effects is controlled by the same factor as in the steady—
state case (governed by the biharmonic equation), that is exp (—%xl), where h is the
width of the strip and z; is the distance to the end of the strip. When an appropriate
combination of the time-weighted line and area integrals is used as a measure, then a
decay estimate of Saint—Venant type is established and it is shown that the end effects
decay more rapidly as do their counterparts in the steady—state case.
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1. Introduction. Considerable work has been carried out in inves-
tigating the spatial behaviour of solutions of the biharmonic equation in
a semi-infinite strip in R? (see, for example, KNOWLES [1,2], FLAVIN [3],
OLEINIK and YOSIFIAN [4,5], HORGAN [6], FLAVIN and KNOPs [7] and
PAYNE and SCHAEFER [8]) and in a semi-infinite cylinder in R?® (see, for
example, PAYNE and SCHAEFER [8] and LIN [9]). Concerning the time—
dependent problems associated with the biharmonic operator we mention
the papers by LIN [10], KNops and LupoLt [11] and CHIRITA and CIA-
RLETTA [12] in connection with the spatial behaviour of solutions for a
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fourth—order transformed problem associated with the slow flow of an in-
compressible viscous fluid along a semi-infinite strip in R? subject to zero
velocity on the lateral sides, a prescribed time—dependent end velocity and
to zero initial conditions.

In this paper we investigate the end effects for a time—dependent fourth—
order differential equation modelling the flow of heat in a non—simple heat
conductor (see, for example, CIARLETTA and IESAN [13], for a non—simple
elastic material) along a semi-infinite strip in R?, subjected to a prescribed
time—dependent temperature on the end and being thermal insulated on the
lateral sides and zero initial state. In this aim we use the method of time-
weighted line and area integral measures (see, CHIRITA and CIARLETTA
[14] for details about applications of such a method in mechanics of solids).
Thus, we are able to treat both growth and decay spatial properties of the
solutions for the fourth—order initial boundary value problem in question.
A second-order differential inequality is established for each of the three
time—weighted integral measures used in the paper, which show that the
end effects for the transient case decay or grow spatially at least or more
rapidly as do their counterparts in the steady—state case (governed by the
biharmonic equation).

For the first two time—weighted line integral measures we establish an al-
ternative of Phragmén—Lindel6f type and the predicted decay rate of the end
effects is the same like one for the steady—state case (that is, exp (—@xl),
where h is the width of the strip and x7 is the distance to the end of the
strip). For the third time-weighted integral measure we establish a de-
cay estimate of Saint—Venant type predicting a decay rate controlled by
the factor exp (—r1x1), where 7] is a specified function on the parameter A
characterising the measure in question. It is worth to mention it that rq
can be made sufficiently large by choosing an appropriate large value for
the parameter A. We also indicate how one can determine pointwise decay
estimates.

2. The fourth—order initial boundary value problem. We con-
sider a semi-infinite strip X in the plane x10x2 defined by

(2.1) Y ={(x1,22) ER*| O0<ay<h, 0<z} , h>0.

We assume u(z1, x2,t) to be a classical solution of the initial boundary value
problem P defined by
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(2.2) Ut +Ugaps =0 in X x[0,T7,

(2.3) uw(z1,0,t) =u2(21,0,t) =0, x>0, te[0,T],
(2.4) uw(zi, h,t) =ug(x1,h,t) =0, x>0, tel0,7T],
(2.5)

uw(0,z2,t) = g1(z2,t) , w1(0,22,t) = ga(xa,t), O0<zoa<h, tel0,T],

(2.6) u(zy,22,0) =0 , (x1,22) €3,

where we make no assumption on u as x1 — oco. Here the comma notation
u o has been used to denote partial differentiation with respect to x, and
u; has been used to denote partial differentiation with respect to ¢. The
differentiable functions g1 and go are prescribed and assumed to satisfy
appropriate compatibility conditions at (0,0) and (0, k), specifically,

(2.7) 91(0,t) = g1(h,t) = g12(0,t) = g1,2(h,t) =0,

QQ(O,t) = gg(h,t) = 9272(0,75) = gzg(h,t) =0 forall te [O,T],

and, moreover, we have

(2.8) g1(22,0) = ga(x2,0) =0, 0< 2o <.

It is worth to note that the above fourth—order initial boundary value prob-
lem represents a simplified approach for the transient heat conduction in
an isotropic non—simple material in which the gradients of the third—order
for temperature are taken into consideration.
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We further introduce the notations

(2.9) L,={(z1,29) €ER*| 11=2>0, 0<mxy <h},
(2.10) Doy = {(y1,y2) € R?| 0<ai<y<z, 0<ys<h},

(2.11) Dy ={(y1,y2) ER*| 0<a1<y;, 0<ys<h}

3. Some fundamental time—weighted identities. In this section
we establish some fundamental time—weighted identities associated with the
solution u of the fourth—order initial boundary value problem P defined in
the above section.

Lemma 1. For any solution u of the initial boundary value problem P

defined by the relations (2.2)-(2.6), we have

1 ¢ A
/ 6_Muzala"_/ / e (S +udy + 2u’ty + uly)dads =
D 2 0 . 2 7 ’ ’

I{zl 1T

t
:/ / e_’\s(—uu,n +u721 +u722),1dx2ds—
0 JLg,

t
—/ / e M (—uu gy + U,21 + u?2)71dx2ds,
0 .
1

0<af <z, tel0,7T],

(3.1.)

where A is a prescribed positive parameter.
Proof. In view of the equation (2.2), we have

(3.2)
w s+ (uw111) 1 —wiu11 +2(un112) 2 — 2u 2w 112 + (U 222) 2 — U 2U 222 = 0,

so that, we get
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1
(3.3) (§u2),s+(uu,111),1—(U,lu,n),l+U,211+2(uu,112),2—Q(U,2u,12),1+2u,212

+(un,922) 2 — (u2u,22) 2 + uhy = 0.

If we multiply (3.3) by e, we can write

1 A
(3.4) [e*AsiuQLS+e*)‘s(§u2+u?11 +2u?12 +u?22) = e (~uu 111 +ugu 11

+2u o 12)] 1 + [T (—2uu 112 — wu 292 + U2t 22)] 2-

By an integration over D+, x [0,t] and by using the relations (2.3), (2.4)
and (2.6), from (3.4) we deduce the relation (3.1) and the proof is complete.

Lemma 2. For any solution of the problem P, we have

(3.5) /D

1 t A
€_>\t§u721da+ / / 6_)\8(516,21 +'LL72111 =+ 2U’2112 +U72122)dad5
0 *

z{zl

t
Y
2/ / e (usu1 +uiu,i11 + u2u122)drods
0 JLg,
t

—/ / e”\s(u75u71+u,11u,111+u,22u7122)da:2ds, 0<uz] <z, tel0,T).

0 JL

1

Proof. By means of the relation (2.2) we have

w4 (wiwiin) ) —udyy +2(uune) 2 —

3.6
(3.6) —2U?112 + (u11u222) 2 — U 112U 222 = 0,

so that, we get
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e 5ud)s + e (gud + ulyy + 2ufyg + uly) =
(3.7) = [e"M(u1us +ui1uann + u2u122)] 1+
e (2u w12 + w2 — ug2u2)] 2

If we integrate (3.7) over Dyx;, X [0,t] and then we use the relations (2.3),
(2.4) and (2.6) we obtain the relation (3.5) and the proof is complete.

Lemma 3. For any solution of the problem P, we have

1
/ €_>\t*<u7211 + 2U?12 + Uz7222)d0/+
D

x 2
t A
+/ / ef)\s [’LL?S + §(U?11 + 2U’212 + u’222)]dads =
0 *
zya]
3.8 t -
( ) — / / e AS[(U,SU,ll),l — 2u’s(u’111 + U,122)]dx2ds—
0 JLg
t
— e_AS[(u,qul),l - 2U,S(U,7111 + u7122)]dx2ds’
O L *
1

0<azi<zy, tel0,T].
Proof. On the basis of the relation (2.2), we get

—U?s = (usu111),1 — Usiui11 + 2(u su112) 2—

3.9
( ) —2u sou 112 + (u,su,222),2 — U,s2U 222,

so that, we further have

1
u,zs + 5(“,211 + 2“,212 + U,222),s = [(u,su,11),1—

(3.10)
—2u (w111 + w122)] 1 + (—usu 200 + U s2u 22 + 2U 51U 12) 2.

If we multiply (3.10) by e=**, we can write

[6_/\5%(“,211 + 2“,212 + U?22)],s+
e [u? + %(%211 + 2“,212 + U,222)] =
={e™[(usui1)1 — 2us(uiir +u22)|} 1+
+{e_)‘s(—u,su,222 + u s2u 22 + 2u,s1u,12)},2-

(3.11)
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By an integration over Dyx,, x [0,t] and by using the relations (2.3), (2.4)
and (2.6), from (3.11) we deduce the relation (3.8) and the proof is complete.

Lemma 4. For any solution of the problem P, we have

1 1
d = — a2 2 .2 d
(312) /Lzl U,su,l ) AII( ’LL71’LL7111 + 2’U/711 +U712 2U722)71 X9,
r1 >0, tel0,T]

Proof. By taking into account of the relation (2.2), we get

usul + (wiwiin), —wiiw i + 2(uiu112) 2—
(3.13)
—2u12u 112 + (u,1U,222) 2 — w,12U 222 = 0,

so that we deduce

(3.14) usul + (wiwiin) —wiiw i + 2(uwiu112) 2 — 2w 12w 112+
' +(u,1u,222) 2 — (u,12u.22) 2 + u 20U 122 = 0.

Thus, by using the relations (2.3) and (2.4), from (3.14) we deduce (3.12)
and the proof is complete.

4. The first time—weighted line integral measure. Before de-
riving our growth—decay estimates, we establish a second—order differential
inequality for the time—weighted line integral measure which is fundamental
in our study on the spatial behaviour of the solution u of the problem in
question. In this aim, for a solution u of the problem P we associate the
following time—weighted line integral

t
I(x1,t) = / / e (—uu 1y + u} + u’)drads,
(4.1) 0 JLg ’ ’
z1 € [0,00),t € [0,T].

Then, from the Lemma 1, we deduce that
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%I 1
5 (z1,1) = / e M uldry+
I 2

1 x]

0x?
(4.2) . \
+/ / e_’\5(§u2 + u?u + 2u?12 + u?m)dmds.
La,

Toward to obtain an appropriate estimate for I(x1,t), we now recall the
following three Wirtinger type inequalities:

2 h? 2 2 h? 2
(4.3) / udre < 2/ uhdry / uidry < 2/ u9dxa,
L, i L, L, ™ L.
h2
4.4 Hdry < — %ad
(4.4) /zu,z T2 S 5 /Lz“,m T2,

(4.5) / u2d9@<(2)4i4 / u?odzs.
. 3wt o

Thus, by (4.1), the above Wirtinger inequalities and the Schwarz inequality,

we have
¢ t
|1 (x1,1)] 351(/ / e_’\5u2d:c2ds/ / A8y dm2d5)1/2
0 JLq,

4h? K
(4.6) +— (1-¢&) / / )‘Su211dx2ds/ / A8y 2 d272d5)1/2
Loy La,

4772 / /L _>\S 4U 12 + u 22)d$2d$

where & € [0, 1] is a positive real parameter that will be chosen later. If we
now apply the arithmetic-geometric mean inequality in (4.6), then we get

g 2m26ET A
As 2
|I(x1,t) //La:l {( 53\ )2 +
2
(4.7) [5 fé; + = ( —51)52]U,11 + 2uly+
+[ (1 — 51) ]u 22}d$2d$ V€1,€2 > 0.

9es
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Now, we choose the arbitrary parameters &1, €1, €2 and A so that

2m2€1e1 m2& 4 4 1
< —(1— <1 —(1 - - <1
h2)\ = ) €1h2 +9( 51)52_ ) 962( 51)_‘_2 = 4,

(4.8)

so that we obtain the basic second—order differential inequality

(4.9) I < 22 Sy >0, te0,T]
. A = 27TQ 8x% €y, 3 €1 = ) ) .
As an example, we can satisfy the relation (4.8) if we set £ = 0 and & €
59
Consequently, we have established the following two differential inequal-
ities

01 272

4.1 — —1 >

( 0) 81‘% ($1,t> + 12 ($17t) >0,
0?1 272

which will be utilized in what follows in the derivation of the alternatives.
Let us consider ¢ be fixed in [0,7]. Then we have the following two
possibilities: (i) there exists a value 1 = z; > 0 for which 01 /0z1(2,t) > 0;
(ii) 0I/0z1(x1,t) <O for all ;3 > 0.
We consider first the case (i). Since 9*I/0z%(x1,t) > 0 for all z; > 0,
we have 01/0z1(z1,t) > 0 for all 1 > 2z, . Moreover, since

oI
(412) I(xlat) Z I(Ztyt) + %(ztat)(xl - zt) , &1 Z Zty
1
it follows that I(x1,t) must eventually become positive. Let z; be a value
of z for which both 01/0x(2f,t) > 0 and I(2,t) > 0 hold true. Then,
from (4.11), we get

(4.13) 881‘1 {exp (—\/gwfm)[;x]l(fm,t) + \/gﬂf(ﬂ?l,t)]} >0,
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or

(4.14) 81 {exp (%xl)[;i(xl,t) _ \/gﬁ[(xl,t)]} >0,

After an integration we deduce that, for 1 > 2; , we have

ﬂ(ZL‘l,If) + @I(xl,t) >
(4.15) o1 91 Jon h /o
> [BTH(ZZ{J) + TI(ZZW)] exp [T(xl =20l
and
ﬁ(ml,iﬁ) — @I(xl,t) >
(4.16) or Oz o h Jon
2 [a—xl(z;f,t) - TI(ZQKJ)] exp [—T(l’l = z{)]-

Hence, from (4.15) and (4.16), we deduce

oI oI 2
—(z1,t) > =—(2/, 1) cosh[ﬁ(m — 27|+
(4.17) O0xy O0xq h
\/577' * . \/iﬂ- *
—i—TI(zt ,t) sinh [T(arl —z7)).

Thus, if we combine the relations (3.1) (with = = 2{), (4.1) and (4.16),
then we deduce

1 ! A
(4.18) / e_)‘tEUQda + / / e_)‘s(§u2 + u,211 + 2u?12 + u?m)dads
. 0 /D

B B

V2 oy — = 1)+ 2 1,y sinh (2 — )

oI
> I *
> gy et t){cosh] o

and consequently
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Var 1
lim {e_szl [/ e M -u?da+
D

21—00 . 2
(4.19) ¢ A\ R
—l—/o / e_>‘s(§u2 + U,211 + 2u?12 + u?22)dads]} > C1(1),
Z;Il
where
1 2r .. Ol , V2r

Let us further consider the case (ii). That is we assume that 01 /0z;(x1,t) <
0 for all 1 > 0. Then it results that I(x1,¢)>0 for all z; > 0. In fact,
in order to see this we suppose that there is a value 1 = zp > 0 such
that I(z9,t) < 0. Then, by our assumption 9I/0z1(z1,t) < 0 we have
I(x1,t) < I(20,t) for all x; > zp. But by (4.10), we have

ol ol 22 [T 272
. S [ > > —
(4 21) B (a:l,t) B (Zo,t)_ % LO I(f,t)df_ 52 I(Zo,t)(.%’l Zo),

and hence 01/0z1(z1,t) cannot remain nonpositive for all z;. By this con-
tradiction, we conclude that I(xy,t) > 0 for all 1 > 0.
Further, we integrate (4.14) from 0 to z; in order to obtain

(4.22)
ol V2or Vor ol V2

—8—331@1, t)—{—T I(x1,t)<exp (—Tl‘l)[—a—xl((), t>+T 1(0,t)).

Since I(z1,t) and —887[1(3;1,15) decay exponentially as z; — oo, from (3.1)
we deduce

oI 1
——(x1,t) = / e_)‘tiugda—l-
D

r1

t
A
+/ / €_>\S(§u2 + u,211 + 2u?12 + U?QQ)d(IdS,
0



86 S. CHIRITA and C. D’APICE 12

I(z,t / / 2da§d§+
Dg

D&

Consequently, in this case we have

(4.24)

1 K A
(4.25) /D e_)‘t§u2da + /0 /D e_)‘s(§u2 + U,211 + 2u7212 + u?22)dads

V2o ol V2or
< —_ 0,t 71 0,t
exp () o (0,) + 2 1(0,1),
Moreover, by means of the relations (4.22), (4.23) and (4.24), we deduce
that
/ / Qdagdﬁ-i-
Ds
t 00
(4.26) +/ / / e M ( §u —|—u711 +2u212 +u222)da§d£ds <
0 xr1 D§
h Vor ol V2or
< - 0,t) + —1I(0,¢t
< o (<)l 0.0) + 0.0

Thus, we have established the following Phragmén-Lindelof type alter-
native.

Theorem 1. If u is a solution of the problem P, then for each fixed
t €1[0,T], either

(@27 i exp (< )E (.0 > G0,
(4.28) E(x1,t) < Cy(t) exp (—@xl),



13 ON SPATIAL GROWTH OR DECAY OF SOLUTIONS 87

where
1
E(xq,1) :/ ef)‘tiu2da+
(4.29) . WP
+A /l) 67/\8(5'11/2 + u,211 + 2U?12 + U?Qz)dads,
1
V2
4, — 7[
(4.30) Calt) = (0.0 + 2 1(0.1),

A useful consequence of the above theorem is the following pointwise
decay estimate result.

Corollary 1. Let u be a solution with the finite time—weighted energy
E(x1,t). Then, for each fixred t € [0,T], the following pointwise decay esti-
mate holds true

2./2 2 t
\ﬂr/ e*)‘SUQ(xl,xg,s)dsg
0

(4.31) h?
< Co(t) exp (—\/]?razl), x1 € [0,00) , x2 €[0,h)].

Proof. On the basis of the relations (2.3), (2.4) and (4.3), we have

u2(1’17$27 ) 2/x2 (x17§78)u,2(x17§73>d§:
= _2f$2 $17§> uQ(xlagv )dg_

(4.32) / / u(wr, & s)u (a1, €, 8)|dé <

/ ’u r1,§, )UQ(.T1,§, )‘d§< / U?Q(xlvg? )d§

Since £(x1,t) is bounded, we further get, by (4.4), that
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h " h
/ U zdl'z = —/ 2uu 12da <
™ Jo D

1

2h
< (/ u22da/ u?yda)t/? <
7-(- I’ ’
(4.33) el Doy

h2
< (/ u222da/ 2u212da)1/2 <
22 ’ D.,
h2

< (u%y + 2u?5)da.
20/2r? /DI1 22 12

Thus, by combining the results described by the relations (4.28), (4.29),
(4.32) and (4.33) we get the relation (4.31) and the proof is complete.

5. The second time—weighted line integral measure. In this
section we associate with a solution u of the problem P defined by the
relations (2.2)-(2.6), the following time-weighted line integral function

, dxad
(5.1) J (w1, / /L (—ujui11 4wy + uly)deads,
371207 tG[O,T],

where ) is a positive parameter to be chosen later.
If we substitute the relation (3.12) into (3.5), then we can see that

0%J 1
e 2 (r1,t) = / e_’\tiu?ldxg—i-
(5.2) ; \ Ly
‘1'/ /L 6_/\5(§U,21 + U,an + 2“,2112 + U,2122)d$2d3-

On the other hand, by using the relation (5.1), the Wirtinger inequalities
(4.3)—(4.5) and the Schwarz inequality, we have

¢ t
(5.3)  [J(x1,t)] < Cl(/ / e_)‘su21dx2ds/ / e Mu? dwads)?
0 JLg, ' 0 JLa ’
4h2 ¢
5(1—C1) // U122d962d8// e_Asu?lndxgds)l/Q
0 JL,

1
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T2 / /L e M (dul g + ulgg)dzads , (1€ [0,1],
@

so that, by using the arithmetic—geometric mean inequality, we get

_ 24171’81 A
As 2
[7(1,¢) —22// (gt

, G’
(5.4) +[h2 + 7( Cl)]u 11+ 2u3 112
1
_|_[§ + §(1 — Cl)gQ]u’mQ}dl‘gds , Vep,ea > 0.
Further, we set
(5.5) 20ime S gy < S1-ce <t
’ h2\  — ’ h261 9¢e9 Y= ’ 9 ez = 2’

so that the relation (5.4) gives

h t e A
(5.6) [J(z1,t)] < 27T2/0 /L e As(gu?l + Uiy + 201y + Ul )daads.
1

In fact, we can satisfy (5.5) if we set (; =0 and 3 € [§, 3.

On the basis of the relations (5.2) and (5.6), we deduce that

h? 0%J
(5.7) |J(z1,t)] < 272 92 2( r1,t), x>0, tel0,T].

The consequences of the second-order differential inequality (5.7) upon the
spatial behaviour of the solution u can be established by means of a similar
analysis with that in the above section. Thus, we can state the following

Phragmén—Lindel6f type alternative.

Theorem 2. If u is a solution of the problem P, then for each fized

t€10,7], either

(5.8) lim {exp(—@:cl) Flxy,t)} > Cl( ),

X1 —00 h
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or
~ V2
(5.9) F(z1,t) < Ca(t) exp(—T%l),
where
nl oo
.7:(331,25):/ e gulda—k
(5.10) N
/ / e ( 2“ |+ a1+ 20 qi2 tu 122)dad5
Da,
1 Vor o 0 V2r " *
(5.11) Ci(t) = QeXP(—TZt)[aTUl(ZtJ)TLT J(z(,1)] , 2 €]0,00),
. V2

By using a similar procedure with that in the above section we can
obtain the following consequence of the theorem 2.

Corollary 2. Let u be a solution of the initial boundary value problem P
for which F(x1,t) is bounded. Then, for each fized t € [0,T], the following
pointwise decay estimate holds true

2\/§7T2 t B . \/§7r
(5.12) TR /0 e /\SU,Q1($1,$2,5)d8§Cg(t)exp(—T;gl),

x1 € [0,00), 22 € [0, h.

6. The third time—weighted line—area integral measure.
Throughout this section we assume that the solution u of the problem
‘P satisfies the following conditions at infinity

(6 1) U, s, 1, u2, ui1, 412, 22, 4111, 4112, 4,122 =
. —1/2 . .
= o(z, / ) uniformly in z9, s as 1 — oc.
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By combining the results described by the Lemma 2 and the Lemma 3,
we introduce the time-weighted line integral function

K(z1,t / / TR (usu1) 1 = 20 (u g + o))+

—I—kz[ U U1+

(6.2)

2(u 1 +u22) 1) }dxods, 1 € [0,00),t € [0,T],

where k1 and ko are arbitrary positive parameters to be chosen later. Clearly,
the relations (3.5), (3.8) and (6.2) imply that

1
(6.3) K(x1,t) = K(21,t) + / 67”5[]?1(“,211 + 2“,212 + u,222) + ]‘72U,21]da

zFay

t
A
+/0 / 6_)\8{§[l€1(u,211 + 2“,212 + U,222) + k2u,21] + klu?s
:E*:El

+ho(u?yy + 20715 + ulo)}dads , 0 <af <ai, t€[0,T).

Further, if we make x; to tend to infinity in (6.3), then by means of the
relation (6.1), we have K (oo,t) = 0 and hence, we obtain

1
(6.4) K(z1,t) = - /D e_Ati[kl(“,zll + 2l + uly) + kput]da
=31
! As g A 2 2 2 2
—/0 /D e S{§[k1(u,11 + 2u%y + uly) + kou’]
©

+k‘1u72s + kQ(u?lll + 271/72112 =+ U’2122)}dad3 S O y T > O, t e [O,T]

We now introduce the time-weighted integral measure

(6.5) &mﬁ:—/mK@@@,:QGMm%temjL
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which, by means of the relations (6.1) and (6.2), can be rewritten as a
combination of time-weighted line and area integrals

ko
S(z1,t / / Ak g1 + — 5 (u?ll + u?m)]d:cgds—
(6.6) Lay

—/ / e_)‘s [—2k1u s(u 111 + w122) + kou su1]dads.
D

We note that the relations (6.4) and (6.5) give

(6.7) S(z1,t) >0 forall =z €[0,00), tel0,T],

and

(68) CCl, / / k‘l U 11 + 2U 12 +u 22) + kQU 1]dad§
De

t 0
e A
+/ / / 2 )‘s{g[k'l(u,?n + 2“,212 +U,222) + k2“,21]
0 T D{

kil + ka(ulyy + 2071 + ulg) bdagdéds a1 € [0,00) , t € [0,T].

Moreover, we have

-
= —/ e_l\t*[kl(uzll + 2U212 + U222) + k2u21]da—

(1‘1,15) = K(azl,t) =

- /D N a0+ 208 + ) + b+
zq

+hiu’ + k2<u 111 + 2012 + whs) Ydads,

and
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) f)\tl 2 2 2 2
pe 2(371775) =, *[kl(u 11+ 2uTy + uHy) + kouly|duo+
1

6.10 .
(6.10) // /\{ (k1 (ufy 4 2ufs + uby) + ko’ |+
Lzl
+k1u -+ kQ(U 111 + 2U 112 +u 122)}d$2d5

We further proceed to obtain an appropriate estimate for S(x1,t) in
terms of —9S/0x1(x1,t) and §%S/0x3(x1,t). With this in mind, we write
S(z1,t) as

(611) S(CL’l,t) :Sl(afl,t)—l—SQ(xl,t),
where
k2, o 2
(6.12) 1(z1,t Ak su gy + — 5 (U,n + uyy)]drads,
LI1

(6.13) So(w1,t / / 2k:1u (w111 + u,122) — kau su 1]dads.
Day

By applying the Schwarz’s inequality, the relations (4.3)—(4.5) and the
arithmetic—geometric mean inequality to (6.12), we get

(6.14)
¢ “asth2, o 2 ki 2 L o
Su(er. 0l <m [ / VIR ) + G+ o daadst

_ k1 ko
+(1—m / / A dpud + Eu?zﬁ-
L

ko k1

+( + 26 ) U112]d$2d3 m S [0 1] V51,52 > 0

that is

[S1(w1,1)] <

t Ak Mk
(615) < /0' /L e—)\s(k, + 71 211 + 21u?22 + 2k‘2u,2112)d$2d8 s

r1
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where

6.16 =

(6:16) o= e
and

1 m ke 1 ko
6.17 — SPmdy 4+ (1= )6 _ ke 1 _ k2
(6.17) 2[7711+( m)da] e /\(k:1+51 =g
_1l-m ki  h?
a=—7 Uhgs) e

Thus, by means of the relations (6.10) and (6.15), we obtain the estimate

2

0°S
(6.18) |S1(z1,t)| < @

8 2((171,t), 95120, tE[O,T]

By using a similar procedure for (6.13), we deduce

1
(6.19) |Sa(z1, ¢ \</ /D e G, + 5 L2 b + 5t pdads

k(5 ko
—H]z// _)‘5 2275 2+25u1)dads+

k 5 ko h?
+T]3/ / _AS 2 6 2 + fiu 12)dad3+

k 5 k 2h
+?74/ / e re(R20T 0y 252 (5= ) u? po)dads, Vs, 64, 85, 0, 67 > 0,
7

where 12, 73, n4 € [0, 1] and 12 + 13 + n4 = 1. Thus, we have

Sz (21, 1)] <

Ao
6 20 < /8/ / _/\S ]€ u +7U 1+Ak1u 12+k2(u 111+u 122)]dad8
Dy,
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where
(6.21) B = max d;,
and

1 k? 2 1]{?1
22) dy = Gyt 04+ = (na0s +msde +mad7) -2 | dy = T2 dy= L
(6.22) dy = 63+ 04 2(7725 1306 + 14 7)k1’ 2= 35 0 BT

h2 N3 kg 1 k'l 74 2h 4
dy = 5 ———— ds = —— 4+ — (=)~
DGk BT Sk 20 30
Further, the relations (6.9) and (6.20) give
oS
(6.23) |S2(:I:1,t)’ < —ﬂaY(xl,t) , 1 >0, te [O,T].
1

Consequently, the relations (6.11), (6.18) and (6.23) lead to the following
second—order differential inequality

029

(6.24) S(z1,t) < a aT%<

oS
xlat) - ﬂ aiiﬁl(xl’t)?

which can be rewritten as

9%S 0S8
. —a== — >
(6.25) R (x1,t) —a . (x1,t) = bS(x1,t) >0,
where
(6.26) =8 L

a
Furthermore, following [15], we can write (6.25) in the form

0 08

—TQS) ZO,
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where

1 1
(6.28) T = 5(—a+ a’?+4b) , ro= §(a+ Va2 +4b).

Then, from (6.27), we deduce

[exp (rlxl)(ﬁ —13S5)] >0,

2
(6.29) .

81‘1

so that, by integration from 0 to x1, we get

a8
— o (@1t) FraS(, ) <
(6.30) D
< e[ Z2(0,t) + r98(0,8)] , t € [0,T).
o0x1

Theorem 3. Let u be a solution of the problem P satisfying the condi-
tions (6.1) at infinity. Then, for each fixed t € [0,T], the spatial behaviour
of the solution is described by the following Saint—Venant type decay esti-
mate

(6.31) G(x1,t) < Cy(t)exp (—riz1), x1 >0,

where

1
G(x1,t) = / e /\t§[k1(u,211 + 2“,212 + U,222) + k2u,21]da+
Day

6.32 t s A
(6:32) +/0 /D e {g[kl(u?ll + 2“,212 + U,222) + k2“,21]+
z]
Hhius + ka(ufyy + 20?15 + ufigp) Ydads > 0,
oS
(6.33) Ci (1) = — 22.(0,) + 125(0, ).

(9:61
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Corollary 3. Let u be a solution of the initial boundary value problem
P, satisfying the conditions (6.1). Then, for each fized t € [0,T] , the
following pointwise decay estimate holds true

3V2r2k
#e”‘t u?(z1, 0, )+

2)\]{;? 271'2]452
/ e (T2 200 o, 8) + v
0
INEL K 3
—i-ﬁ\/? u%(x1,22,5)}ds < 3 C () exp (=r1z1),
x1 >0, x9€]0,h]

(634) U?1($17.’132,S)—|—

Proof. By using the relations (4.32) and (4.33), we deduce that

3V2r%k 3 k
(6.35) %eﬂu%l,m,t)% /D e NG (2, + uhy)da.
z

Further, we use a procedure similar with that in deduction to the relations
(4.32) and (4.33), in order to obtain

(6.36) t
<

Ak Ak
/ e M (a1 tudy + S by )dads | ey > 0,
2 2eq

h2
‘ —As 2 k2 2

< e "¥(eakau? 9 + —ufgy)dads , Veq >0,
0o JD ’ €2’

1

212k
F 2/ e 21($1,5'32, s)ds <
(6.37) 0

u(1, w2, 8)ds <

T 2)\/€1k2 / — s

< / / e_’\ (637u 99 + —kgu 122)dads Ves > 0.
o Jp

@y
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If we combine the estimates (6.35) to (6.38) and we take into account the
relations (6.31) to (6.33) and we set e1 = g9 = 3, €3 = 1 , then we get the
estimate (6.34) and the proof is complete.

Finally we proceed to prove that the decay rate of the end effects can be
controlled by the parameter A characterising the measure S(x1,t). In fact,
we prove that for appropriate large values for A the decay rate predicted in
the present section is larger than that obtained in the above sections. In
this aim we recall that from the relations (6.26) and (6.28) we have

(6.39) ry

2
B+t

If we set 7y = 1 and &; = (2/A)Y/2 in (6.17), then we get

1 1 1 ko 1 ko
(6.40) c1 ol () \/ﬂ+)\k1 , €3 e cs =0,
so that
1 1 ko
6.41 = — 4+ ——.
(6.41) T Tk

On the other hand, if we set

k k
(6.42) me=m =0, n3=1, 53254:*11/2; 56:2(]?1)3/2

in (6.22), then we obtain

k k h ok
(6.43) di =3 1?1 dy =0, d3—=ds= /2. d k2
2

Further, if we set

kl h2 1
A4 Lo ()3
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then we get

1 472

6.45 a=——+(—
(6.45) Vo
Now it can be easily seen from the relations (6.39) and (6.45) that the decay
rate in (6.31) is controlled by the parameter A. Thus, it is seen that for
appropriate large values for A\ the decay rate in (6.31) is more rapidly than
that described by the relations (4.28) and (5.9).

)1/3L ,6:3( h? )1/6
h? \2/3 42N
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