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Abstract. Let X be a real Banach space, A : D(A) ⊂ X → 2X an m-accretive
operator and let S(t) : D(A) → D(A), t ≥ 0 be the semigroup of nonexpansive mappings
generated by −A. Let D0 be a nonempty subset in D(A) , f : [ a, b) × D0 → X a
Carathéodory function and D : [ a, b) → 2X a multifunction with D(t) 6= ∅ and D(t) ⊂ D0

for each t ∈ [ a, b). We assume that S(t) is compact for each t > 0 and we establish some
necessary and sufficient conditions in order that, for each τ ∈ [a, b) and ξ ∈ D(τ), there
exists at least one mild solution u : [ τ, T ] → X of

u′(t) + Au(t) 3 f(t, u(t))

such that u(τ) = ξ and u(t) ∈ D(t) for each t ∈ [ τ, T ].
AMS Subject Classification (1991): Primary 34G20, 47H20, 47H06; Secondary

34A12, 34A34

1. Introduction. The starting point of this paper lies in Cârjă-
Vrabie [9], where the authors present viability results related to a strongly
nonlinear nonautonomous differential equation in Banach spaces, based on
a tangential type condition. Our purpose is to extend one of these results
to the variable domains case.

Let X be a Banach space, A : D(A) ⊂ X → 2X an m-accretive operator,
D0 a nonempty subset in D(A) and f : [ a, b) × D0 → X a function. We
consider the nonlinear perturbed differential equation

(DE) u′(t) +Au(t) 3 f(t, u(t)) a ≤ t < b ,
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and we wish to obtain necessary and sufficient conditions in order that a
certain multifunction D : [ a, b) → 2X be a viable variable domain for (DE).

Definition 1.1. We say that the multifunction D : [ a, b) → 2X with
nonempty values is a variable domain for (DE) if D(t) ⊂ D0 for each t ∈
[ a, b). We say that the variable domain D is viable for (DE) if for each τ ∈
[ a, b) and ξ ∈ D(τ) there exists at least one mild solution u : [ τ, T ] → D0,
T < b, of (DE) satisfying the initial condition

(IC) u(τ) = ξ.

such that u(t) ∈ D(t) for each t ∈ [ τ, T ].
We recall that the function u : [ τ, T ] → D0 is a mild solution of (DE) if

it renders the function g(·) = f(·, u(·)) integrable on [ τ, T ] and it is a mild
solution of the equation

u′(t) +Au(t) 3 g(t) τ ≤ t ≤ T ,

in the sense of Definition 1.7.5, p. 25 in Vrabie [23].
There are many methods and techniques in the viability theory, but,

generally speaking, the viability criteria fall into two classes: those in which
the conditions are given in terms of classical tangent cone (or Bouligand or
Dini or contingent cone) and those in which is used the proximal normal
cone (see, e.g. Aubin-Cellina [1] for the former and Clarke-Ledyaev-
Rădulescu [10] for the latter). Since we shall use a tangency condition,
we sketch now briefly the development of this class of criteria.

We have to start by recalling the classical result of Nagumo [14] who
showed that in the case when X is finite dimensional, A = 0, f continuous
and D(t) = D0 for each t, with D0 locally closed, the viability of D0 is
characterized by the following tangency condition:

(1.1) lim inf
h↓0

1
h
d(ξ + hf(τ, ξ), D0) = 0 for each (τ, ξ) ∈ [ a, b)×D0,

where d(x,X0) denotes the distance from the point x ∈ X to the subset X0

in X. This result (or variants of it) has been independently rediscovered
several times in the seventies by Brézis[3], Crandall [11], Hartman [12]
and Martin [13].

Concerning the Carathéodory case, when f is measurable in τ and conti-
nous in ξ, with A = 0 and X still finite dimensional, we have to mention the
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work of Ursescu [21] who has proved that a necessary and sufficient con-
dition for viability of D0 is the Nagumo’s tangency condition (1.1) satisfied
only for each (τ, ξ) ∈ ([ a, b) \ Z)×D0, where Z is a negligible set.

The study of the semilinear “continuous” case has been initiated by
Pavel [16] who has shown that, if −A generates a compact C0-semigroup
and f is continuous on [ a, b ) × D0, with D0 locally closed, a sufficient
condition for viability of D0 is:

(1.2) lim
h↓0

1
h
d(S(h)ξ + hf(τ, ξ), D0) = 0 for each (τ, ξ) ∈ [ a, b)×D0.

For subsequent developements, see Pavel-Vrabie [17] and [18], Shi
Shuzhong [20], Cârjă-Vrabie [7] and the references therein.

The research of the corresponding semilinear Carathéodory case has
been initiated by Cârjă and Monteiro Marques [5] by using the Pavel’s
tangency condition (1.2), again satisfied only for each (t, ξ) ∈ ([ a, b) \ Z)×
D0, where Z is as above. For the similar result in the variable domain case,
see Necula [15].

The fully nonlinear “continuous” case, i.e. the case in which both A and
f are nonlinear, with A unbounded but f continuous, has been considered
for the first time by Vrabie [22] who has introduced the following tangency
condition:

(1.3) lim
h↓0

1
h
d(u(τ + h, τ, ξ, f(τ, ξ)), D0) = 0 for each (τ, ξ) ∈ [ a, b)×D0,

where u(·, τ, ξ, y) = v(·) is the unique mild solution of the equation v′(t)+
Av(t) 3 y which satisfies the initial condition v(τ) = ξ.

The successive step, i.e. the study of the case in which A is nonlin-
ear, possible unbounded and f is a Carathéodory function has been made
by Cârjă and Vrabie in [9], where it is proved that under some extra-
conditions either on the semigroup generated by −A or on the subset D0, a
necessary and sufficient condition for the viability ofD0 is Vrabie’s tangency
condition (1.3) satisfied only for each (t, ξ) ∈ ([ a, b) \ Z) ×D0, where Z is
a negligible subset in [ a, b). Our work is an extension for variable domains
of one of these results .

As far as we know, the first viability result referring to variable domains
is that of Pavel and Vrabie [19].

For a complete discussion of the development of this topic we refer the
reader to the paper of Cârjă and Vrabie [9].



44 MIHAI NECULA 4

We conclude this section by recalling that a subset X0 in X is locally
closed if for each x ∈ X0 there exists r > 0 such that X0 ∩B(x, r) is closed
in X, where B(x, r) denotes the closed ball with center x and radius r.

2. Preliminaries and main result. We begin by recalling here, for
easy references, some basic concepts and results concerning m-accretive op-
erators and nonautonomous differential equations in abstract Banach spaces
which we shall use in the sequel. We refer the reader to Barbu [2] and
Vrabie [23] for more details on the background of this theory.

Let X be a real Banach space, let A : D(A) ⊂ X → 2X be an m-
accretive operator and let us consider the Cauchy problem

(2.1)
{
u′(t) +Au(t) 3 f(t) , τ ≤ t ≤ T ,
u(a) = ξ ;

where f ∈ L1(τ, T ;X) and ξ ∈ D(A).
Throughout this paper we shall denote by u(·, τ, ξ, f) : [ τ, T ] → D(A)

the unique mild solution of problem (2.1). We recall that u(·, τ, ξ, f) is
continous from [ τ, T ] to X, u(τ, τ, ξ, f) = ξ and for each f, g ∈ L1(τ, T ;X)
and each ξ, η ∈ D(A), we have

(2.2) ‖u(t, τ, ξ, f)− u(t, τ, η, g)‖ ≤ ‖ξ − η‖+
∫ t

τ
‖f(s)− g(s)‖ ds ,

for each t ∈ [ τ, T ]. Moreover, if τ ≤ ν ≤ t ≤ T then we have

(2.3) u(t, τ, ξ, f) = u(t, ν, u(ν, τ, ξ, f), f
∣∣
[ ν,T ]).

We denote by S(t) : D(A) → D(A), t ≥ 0 the semigroup of nonexpansive
mappings generated by −A, i.e. S(t)ξ = u(t, 0, ξ, 0) for each t ≥ 0 and
ξ ∈ D(A), and we recall that the semigroup {S(t); t ≥ 0} is compact if
for each t > 0 the operator S(t) is compact, i.e. is continuous and carries
bounded subsets in D(A) into relatively compact subsets in X. See Vrabie
[23].

We are now able to introduce the tangency condition we are going to
use in the sequel.

Definition 2.1. Let D : [ a, b) → 2X be variable domain for (DE) and

D = Graph (D) = {(t, x), t ∈ [a, b), x ∈ D(t)}.
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We say that y ∈ X is A-tangent to D at (τ, ξ) ∈ D if for each δ > 0 and
each r > 0 there exist h ∈ (0, δ) and p ∈ B(0, r) such that

(2.4) u(τ + h, τ, ξ, y) + hp ∈ D(τ + h).

The set of all A-tangent elements to D at (τ, ξ) ∈ D is denoted by TA
D(τ, ξ).

Remark 2.1. It is easy to see that

TA
D(τ, ξ) = {y ∈ X; lim inf

h↓0

1
h
d(u(τ + h, τ, ξ, y), D(τ + h)) = 0}.

Further, this concept can be defined equivalently by means of sequences.
Namely, y ∈ TA

D(τ, ξ) if and only if there exist a sequence (hn) decreasing
to 0 and a sequence (pn) convergent to 0 such that

(2.5) u(τ + hn, τ, ξ, y) + hnpn ∈ D(τ + hn)

for each n ∈ N.

Definition 2.2. A function f : [ a, b)×D0 → X is said to be A-tangent
to D if

(T) there exists a negligible subset Z in [ a, b) such that, for each τ ∈
[ a, b) \ Z and ξ ∈ D(τ) we have f(τ, ξ) ∈ TA

D(τ, ξ).

Definition 2.3. A function f : [ a, b)×D0 → X is called a Carathéodory
function if it satisfies :

(C1) for every x ∈ D0, the function f(·, x) is measurable on [ a, b) ;

(C2) for almost every t ∈ [ a, b), the function f(t, ·) is continuous on D0 ;

(C3) for every R > 0 there exists a locally integrable function ϕR : [ a, b) →
R such that

‖f(t, x)‖ ≤ ϕR(t)

for almost every t ∈ [ a, b) and for every x ∈ D0 with ‖x‖ ≤ R.

Concerning the variable domain we shall formulate the following hy-
pothesis:

Definition 2.4. We say that a multifunction D : [ a, b) → 2X satisfies
condition (D) if
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(D) for each τ ∈ [a, b) and ξ ∈ D(τ) there exist σ > 0 and r > 0 such
that :
if t ∈ (τ, τ + σ] ∩ [ a, b), tn ∈ [τ, t) for each n ∈ N and lim

n
tn = t,

while wn ∈ D(tn) ∩ B(ξ, r) for each n ∈ N and lim
n
wn = w, then

w ∈ D(t) ∩B(ξ, r).

Remark 2.2. If D = Graph(D) is locally closed in R ×X then, obvi-
ously, the variable domain D satisfies condition (D).

We are now ready to state the main result of this paper.

Theorem 2.1. Let X be a real Banach space, A : D(A) ⊂ X → 2X

an m-accretive operator with −A the infinitesimal generator of a compact
semigroup S(t) : D(A) → D(A), t ≥ 0, D0 a non empty subset in D(A),
f : [ a, b)×D0 → X a Carathéodory function and D : [ a, b) → 2X a variable
domain for (DE) which satisfies condition (D).

Then D is a viable variable domain for (DE) if and only if it satisfies
the tangency condition (T) and

(E) for every R>0 there exists a locally integrable function ψR : [ a, b) →
R+ such that for each τ ∈ [ a, b) and ξ ∈ D(τ) with ‖ξ‖ ≤ R, there
exists an integrable function q : [ τ, τ + δ] → X such that

‖q(t)‖ ≤ ψR(t) a.e. t ∈ [ τ, τ + δ]

and
u(t, τ, ξ, q) ∈ D(t)

for every t ∈ [ τ, τ + δ].

One of the main tools in the proof of our theorem is the following the-
orem of Lebesgue derivation type:

Theorem 2.2. Assume that X is a real Banach space, D0 is a nonempty
and separable subset in X and f : [ a, b) × D0 → X is a Carathéodory
function. Then there exists a negligible subset Z of [ a, b) such that, for
every τ ∈ [ a, b) \ Z, we have

(2.6) lim
h↓0

1
h

∫ τ+h

τ
‖f(s, y(s))− f(τ, y(τ))‖ ds = 0
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for all continuous functions y : [ a, b) → D0.
This theorem is established in Cârjă-Vrabie [9] by using the similar

result in the semilinear case, i.e. Theorem 2.3 in Cârjă-Monteiro Mar-
ques [5]. We refer the reader to these papers for the proof and to Ursescu
[21] for the initial result of this kind.

For our purpuse, the following characterization of the tangency condition
(T) will be very usefull:

Corollary 2.1. Under the hypotheses of Theorem 2.1, the function
f : [ a, b)×D0 → X is A-tangent to D if and only if it satisfies the condition
(T̃) below:

(T̃) There is a negligible subset Z̃ of [ a, b) such that for every τ ∈ [ a, b)\ Z̃

and for every ξ ∈ D(τ) there are sequences (hn) decreasing to 0 and
(pn) convergent to 0 such that

(2.7) u(τ + hn, τ, ξ, f(·, ξ)) + hnpn ∈ D(τ + hn).

Proof. First of all let us remark that, in the context of Theorem 2.1,
the subset D0 of D(A) is always separable because, if there exists a family
{S(t) ; t > 0} of compact operators such that

lim
t↓0

S(t)x = x for each x ∈ D(A),

then D(A) is separable. See Cârjă-Monteiro Marques [5], Proposition
2.1.

Now we denote by Z0 the negligible subset Z of [ a, b) given by Theorem
2.2. and, for one fixed τ ∈ [ a, b) \ Z0 and one ξ ∈ D(τ), we choose in (2.6)
y(s) = ξ for each s ∈ [ a, b). We obtain:

lim
h↓0

1
h

∫ τ+h

τ
‖f(s, ξ)− f(τ, ξ)‖ ds = 0.

On the other hand, from (2.2) we have

‖u(τ + h, τ, ξ, f(τ, ξ))− u(τ + h, τ, ξ, f(·, ξ)‖ ≤
∫ τ+h

τ
‖f(s, ξ)− f(τ, ξ)‖ ds

for each h ∈ (0, b − τ) and therefore, for any sequence (hn)n∈N decreasing
to zero, the sequence (p̃n)n∈N defined by

p̃n =
1
hn

(
u(τ + hn, τ, ξ, f(τ, ξ))− u(τ + hn, τ, ξ, f(·, ξ))

)
for each n ∈ N,
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is convergent to zero in X. The conclusion follows from (2.5) and (2.7) by
replacing pn with pn + p̃n and setting Z̃ = Z ∪ Z0 for (T) implies (T̃), and
Z = Z̃ ∪ Z0 for (T̃) implies (T).

We conclude this section with a general principle on ordered sets that
we shall use later in order to obtain some saturated approximative solution
for (DE).

Theorem 2.3. Let U be a nonempty set, ≤ a preorder on U and S : U →
R ∪ {+∞} an increasing function. Suppose that each increasing sequence
in U is majorated in U. Then, for each x ∈ U there exists x ∈ U with x ≤ x
such that x ≤ x̃ implies S(x) = S(x̃).

This result is due to Brézis and Browder [4, p. 356]. It should
be noticed that, in the initial statement, the function S is supposed to be
finite and bounded from above, but, as remarked in Cârjă-Ursescu [6],
this restriction can be removed by replacing the function S by the function
x 7→ arctan(S(x)).

3. Poof of Theorem 2.1.

Proof of the necessity. We start by proving the necessity of condition
(E). Let R > 0,τ ∈ [ a, b) and ξ ∈ D(τ) ∩ B(0, R). Since D is a viable
variable domain, we can choose a solution v : [ τ, τ + δ] → D(A) to (DE)
and (IC) such that v(t) ∈ D(t) for each t ∈ [ τ, τ + δ].

We define q(t) = f(t, v(t)), for each t ∈ [ τ, τ+δ] and, taking into account
that f is a Carathéodory function, we have

1) q ∈ L1(τ, τ + δ;X);

2) ‖q(t)‖ = ‖f(t, v(t))‖ ≤ ϕR(t) a.e. t ∈ [ τ, τ + δ], (from (C3)) ;

3) u(t, τ, ξ, q) ∈ D(t) for each t ∈ [ τ, τ + δ].

Therefore the condition (E) is satisfied with ψR = ϕR.
For the necessity of the tangency condition (T), let Z̃ be given by Theo-

rem 2.2, let τ ∈ [ a, b)\ Z̃ and ξ ∈ D(τ). We choose a solution v to (DE) and
(IC) which is defined on a subinterval [ τ, τ + δ] of [ a, b) and v(t) ∈ D(t) for
each t ∈ [ τ, τ + δ]. Finally, we choose a continuous function y : [ a, b) → D0

which coincides with v on [ τ, τ + δ]. So, we have

u(τ + h, τ, ξ, f(·, y(·))) = v(τ + h) ∈ D(τ + h) for each h ∈ [ 0, δ].
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By (2.2) we get

‖u(τ + h, τ, ξ, f(·, y(·)))− u(τ + h, τ, ξ, f(τ, ξ))‖ ≤

≤
∫ τ+h

τ
‖f(s, y(s))− f(τ, ξ)‖ ds

for each h ∈ [ 0, δ] and therefore we have

0 ≤ 1
h
d(u(τ + h, τ, ξ, f(τ, ξ)), D(τ + h) ≤

≤ 1
h
‖u(τ + h, τ, ξ, f(τ, ξ))− u(τ + h, τ, ξ, f(·, y(·))‖ ≤

≤ 1
h

∫ τ+h

τ
‖f(s, y(s))− f(τ, ξ)‖

for each h ∈ [ 0, δ]. On the other hand, by Theorem 2.2, we know that

lim
h↓0

1
h

∫ τ+h

τ
‖f(s, y(s))− f(τ, ξ)‖ ds = 0

and so we obtain

lim
h↓0

1
h
d
(
u(τ + h, τ, ξ, f(τ, ξ)), D(τ + h)

)
= 0.

Hence f(τ, ξ) ∈ TA
D(τ, ξ) for each τ ∈ [ a, b) \ Z̃ and ξ ∈ D(τ) and this

completes the proof of the necessity for Theorem 2.1. �

Proof of the sufficiency. We shall show that the tangency condition
(T) and the auxiliary condition (E), along with Brézis–Browder Ordering
Principle, i.e. Theorem 2.3 above, imply that, for each τ ∈ [a, b) and
ξ ∈ D(τ), there exist a subinterval [ τ, T ] of [ a, b) and a sequence (vn)n∈N
of ”approximate solutions” of (DE) and (IC), defined on [ τ, T ], such that
(vn)n∈N converges uniformly to a mild solution v : [ τ, T ] → X of (DE)
satisfying (IC) and the invariance condition: v(t) ∈ D(t) for each t ∈ [ τ, T ].

We assume now that the function f is A-tangent to D and the variable
domain D satisfies the auxiliary condition (E). We recall that, by Corollary
2.1, the conditions (T) and (T̃) are equivalent.

We begin by fixing, in arbitrary way, τ ∈ [ a, b) and ξ ∈ D(τ). We
emphasize that the point (τ, ξ) ∈ Graph(D) will be kept fixed until the end
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of this proof. Let σ > 0 and r > 0 be given by condition (D). We define
R := ‖ξ‖+ r and

(3.1) `R(s) := max{ϕR(s), ψR(s)} a.e. s ∈ [a, b),

where ϕR and ψR are the locally integrable functions given by (C3) and (E).
We consider T ∈ (τ, τ + σ] ∩ [ a, b) such that

(3.2) sup
τ≤t≤T

‖S(t− τ)ξ − ξ‖+
∫ T

τ
`R(s)ds+ (T − τ) ≤ r.

It should be remarked that we can do this choice of T, because {S(t); t ≥ 0}
is a semigroup of nonexpansive mappings and `R is a locally integrable
function. Furthermore, we observe that in [ τ, T ] × B(ξ, r) is available the
closedness property given by condition (D).

Now we define the ”approximate solution” concept.

Definition 3.1. Let n ≥ 1 be an integer and L be an open subset of R.
Let [ τ, µ] be a subinterval of [ τ, T ], v : [ τ, µ] → X a measurable function,
g : [ τ, µ] → X an integrable function and Fµ a family of nonempty and
pairwise disjoint subintervals of [ τ, µ], Fµ= {[ tm, sm),m ∈ Jµ}.

The triplet (Fµ, g, v) will be called an n-L-approximate solution on [ τ, µ]
if the following conditions are satisfied:

(i)
⋃

m∈Jµ

[ tm, sm) = [ τ, µ) and sm − tm ≤ 1
n

for each m ∈ Jµ ;

(ii) if tm ∈ L then [ tm, sm) ⊂ L ;

(iii) v(τ) = ξ, v(µ) ∈ D(µ) ∩ B(ξ, r), v(tm) ∈ D(tm) ∩ B(ξ, r) for each
m ∈ Jµ;

(iv) v([ τ, µ]) is precompact in X ;

(v) ‖g(s)‖ ≤ `R(s) a.e. on [ τ, µ] and g(s) = f(s, v(tm)) a.e. on [ tm, sm)
if tm /∈ L ;

(vi) ‖v(t) − u(t, tm, v(tm), g)‖ ≤ t− tm
n

for each m ∈ Jµ and each t ∈
[ tm, µ].
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The next lemma represents an existence result concerning n -L- approx-
imate solutions of (DE) on the whole interval [ τ, T ]. It is closely related to
the corresponding result in the constant domains case, i.e. Lemma 5.1 in
Cârjă-Vrabie [9].

Lemma 3.1. Let T > τ be fixed as above and let Z̃ ⊂ [ a, b) be the
negligible set given by the tangency condition (T̃) . Then for each n ∈ N∗

and for each open set L of R with Z̃ ⊂ L there exists at least one n-L-
approximate solution (FT , g, v) defined on the whole interval [ τ, T ].

Proof. We start by showing how to define an n-L-approximate solution
on a sufficiently small interval [ τ, τ+δ] and then we will show how to extend
it to the whole interval [ τ, T ], for a fixed n ∈ N∗ and an open set L ⊂ R
with Z̃ ⊂ L.

Case 1. In case τ ∈ L we apply the condition (E). Hence, there exists
a measurable function q defined on an interval [ τ, τ + δ] with values in X
such that

‖q(s)‖ ≤ ψ(s) a.e. s ∈ [τ, τ + δ]

and
u(t, τ, ξ, q) ∈ D(t) for every t ∈ [ τ, τ + δ].

We choose δ small enough such that δ < 1/n, [ τ, τ+δ] ⊂ L, [ τ, τ+δ] ⊂ [ τ, T ]
and u(τ + δ, τ, ξ, q) ∈ B(ξ, r).

Let us define µ = τ + δ, Fµ = {[ τ, τ + δ)}, g(s) = q(s) a.e. on [ τ, τ + δ]
and v(t) = u(t, τ, ξ, q) for each t ∈ [ τ, τ + δ]. We can easy see that the
condition (i)-(vi) are fulfilled.

Case 2. In case τ /∈ L we have τ /∈ Z̃ and we can use the tangency
condition (T̃). Hence there exist δ ∈ (0, 1/n) and p ∈ X with ‖p‖ ≤ 1/n
such that

u(τ + δ, τ, ξ, f(·, ξ)) + δp ∈ D(τ + δ) ∩B(ξ, r).

We may assume that τ + δ ≤ T and we define µ = τ + δ, Fµ = {[ τ, τ + δ)},
g(s) = f(s, ξ) a.e. on [ τ, τ + δ] and v(t) = u(t, τ, ξ, g) + (t − τ)p for each
t ∈ [ τ, τ + δ].

We observe that the condition (i)-(vi) are also satisfied in this case
and so we have shown the existrence of an n-L-approximate solution on a
subinterval of [ τ, T ].

Next, using Theorem 2.3, we show that there exists at least one n-L-
approximate solution on the whole interval [ τ, T ]. Let U be the set of all
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n-L-approximate solutions (Fµ, gµ, vµ) with µ ∈ ( τ, T ]. On U we introduce
a partial order as follows. We say that

(Fµ1 , gµ1 , vµ1) ≤ (Fµ2 , gµ2 , vµ2)

if µ1 ≤ µ2, Fµ1 ⊂ Fµ2 , gµ1(s) = gµ2(s) and vµ1(s) = vµ2(s) for each
s ∈ [ τ, µ1]

This relation is clearly a preorder on the nonempty set U. Let us define
the function S : U → R by

S
(
(Fµ, gµ, vµ)

)
= µ.

for each (Fµ, gµ, vµ) ∈ U. It is obvious that S is an increasing function on
U.

We show that each increasing sequence in U is majorated in U. Let us
consider that (Fµj , gµj , vµj )j∈N is an increasing sequence in U. We define a
majorant as follows. First, we set

(3.3) µ∗ = sup{µj , j ∈ N}

and we have µ∗ ≤ T .
If µj∗ = µ∗ for some j∗ ∈ N, then (Fµj∗ , gµj∗ , vµj∗ ) is obviously a majo-

rant.
If µj < µ∗ for each j ∈ N, let us observe first that Fµ∗ = {[ tjm, sj

m); j ∈
N,m ∈ Jj} is a family of pairwise disjoint intervals and so this family is at
most countable. Clearly, we may assume that (µj)j∈N is strictly increasing
and convergent to µ∗. Since Fµj ⊂ Fµj+1 and µj < µj+1 imply that there
exists δ > 0 such that [µj , µj + δ) ∈ Fµj+1 \ Fµj , we deduce that in fact
the family Fµ∗ is countable and it can be rewritten in the form Fµ∗ =
{[ tm, sm);m ∈ N}.

We define gµ∗(t) = gµj (t) and vµ∗(t) = vµj (t) for every j ∈ N and
t ∈ [ τ, µj ]. For gµ∗(µ∗) we may choose any value in X, but this fact is
not valid for vµ∗(µ∗). We will show how to define vµ∗(µ∗) in order that
(Fµj∗ , gµj∗ , vµj∗ ) ∈ U.

Let us verify which of conditions (i)-(vi) are satisfied by (Fµj∗ , gµj∗ , vµj∗ )
until now. It is easy to see that (i),(ii) and (v) are fulfilled on [ τ, T ]. Let us
check the condition (iv). Since vµ∗ coincides with vµj on [ τ, µj ], we know
that the set Kj = vµ∗([ τ, µj ]) is precompact, for each j ∈ N. From (v)
we have that gµ∗ ∈ L1(τ, µ∗ ;X) and so the function u(·, µj , vµ∗(µj), gµ∗)
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is continuous on [µj , µ
∗ ], for each j ∈ N. It follows that, the set Cj =

u([µj , µ
∗ ], µj , vµ∗(µj), gµ∗) is also precompact in X, for each j ∈ N. Taking

into account that condition (vi) is obviously satisfied on [ τ, µ∗), we obtain

(3.4) vµ∗([ τ, µ∗)) ⊂ Cj ∪Kj +
µ∗ − µj

n
B(0, 1) for eachj ∈ N.

Let ε > 0 be arbitrary fixed. We may choose j∗ ∈ N such that (µ∗−µj∗)/n ≤
ε. From the inclusion above we deduce that, for each x ∈ vµ∗([ τ, µ∗)) there
is x̃ ∈ Cj∗∪Kj∗ such that ‖x− x̃‖ ≤ ε. Since Cj∗∪Kj∗ is precompact, there
exists a finite family {x1, x2, . . . , xnε} ⊂ X such that, for each x̃ ∈ Cj∗∪Kj∗ ,
there exists k̃ ∈ {1, 2, . . . , nε} such that ‖x̃ − xk̃‖ ≤ ε and so ‖x − xk̃‖ ≤
‖x−x̃‖+‖x̃−xk̃‖ ≤ 2ε. Finally, we obtain that vµ∗([ τ, µ∗)) ⊂ ∪nε

k=1B(xk, 2ε)
and therofore vµ∗([ τ, µ∗)) is precompact, so (iv) is checked.

Now we are able to complete the definition of vµ∗ . We take any limit
point v∗ of vµ∗(µj) as j tends to +∞ and set vµ∗(µ∗) = v∗. Let us verify the
condition (iii). Obviously, we have vµ∗(τ) = ξ and vµ∗(tm) ∈ D(tm)∩B(ξ, r)
for each m ∈ N. We have only to show that vµ∗ ∈ D(µ∗) ∩ B(ξ, r). By
the choice of v∗ there exists a subsequence (µjk

)k∈N such that lim
k
µjk

=

µ∗, lim
k
vµ∗(µjk

) = v∗ and µjk
< µ∗ for each k ∈ N. Since

vµ∗(µjk
) = vµjk

(µjk
) ∈ D(µjk

) ∩B(ξ, r)

for each k ∈ N, applying condition (D) we obtain that vµ∗ ∈ D(µ∗)∪B(ξ, r)
and so (iii) is fulfilled.

Finally, the condition (vi) for t = µ∗ is proven by fixing any m ∈ N,
taking t = µjk

with µjk
> tm in (vi) written for (Fµjk

, gµjk
, vµjk

) and passing
to the limit for k tending to +∞ both sides.

We have shown that (Fµ∗ , gµ∗ , vµ∗) belongs to U. Since it is clearly a
majorant for ((Fµj , gµj , vµj ))j∈N, it follows that the set U endowed with the
partial order ≤ and the function S satisfy the hypotheses of Theorem 2.3.
and, consequently, there exists at least one element (Fν , gν , vν) in U such
that, if (Fν , gν , vν) ≤ (Fν̃ , gν̃ , vν̃) then ν = ν̃.

To complete the proof it suffices to show that ν = T . We assume
by contradiction that ν < T and we denote ξν = vν(ν) which belongs to
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D(ν) ∩B(ξ, r). From (2.2),(3.1) and (i)-(vi) we obtain

‖ξν − ξ‖ ≤ ‖vν(ν)− u(ν, τ, ξ, gν)‖+
+‖u(ν, τ, ξ, gν)− u(ν, τ, ξ, 0)‖+ ‖u(ν, τ, ξ, 0)− ξ‖ ≤

≤ ν − τ

n
+

∫ ν

τ
‖gν(s)‖ ds+ ‖S(ν − τ)ξ − ξ‖ ≤

≤ ν − τ

n
+

∫ ν

τ
`R(s) ds+ sup

τ≤t≤ν
‖S(t− τ)ξ − ξ‖

Since we have assumed that ν < T , from (3.2) it follows that ‖ξν − ξ‖ < r.
We denote rν = r − ‖ξν − ξ‖ and we observe that rν > 0 and B(ξν , rν) ⊂
B(ξ, r).

We apply our method of prolongation at the point (ν, ξν) ∈ Graph(D)
such that to remain in [ ν, T ]×B(ξν , rν), as follows.

Case 1′. If ν ∈ L, using the condition (E), we infer that there exist
δ ∈ (0, 1/n] with ν + δ ≤ T , [ ν, ν + δ) ⊂ L and an integrable function
q : [ ν, ν + δ] → X such that

‖q(s)‖ ≤ ψR(s) ≤ `R(s) a.e. s ∈ [ν, ν + δ]

and

u(t, ν, ξν , q) ∈ D(t) ∩B(ξν , rν) for every t ∈ [ ν, ν + δ].

We define: Fν+δ = Fν ∪ {[ ν, ν + δ)} ;

gν+δ(t) =
{
gν(t) if t ∈ [ τ, ν ]
q(t) if t ∈ ( ν, ν + δ ] ;

vν+δ(t) =
{

vν(t) if t ∈ [ τ, ν ]
u(t, ν, ξν , q) if t ∈ (ν, ν + δ ].

Case 2′. If ν /∈ L, applying the tangency condition (T̃) we obtain that
there exist δ ∈ (0, 1/n] with ν + δ ≤ T and p ∈ X with ‖p‖ ≤ 1/n, such
that

u(ν + δ, ν, ξν , f(·, ξν)) + δp ∈ D(ν + δ) ∩B(ξν , rν).

We define: Fν+δ = Fν ∪ {[ ν, ν + δ)} ;
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gν+δ(t) =
{

gν(t) if t ∈ [ τ, ν ]
f(t, ξν) if t ∈ ( ν, ν + δ ] ;

vν+δ(t) =
{

vν(t) if t ∈ [ τ, ν ]
u(t, ν, ξν , gν+δ) + (t− ν)p if t ∈ (ν, ν + δ ].

Let us observe that in the both cases (Fν+δ, gν+δ, vν+δ) satisfies condi-
tions (i)-(v). On purpose to check condition (vi), it should be remarked
that, for each t ∈ (ν, ν + δ], we have

(3.4) vν+δ(t) = u(t, ν, ξν , gν+δ) + (t− ν)p̃

with p̃ = 0 in Case 1′ and p̃ = p in Case 2′.
It is obvious that (vi) is satisfied if tm < ν and t ∈ [ tm, ν]. If tm ≤ ν <

t ≤ ν + δ then, by (2.2),(2.3) and (vi), we have

‖vν+δ(t)− u(t, tm, vν+δ(tm), gν+δ)‖ =

= ‖u(t, ν, vν+δ(ν), gν+δ)+(t−ν)p̃−u(t, ν, u(ν, tm, vν+δ(tm), gν+δ), gν+δ)‖ ≤

≤ ‖vν+δ(ν)− u(ν, tm, vν+δ(tm), gν+δ)‖+ (t− ν)‖p̃‖ ≤

≤ ν − tm
n

+
t− ν

n
=
t− tm
n

.

and therefore condition (vi) is fulfilled.
We have shown that (Fν+δ, gν+δ, vν+δ) ∈ U, with (Fν , gν , vν) ≤

(Fν+δ, gν+δ, vν+δ) and ν < ν + δ, which contradicts the choice of ν. This
contradiction can be eliminated only if ν = T and this completes the proof
of Lemma 3.1.

We are ready to complete the proof of the sufficiency of Theorem 2.1.

End of proof. Let Z̃ be the negligible set given by the tangency con-
dition (T̃). From (C2), we may assume that, for each s ∈ [ a, b) \ Z̃, the
function f(s, ·) is continuous on D0. Since λ(Z̃) = 0, (λ is the Lesbegue
measure), there exists a sequence of open subsets in R, (Ln)n∈N∗ , such that
Z̃ ⊂ Ln, λ(Ln) < 1/n and Ln+1 ⊂ Ln for each n ∈ N∗.

We define L := ∩n≥1Ln and, obviously, we have Z̃ ⊂ L and λ(L) = 0.
By Lemma 3.1. we know that, for each n ∈ N∗, there exists an n-

Ln-approximate solution (Fn, gn, vn) on [ τ, T ]. From (v) we have, for each
n ∈ N∗,

‖gn(s)‖ ≤ `R(s) a.e. on [ τ, T ],
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with `R ∈ L1(τ, T ;R+), which implies that {gn; n ∈ N∗} is a uniformly inte-
grable subset in L1(τ, T ;X). Since the semigroup S(t) : D(A) → D(A), t ≥
0 is compact, by a compactness result of Barras (see Vrabie [22], Theorem
2.3.3, p.47) it follows that there exists v ∈ C([ τ, T ];X) such that, on a
subsequence at least, we have

(3.6) lim
n
u(t, τ, ξ, gn) = v(t)

uniformly for t ∈ [ τ, T ].
We denote Fn = {[ tnm, sn

m),m ∈ Jn}, n ∈ N∗ and so (vi) become: for
each n ∈ N∗

‖vn(t)− u(t, tnm, vn(tnm), gn)‖ ≤ t− tnm
n

,

for each m ∈ Jn and t ∈ [ tnm, T ].
In view of (i) we can choose for each n ∈ N∗ an index m ∈ Jn such that

τ = tnm. Since vn(τ) = ξ (from (iii)), we obtain, for each n ∈ N∗

‖vn(t)− u(t, τ, ξ, gn)‖ ≤ t− τ

n
for each t ∈ [ τ, T ],

which implies that

(3.7) lim
n
vn(t) = v(t) ,

uniformly on [ τ, T ].
We showing next that v(t) ∈ D(t) ∩B(ξ, r), for each t ∈ [ τ, T ].

Case t = τ . Since u(τ, τ, ξ, gn) = ξ for each n ∈ N∗, it follows that
v(τ) = ξ ∈ D(t) ∩B(ξ, r).

Let us note that we have also proven that v satisfies (IC).

Case t ∈ ( τ, T ]. From (i) we infer that, for each n ∈ N∗, there exists
at least one index mn ∈ Jn, such that tnmn

< t and t − tnmn
≤ 1/n. Let us

denote θn = tnmn
(for the sake of simplicity) and let us observe that, from

(vi) and (2.2), we have

‖vn(t)− vn(θn)‖ ≤ ‖vn(t)− u(t, θn, vn(θn), gn)‖+
+‖u(t, θn, vn(θn), gn)−u(t, θn, vn(θn), 0)‖+‖u(t, θn, vn(θn), 0)−vn(θn)‖≤

≤ t− θn

n
+

∫ t

θn

‖gn(s)‖ ds+ ‖S(t− θn)vn(θn)− vn(θn)‖ ≤

≤ t− θn

n
+

∫ t

θn

`R(s) ds+ sup
w∈C

‖S(t− θn)w − w‖,
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where
C = {vn(t) ; n ∈ N∗, t ∈ [ τ, T ]}.

Since, for each n ∈ N∗, vn([ τ, T ]) is precompact in X (from (iv)) and
(vn)n∈N∗ is uniformly convergent on [ τ, T ], it follows that C is also precom-
pact in X and so, we have

lim
δ↓0

sup
w∈C

‖S(δ)w − w‖ = 0.

Recalling that `R ∈ L1(τ, T ; R+), we obtain

lim
n
‖vn(t)− vn(θn)‖ = 0

and, from (3.7), it follows that

(3.8) lim
n
vn(θn) = v(t).

Finally, since vn(θn) ∈ D(θn) ∩ B(ξ, r), θn < t and limn θn = t, from
condition (D) we infer that v(t) ∈ D(t) ∩B(ξ, r), for each t ∈ ( τ, T ].

For the end of the proof we have to check that v is a solution of (DE).
To this aim, let us observe first that if t /∈ L there exists nt ∈ N∗ such

that s /∈ Ln, for each n ≥ nt and hence, by (iii), we have

gn(t) = f(t, vn(θn))

where θn is chosen as above. Since t /∈ L implies that f(t, ·) is continuous
on D0, from (3.8) it follows that

lim
n
gn(s) = f(s, v(s)) a.e. on [ τ, T ].

In view of (C3) we may apply the Lebesgue Dominated Convergence The-
orem and we obtain

(3.9) lim
n
gn = f(·, v(·)) in L1(τ, T ;X).

Using once again (2.2) we have

‖u(t, τ, ξ, gn)− u(t, τ, ξ, f(·, v(·))‖ ≤
∫ t

τ
‖gn(s)− f(s, v(s))‖ ds ,
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for each t ∈ [ τ, T ], and by (3.9) we get

lim
n
u(t, τ, ξ, gn) = u(t, τ, ξ, f(·, v(·)) for each t ∈ [ τ, T ].

From (3.6) it follows that

v(t) = u(t, τ, ξ, f(·, v(·))) for each t ∈ [ τ, T ],

which means that v is a mild solution of (DE) on [ τ, T ] and this completes
the proof of Theorem 2.1. �
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10. Clarke, F.H., Ledyaev, Yu.S. and Rădulescu, M.L. – Approximate invariance

and differential inclusions in Hilbert spaces, J. Dynam. Control Systems, 3(1997),

493-518.

11. Crandall, M.G. – A generalization of Peano’s existence theorem and flow-

invariance, Proc. Amer. Math. Soc., 36(1972), 151-155.

12. Hartman, P. – On invariant sets and on a theorem of Ważewski, Proc. Amer. Math.
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