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A VIABILITY APPROACH FOR OPTIMAL CONTROL
WITH INFIMUM COST

BY
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Abstract. We characterize the discontinuous value function of an optimal control
problem with infimum cost with finite and respectively infinite horizon. This characteri-
zation is made using the fact that the Epigraph of the value function is a viability kernel.
A consequence of this is also that the value function is the smallest lower semicontinuous
supersolution to a suitable Hamilton-Jacobi -Bellman equation. The main tool is viability
theory.
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1. Introduction. We consider a control system which dynamics is
given by:

(1) x′(t) = f(x(t), u(t))

where the state variable x belongs to RN , the control u(·) : [0,∞) → U is a
measurable function and f : RN × U → RN .

The infimum control problem consists in

(2)
Minimize infτ∈[t0,∞){g (x(τ ; t0, x0, u(·)))+

+
∫ τ

t0

L (x(s; t0, x0, u(·)), u(s)) ds}

over all absolutely continuous solutions of (1), where x(·; t0, x0, u(·)) denotes
the solution of (1) starting from (t0, x0) ∈ [0,∞)× RN .

Here g : RN → R+ and L : RN × U → R are given bounded functions.
If we denote by U(t0) the set of measurable controls on [t0,∞) with values
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in U, then the value function corresponding to the optimal control problem
(1) and (2) is given by:

(3)
V (t0, x0) = infu∈U(t0) infτ∈[t0,∞){g (x(τ ; t0, x0, u(·)))+

+
∫ τ

t0

L (x(s; t0, x0, u(·)), u(s)) ds}

The main question we address here is to characterize the value function (3)
through a viability kernel or an equation of Hamilton-Jacobi type.

For viability characterization, for a different context the Epigraph of the
minimal time to reach a set appear to be a viability kernel (cf. [9]).

Some results for the well-known case of a Lipschitz function g are already
known (cf. [19], [6]). Namely the value is the unique Lipschitz viscosity
solution for the following equation:

(4)

{
min

[(
∂V
∂t (t, x)+H(x, V (t, x), ∂V∂x (t, x))

)
; (g(x)−V (t, x))

]
=0

(t, x) ∈ [0,∞)× RN ;

where the Hamiltonian H : RN × R× RN → R̄ is:

H(x, r, p) =

{
min
u∈U

(p · f(x, u) + L(x, u)), g(x) ≤ r ;

+∞, g(x) > r .

Before studying the infinite horizon control problem (1) and (2), we will
consider the finite horizon problem, i. e. :

(5)
Minimize infτ∈[t0,T ]{g (x(τ ; t0, x0, u(·)))+

+
∫ τ

t0

L (x(s; t0, x0, u(·)), u(s)) ds}

over all absolutely continuous solutions of (1), with 0 < T <∞.
The value function corresponding to the optimal control problem (1)

and (5) is:

(6)
V T (t0, x0) = infu∈U(t0) infτ∈[t0,T ]{g (x(τ ; t0, x0, u(·)))+

+
∫ τ

t0

L (x(s; t0, x0, u(·)), u(s)) ds}

and it is well known (see for instance [19]) that when g is Lipschitz, V T is
the unique Lipschitz viscosity solution to the following PDE:

(7)


min

[(
∂V
∂t (t, x) +H(x, V (t, x), ∂V∂x (t, x))

)
; (g(x)− V (t, x))

]
= 0

(t, x) ∈ [0, T )× RN ;
with the final condition V (T, x) = g(x), for all x ∈ RN
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The main goal of the present paper is to study the case when g is lower
semicontinuous. In this context the value function may be discontinuous
and standard uniqueness results for viscosity solutions of PDE cannot be
used. We obtain a characterization of the semicontinuous value function
using viability techniques.
Our main result says that the value function can be characterized through
a viability kernel of a suitable dynamics. From this result we deduce that
the value function is the smallest lower semicontinuous supersolution to (4)
(see Definition 3).

Our proofs are based on the fact that the definition of viscosity superso-
lution, that we will give below, gives some invariance properties for the epi-
graph of the supersolution( see [2]). Semicontinuous viscosity solutions and
semicontinuous value function have been introduced by Barron-Jensen
[7] and Frankowska [14]. This problem was also considered in [19] for a
Lipschitz function g. For the finite horizon case but for the problem with
Supremum cost, the value function was characterized as generalized vis-
cosity solution (see [20]), where g was supposed only bounded. Another
characterization of this type was made in [15] for Mayer control problem.

This paper is organized as follows: First, we introduce some prelimi-
naries. In the second section we present our main results concerning the
finite horizon case with g lower semicontinuous. In the third section we will
extend our study to the infinite horizon problem which is not analogous
with the previous case.

2. Preliminaries.
2.1. Definitions, assumptions and notations.
We assume that:
The function f : RN × U → RN is continuous and satisfies :

(8)
{

||f(x, u)|| ≤ c1(1 + ‖x‖)
||f(x, u)− f(y, u)|| ≤ c1 ‖x− y‖ ∀x, y ∈ RN , u ∈ U

where c1 > 0 is constant; U is a compact set of some metric space.

(9) ∀x ∈ RN , f(x,U) = {f(x, u), u ∈ U} is convex.

It is well known that under (8), for every (t0, x0) ∈ [0,∞) × RN , the
Cauchy Problem (PC):

(PC)
{
x′(t) = f(x(t), u(t)) for almost every t ∈ [t0,∞) ;

x(t0) = x0
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has an unique absolutely continuous solution denoted by x(·; t0, x0, u(·)).
We also assume that L : RN × U → RN is continuous and satisfies :

(10)
{

||L(x, u)|| ≤ c1(1 + ‖x‖)
||L(x, u)− L(y, u)|| ≤ c1 ‖x− y‖ ∀x, y ∈ RN , u ∈ U

and

(11) ∀x ∈ RN , L(x,U) = {L(x, u), u ∈ U} is convex.

2.2. Viability theory. Here we will use the notion of viability domain
with target introduced in [18].

Let us give a characterization of such sets, recalling the following known
Viability Theorem (in a version adapted from [10] Theorem 2.3 ):

Proposition 1. We assume that D and E are closed sets. Let us
suppose that χ : RN × U → RN is a continuous function, Lipschitz in the
first variable, with furthermore x→ χ(x,U) = {χ(x, u);u ∈ U} is Lipschitz
continuous set valued map with convex, compact, nonempty values.

Then the two following assertions are equivalent∗ :
i)

(12)
∀x ∈ D\E,∀p ∈ NPD(x),minu < χ(x, u), p >≤ 0

(respectively maxu < χ(x, u), p >≤ 0)

ii) there exists u ∈ U(t0) , such that the solution of (respectively, for all
u ∈ U(t0) , the solution of){

x′(t) = χ(x(t), u(t)) for almost every t ∈ [t0, T ] ;
x(t0) = x0

remains in D as long as it does not reach E.
When i) or ii) holds true we say that D is a viability domain with target

E (respectively, D is an invariance domain with target E) for the dynam-
ics χ. When E = ∅, this is the classical notion of viability (respectively
invariance) domain cf. [2].

∗Here NPD(x) denotes the set of proximal normal to D at x i.e., the set of p ∈ RN

such that the distance of x + p to D is equal to ||p||.
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Definition 2. Let K be a closed set. We call viability kernel in K
with target E, for a dynamics Φ, denoted V iabΦ(K, E), the largest closed
subset of K, which is viability domain with target E for Φ.

It is proved (see Theorem 3.2.3. in [1] concerning the case E = ∅) that
V iabΦ(K, E) is also the set of x0 such that there exists x(·) solution of

x′(t) ∈ Φ(x(t))

starting from x0 which is either defined on [0,∞) and x(t) ∈ K for all t ≥ 0,
or is defined on a finite interval [0, τ ], satisfies x(t) ∈ K for all t ∈ [0, τ ] and
x(τ) ∈ E.

Our proofs are based on the fact that the definition of solutions for a
PDE of the type (4) with g replaced by h and for a another Hamiltonian
H̄ gives some invariance properties for the Epigraph and the Hypograph†

of the solution (see Definition 4 and Proposition 1). More precisely the
Epigraph of a supersolution is viability domain in [0, T ]×RN+2 with target
[0, T ]× Epi(h), for the dynamics:

(t, x, z, r) → Φ(t, x, z, r) = (1, f(x,U);L(x,U), 0)

and the Hypograph of a subsolution is invariance domain in [0, T ]× RN+2

with target [0, T ]× Epi(h), for the dynamics :

(t, x, z, r) → −Φ(t, x, z, r) = −(1, f(x,U);L(x, U), 0).

Namely we will use specially the fact that the Epigraph the value func-
tion is viability kernel in [0, T ]×RN+2 with target [0, T ]×Epi(h), i. e. the
largest closed viability domain with target for Φ.

Here Epi stands for the epigraph and Hypo stands for the hypograph.

2.3. Viscosity Solutions. Let us define viscosity solution to first
order Hamilton-Jacobi equation (cf. [3] for instance):

Definition 3. A viscosity supersolution for (7) is a lower semicontinu-
ous function ψ : [0, T )× RN → R such that:

for any φ ∈ C1 and (t0, x0) ∈ argMin (ψ − φ) ,
min

{
(∂φ∂t (t0, x0)+H(x0, φ(t0, x0), ∂φ∂x (t0, x0))) ; (g(x0)− φ(t0, x0))

}
≤ 0

†For w : [0, T ]× RN × R → R we have:
Epi(w) := {(t, x, r) ∈ [0, T ]× RN × R | w(t, x) ≤ r};
Hypo(w) := {(t, x, r) ∈ [0, T ]× RN × R | w(t, x) ≥ r}.
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and a viscosity subsolution for (7) is an upper semicontinuous function ϕ :
(0, T ]× RN → R such that:

for any φ ∈ C1 and (t0, x0) ∈ argMax (ϕ− φ) ,
min

{
(∂φ∂t (t0, x0) +H(x0, φ(t0, x0), ∂φ∂x (t0, x0))) ; (g(x0)− φ(t0, x0))

}
≥ 0.

A viscosity solution of (7) is a function which is both subsolution and su-
persolution (so, it is in particular continuous).

The definition of the solutions for (4) is similar to the previous definition
and we must consider that a supersolution is defined on [0,∞)×RN and a
subsolution is defined on (0,∞)× RN .

For the different definitions of discontinuous viscosity solutions we refer
the reader to Ishii solutions (cf. [3]) based on semicontinuous envelopes
of functions, to Barron-Jensen-Frankowska semicontinuous solutions ([3],
[7] for convex Hamiltonians), to Subbotin minimax solution [21] (called
bilateral solutions in [4]) see also [16].

Now in order to establish some links between our definition of viscosity
solutions and the interpretation in terms of viability notions we give an
equivalent formulation of the definition of super- and subsolutions to (4) in
terms of proximal normals (see [15], [17]):

Proposition 4. ( cf. Proposition 3.3 in [17])A viscosity supersolution
for (4) is a l.s.c. function ψ : [0, T )× RN → R such that:

for any (pt, px, pr) ∈ NPEpi(ψ)(t0, x0, ψ(t0, x0)),
min {(pt+H(x0, ψ(t0, x0), px)) ; (g(x0)− ψ(t0, x0))} ≤ 0

A viscosity subsolution for (4) is an u.s.c. function ϕ : [0, T )×RN → R
such that:

for any (pt, px, pr) ∈ NPHypo(ϕ)(t0, x0, ϕ(t0, x0)),
min {(pt +H(x0, ϕ(t0, x0), px)) ; (g(x0)− ϕ(t0, x0))} ≥ 0.

3. Discontinuous Infimum Control Problem with Finite Hori-
zon.

We suppose :

(13)
{

|g(x)| ≤ c2 for all x ∈ RN ,
g is lower-semicontinuous in RN .
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and L : RN ×U → R satisfies (10), (11). If g is discontinuous then so is
in general the value function. This section is devoted to the characterization
of the value function through the Hamilton-Jacobi Equation (4).

In order to do this, we will consider the following modified dynamics:

(14) y′(t) = (f(x(t), u(t));L(x(t), u(t)).

Here y(·; t0, y0, u(·)) := (x(·; t0, x0, u(·)); z(·; t0, z0, u(·))) is the solution of
(14) starting to (t0, x0, z0) := (t0, y0) ∈ [0, T ] × RN+1 and S(t0, y0) :=
{y(·; t0, y0, u(·)); u ∈ U(t0)}.

Let h : RN+1 → R, given by h(y) := g(x) + z with y := (x, z). The
control problem that we will study is:

(15) Minimize inf
τ∈[t0,T ]

h (y(τ ; t0, y0, u(·)))

over all absolutely continuous solutions of (14).
With the above notations, we define the following value function:

(16) W T (t0, y0) = inf
u∈U(t0)

inf
τ∈[t0,T ]

h (y(τ ; t0, y0, u(·))).

Note that we have the relation: W T (t0, y0) = V T (t0, x0) + z0 and we
will study the properties of W T in order to obtain as a consequence the
characterization for V T .

Before giving the main result of this section, we prove some classical
results and we recall well known results when the function h is Lipschitz.

3.1. Regularity and Dynamic Programming Principle. We first
prove some results concerning the regularity of W T .

Lemma 5. Suppose that (8), (9), (10), (11), hold true. Assume that h
is lower semicontinuous. Then we have:

i) (Existence of Optimal control) There exists an optimal trajectory
starting from each point (t0, y0) ∈ [0, T ] × RN+1 i.e. there exists ȳ(·) ∈
S(t0, y0) such that

W T (t0, y0) = inf
τ∈[t0,T ]

h(ȳ(τ ; t0, y0, ū(·))) for all (t0, y0) ∈ [0, T ]× RN+1
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ii) W T is lower semicontinuous.

Proof. i) By definition of W T there exists yn(·) ∈ S(t0, y0) which is
the set of solutions starting to (t0, y0) of (14) for all u ∈ U(t0), such that

W T (t0, y0) = lim
n→∞

inf
τ∈[t0,T ]

h(yn(τ ; t0, y0, ū(·)).

The compactness arguments (see for instance [2]) provide the existence of
ȳ(·) ∈ S(t0, y0), the limit of yn(·) in W 1,1[t0, T ].

Using the semicontinuity of h we obtain that there exists τn ∈ [t0, T ]
such that

inf
τ∈[t0,T ]

h(yn(τ)) = h(yn(τn)) and

W T (t0, y0) = lim
n→∞

inf
τ∈[t0,T ]

h(yn(τ)) = lim
n→∞

h(yn(τn)).

So there exists a subsequence τnk
of τn and τ̄ ∈ [t0, T ] such that τnk

→ τ̄
and letting n→∞ we have

W T (t0, y0) = lim
k→∞

inf h(ynk
(τnk

)) ≥ h(ȳ(τ̄)) ≥ inf
τ∈[t0,T ]

h(ȳ(τ)) ≥W T (t0, y0)

and i) follows.
ii) We consider (tn, yn) ∈ [0, T ]×RN+1 such that (tn, yn) → (t0, y0). We

want to obtain that

lim inf
n→∞

W T (tn, yn) ≥W T (t0, y0)

By i) there exists yn(·) ∈ S(tn, yn) withW T (tn, yn) = infτ∈[t0,T ] h(yn(τ))
and by the compactness properties of the solution map of the differential
inclusion associated with (14) there exists ȳ(·) ∈ S(t0, y0) and yn(·) → ȳ(·)
uniformly on compacts.

So there exists a subsequence nk and τ̄ ∈ [t0, T ] such that τnk
→ τ̄ and

because h is l.s.c. we have

lim inf
k→∞

W T (tn, yn) = lim inf
k→∞

inf
τ∈[tnk

,T ]
h(ynk

(τ)) = lim inf
k→∞

h(ynk
(τnk

))

≥ h(ȳ(τ̄)) ≥W T (t0, y0)

and the proof is done.
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Next we prove Bellman Dynamic Programming from which is derived
the PDE satisfied by the value function.

Proposition 6. (Dynamic Programming Principle)
Let g : RN → R be a bounded function and suppose that (8), (9), (10),

(11) hold true. Then for all (t0, y0) ∈ [0, T ] × RN+1 and α > 0 such that
t0 + α ≤ T :

(17)
W T (t0, y0) = min{infu(·)∈U(t0)W

T (t0 + α, y(t0 + α));
inf

τ∈[t0,t0+α]
h(y(τ ; t0, y0, u(·))}.

Proof. From one hand, for all u(·) ∈ U(t0) , the very definition of W T

yields:

W T (t0, y0) ≤ min{ inf
τ∈[t0,t0+α]

h(y(τ ; t0, y0, u(·)); inf
τ∈[t0+α,T ]

h(y(τ ; t0, y0, u(·))}.

For ū(·) ∈ U(t0 + α) such that

W T (t0 + α, y(t0 + α)) = inf
τ∈[t0+α,T ]

h(ȳ(τ ; t0 + α, y(t0 + α), ū(·)))

we define the measurable function ũ(·) ∈ U(t0)

ũ(t) =
{
u(t) if t ∈ [t0, t0 + α]
ū(t) if t ∈ [t0 + α, T ]

and we have for all u(·) ∈ U(t0),

W T (t0, y0) ≤ min{ inf
τ∈[t0,t0+α]

h(y(τ ; t0, y0, u(·));W T (t0 + α, y(t0 + α))}

so

W T (t0, y0) ≤
≤ inf

u(·)∈U(t0)
min{ inf

τ∈[t0,t0+α]
h(y(τ ; t0, y0, u(·));W T (t0 + α, y(t0 + α))}.

From the other hand, for the reverse inequality for ū(·) ∈ U(t0), such that:

W T (t0, y0) = inf
τ∈[t0,T ]

h(ȳ(τ ; t0, y0, ū(·))
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we have

W T (t0, y0) = min{ inf
τ∈[t0,t0+α]

h(ȳ(τ ; t0, y0, ū(·)); inf
τ∈[t0+α,T ]

h(ȳ(τ ; t0, y0, ū(·))}

and by definition

W T (t0, y0) ≥ min{ inf
τ∈[t0,t0+α]

h(ȳ(τ ; t0, y0, ū(·));W T (t0 + α, y(t0 + α))

and the proof is complete. �
3.2. The Hamilton-Jacobi Partial Differential Equation with

finite horizon. Using Dynamic Programming Principle we prove that for
the control problem with finite horizon, when the value function W T is
regular enough then it is the viscosity solution in the sense of Definition 3
for the following PDE:

(18)
min

[(
∂WT

∂t (t, y)+H̄(y,W T (t, y), ∂W
T

∂y (t, y))
)
;
(
h(y)−W T (t, y)

)]
=0

(t, y) ∈ [0, T )× RN+1

W T (T, ·) = h(·).

where the Hamiltonian H̄ : RN+1 × R× RN+1 → R̄ is:

H̄(y, r, q) =

{
min
u∈U

(q · (f(x, u), L(x, u))), h(x) ≤ r ;

+∞, h(x) > r .

Proposition 7. If h is a Lipschitz application then W T is the unique
Lipschitz viscosity solution to (18) with the final condition W T (T, ·) = h(·).

This result is classical and is based on the Dynamic Programming Prin-
ciple and the regularity results for the value function, so we omit the proof.

Remark 8. We can verify that ∂WT

∂z = 1 for almost all (t, y) ∈ [0, T ]×
RN+1 and as a consequence V T is the unique Lipschitz viscosity solution to
(4) with the final condition V T (T, ·) = g(·).

3.3. The lower semicontinuous case for the finite horizon con-
trol problem. In this section we suppose that the application h is lower
semicontinuous (in short l.s.c.).
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We have already proved that in this case the value function W T is also
lower semicontinuous. Next we will prove that the value is the smallest l.s.c.
supersolution of (7).

Theorem 9. If (8), (9) (10), (11) hold true then EpiW T is viabil-
ity kernel in [0, T ] × RN+2 with target [0, T ] × Epi(h) for the dynamics
(t, x, z, r) → Φ(t, x, z, r) = (1, f(x,U), L(x,U), 0) :

EpiV T = V iabΦ([0, T ]× RN+2, [0, T ]× Epi(h))

As a consequence the value function is the smallest lower semicontinu-
ous supersolution to (18) and it verifies furthermore the final condition
W T (T, ·) = h(·).

Proof. First we will prove that the value is a l.s.c. viscosity supersolu-
tion to (18). We will use a inf-convolution method. We define a sequence
hn

(19) hn(y) = inf
w∈RN

(h(w) + n ‖w − y‖) ; n ∈ N

The functions hn are Lipschitz, hn(y) ≤ hn+1(y) and lim
n→∞

hn(y) = h(y)

for every y ∈ RN+1. Using the results for the Lipschitz continuous case we
obtain thatW T

hn
is a non-decreasing sequence of Lipschitz viscosity solutions

for (18) which limit is denoted by U := lim
n→∞

W T
hn
.

From one hand hn ≤ h yields U ≤ W T
h . From the other hand, U is a

non-decreasing limit of l.s.c. solutions. Stability arguments (see for instance
Theorem 4.1 in [3]), allows us to conclude that U is a lower semicontinuous
viscosity solution to (7).

Now we want to prove that U ≥W T
h . To do this we will use the following

result which proof is postponed:

Lemma 10. Assume that (8), (9) (10), (11) hold true. If ϕ is an lower
semicontinuous supersolution for (7) with ϕ(t, y) ≤ h(y) for all (t, y) ∈
[0, T ]× RN+1 then Epi(ϕ) is viability domain in [0, T ]× RN+2 with target
[0, T ]× Epi(h), for the dynamics Φ of Theorem 9.

An interpretation of the above Lemma is:
for every (t0, y0) ∈ (0, T )× RN+1, there exists u ∈ U(t0) such that:
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the function t → (t, y(t), ϕ(t0, y0)) with y(·) := y(·; t0, y0, u), remains
in the epigraph of ϕ until it (possibly) reaches the set [0, T ] × Epi(h). Or
equivalently :

for every t ∈ [0, T ], if ϕ(s, y(s))) < h(y(s)) for all s ∈ [0, t], then:

ϕ(t, y(t))) ≤ ϕ(t0, y0).

This property and the definition of the value function gives the following
inequality:

Under the assumption of Lemma 10:

(20) ϕ(t, y) ≥W T
h (t, y) for all (t, y) ∈ [0, T ]× RN+1

if ϕ(T, y) = h(y) for all y ∈ RN+1

Now because U(t, y) ≤ h(y) on [0, T ] × RN+1 and U(T, y) = h(y) for
all y ∈ RN+1 the inequality U ≥ W T

h follows from (20). So we obtain that
W T = U and W T is a l.s.c. supersolution for (7).

Because W T is a l.s.c. supersolution for (7) and using Lemma 10 we
obtain that Epi(W T ) is viability domain in [0, T ]×RN+2 with target [0, T ]×
Epi(h), for the dynamics Φ.

Now we want to prove that

V iabΦ([0, T ]× RN+2, [0, T ]× Epi(h)) ⊂ EpiW T .

Let us consider (t0, y0, r0) ∈ [0, T ] × RN+2 such that there exists y(·) a
solution to (14) denoted by:

t→ (t, y(t), ϕ(t0, y0)) with y(·) := y(·; t0, y0, u),

which remains in [0, T ] × RN+2 until it (possibly) reaches the set [0, T ] ×
Epi(h).

So there exists s ∈ [0, T ] with h(y(s)) ≤ r0. By the very definition of
the value function W T (t0, y0) ≤ r0 so (t0, y0, r0) ∈ EpiW T and the proof of
Theorem 9 is complete.

Now we will prove Lemma 10:

Proof. of Lemma 10. Fix t0 ∈ (0, T ). We set

Dϕ=cl({(t, y, r) : t ∈ (0, T ], y ∈ RN+1, r ≥ ϕ(t, y)}) ∪ [T,∞)× RN+1 × R

f̃(t, x, u, r) =


0 if t < 0

t
t0

(1, f̄(x, u), 0) if t ∈ [0, t0]
(1, f(x, u), 0) if t ∈ [t0, T ]

(1, f(x, u), 0) if t > T



13 OPTIMAL CONTROL WITH INFIMUM COST 125

where (f(x, u);L(x, u)) = f̄(x, u), for (x, u) ∈ RN × U.
We show that the viability condition (12), holds true for f̃ , Dϕ and

[0, T ]×Epi(h). Let w0 = (s0, y0, r0 := ϕ(t0, y0)) ∈ Dϕ\{[0, T ]×Epi(h)}. If
s0 = 0 then f̃ = 0. Obviously (12), holds true.

If s0 ≥ T and (ps, py, pr) ∈ NDϕ(s0, y0, r0), then ps ≤ 0, py = 0, pr = 0.
Hence the viability condition (12), holds true.

It remains to consider the case s0 ∈ (0, T ). We have

NDϕ(s0, y0, r0) ⊂ NDϕ(s0, y0, ϕ(s0, y0))

Let (ps, py, pr) ∈ NDϕ(s0, y0, ϕ(s0, y0)).
Since ϕ is a supersolution of (7) we have that

min
{
(ps + H̄(y0, ϕ(t0, y0), py) ; (h(y0)− ϕ(t0, y0))

}
≤ 0.

and using the fact that ϕ(s0, y0) < h(y0) we obtain

ps + min
u

< f̄(x, u), py >≤ 0.

Hence
min
u

< f̃(x, u), (ps, py, pr) >≤ 0.

In view of Proposition 1, we have that there exists u ∈ U(t0) such that the
solution w(·; t0, y0, u) to the Cauchy problem

w′(s) ∈ f̄(w(s)), w(t0) = w0

w(s) = (t(s), y(s), r(s)) with

t(s) = s, r(s) = r0 = ϕ(t0, x0)

stays in Dϕ until it reaches [0, T ] × Epi(h) and the proof of Lemma 10 is
complete.

4. Discontinuous Infimum Control Problem with Infinite Hori-
zon. From now on we study the following value function‡ :

(21) W (t0, y0) = inf
u∈U(t0)

inf
τ∈[t0,∞)

h (y(τ ; t0, y0, u(·)))

‡We would like to thanks A. Rappaport who brought our attention on this problem.
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over absolutely continuous solutions of the modified dynamics (14).
We note that

W (t0, y0) = V (t0, x0) + z0 for all (t0, y0) = (t0, x0, z0) ∈ [0,∞)× RN+1

so it is sufficient to study W in order to obtain a characterization for V .
In this section we suppose that the application L satisfies furthermore

the following assumption:

(HL) L is uniformely bounded from below by L0 > 0.

We will see that this hypothesis allows us to obtain Proposition 11 (see
[19]).

We will prove that the value function W is viscosity solution for the
following variational inequality

(22)

{
min

[(
∂W
∂t (t, y)+H(y,W (t, y), ∂W∂y (t, y))

)
; (h(y)−W (t, y))

]
=0

(t, y) ∈ [0,∞)× RN+1

without final condition.
The main result of this section consist in characterizing the value through a
viability kernel. Before giving the proof we will give some classical results.

4.1. The Lipschitz case. Here the function h is supposed to be
Lipschitz continuous and we suppose also that (HL) holds true.

The infinite horizon problem with such hypotheses was considered in [19]
for differential games. The results of [19] can be adapted for the control
problem, when h is supposed to be Lipschitz.

So, the Hamilton-Jacobi Partial Differential Equation can be deduced of
[19], using the Dynamic Programming Principle. More precisely, we prove
that for the control problem with infinite horizon, the value function is
viscosity Lipschitz solution in the sense of Definition 3 for (22):

Proposition 11. (cf. Proposition 2.2. in [19]) If h is a Lipschitz
application and (HL) holds, then W is the unique Lipschitz viscosity solution
to (22).

Remark 12. We can verify that ∂W
∂z = 1 for almost all (t, y) ∈ [0, T ]×

RN+1 and as a consequence V is the unique Lipschitz viscosity solution to
(4) with the final condition V (T, ·) = g(·).
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Hypothesis (HL) is crucial for the previous result. Indeed in [12], [19]
is a counterexample which shows that we may not expect continuity when
one deals with infinite horizon without hypothesis (HL).

4.1.1. The discontinuous value function for infinite horizon
control problem. In this section we suppose that h is lower semicontinu-
ous and (Hl) holds true.

We have the following regularity result:

Lemma 13. Suppose that (HL), (8), (9), (10), (11) holds true and that
h is lower semicontinuous. Then we have:

i) (Existence of Optimal control) There exists an optimal trajectory
starting from each point (t0, y0) ∈ [0,∞) × RN+1 i.e. there exists ȳ(·) ∈
SF (t0, y0) such that

W (t0, y0) = inf
τ∈[t0,∞)

h(ȳ(τ ; t0, y0, ū(·))) for all (t0, y0) ∈ [0,∞)× RN+1

ii) W is lower semicontinuous.

Proof. The proof is omitted because it is similar with the proof of
Lemma 5. We must underline that hypothesis (10) gives the following
estimation :

M + z0 ≥W (t0, y0) ≥ inf
u∈U(t0)

inf
τ∈[t0,∞)

{g (y(τ ; t0, y0, u(·)))+

+z0 +
∫ τ

t0

L (x(s; t0, x0, u(·)), u(s)) ds} ≥

inf
τ∈[t0,∞)

{−M + z0 +
∫ τ

t0

L0ds} ≥ inf
τ∈[t0,∞)

{−M + z0 + L0(τ − τ0)}

and in fact is sufficient to consider the infimum only in the case when
τ ∈ [t0, t0 + 2M

L0
] and because of this fact we can adapt the proof Lemma 5

to the infinite horizon case.
We note that the above estimation gives the following:

lim
T→∞

W T (t, y) = W (t, y) for all (t, y) ∈ [0,∞)× RN+1.

The main result of this section is:
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Proposition 14. Suppose that (HL), (8), (9), (10), (11), (13) hold
true. Then the value function W is characterized by

W (t, y) = inf
{

r ∈ R|(t, 0, y, r) ∈
V iabΦ̄([0,∞)× [0, 2M

L0
]× RN+2, [0,∞)× [0,∞)× Epi(h))

}
for all (t, y) ∈ [0,∞)× RN+1.

Proof. The proof is a direct consequence of the following relation

W (t0, y0) = W̄ (t0, 0, y0) for all (t0, y0) ∈ [0,∞)× RN+1.

where W̄ : [0,∞) × [0, 2M
L0

] × RN+1 → R and EpiW̄ is viability kernel in
[0,∞)×[0, 2M

L0
]×RN+2 with target [0,∞)×[0,∞)×Epi(h) for the dynamics

(t, l, y, r) → Φ̄(t, l, y, r) = (1, 1, f(x,U), L(x,U), 0) :

EpiW̄ = V iabΦ̄([0,∞)× [0,
2M
L0

]× RN+2, [0,∞)× [0,∞)× Epi(h)).

Consider (t0, y0) ∈ [0,∞) × RN+1. Obviously (t0, 0, y0, W̄ (t0, 0, y0)) ∈
EpiW̄ .

By the definition of the viability kernel there exists a solution t →
(t0+t, t, y(t), W̄ (t0, 0, y0)) starting to (t0, 0, y0, W̄ (t0, 0, y0)) for the dynamics
Φ̄ and there exists a time τ ∈ [0, 2M

L0
] such that

(t0 + τ, τ, y(τ), W̄ (t0, 0, y0)) ∈ [0,∞)× [0,∞)× Epi(h))

so
h(y(τ)) ≤ W̄ (t0, 0, y0)

and by the very definition of the value function W we have

W (t0, y0) ≤ W̄ (t0, 0, y0).

For the reverse inequality we have that for each point (t0, y0) ∈ [0,∞)×
RN+1, there exists ȳ(·) ∈ SF (t0, y0) such that

W (t0, y0) = inf
τ∈[t0,∞)

h(ȳ(τ ; t0, y0, ū(·)))

= inf
τ∈[t0,t0+ 2M

L0
]
h(ȳ(τ ; t0, y0, ū(·))) = h(ȳ(τ̄ ; t0, y0, ū(·)))
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with τ̄ ∈ [0, 2M
L0

].
So there exists t→ (t0 + t, t, ȳ(t),W (t0, y0)) starting to (t0, 0, y0,W (t0, y0))
for the dynamics Φ̄ staying in [0,∞) × [0, 2M

L0
] × RN+2 until it reaches the

target in a time τ̄ ∈ [0, 2M
L0

] :

(t0 + τ̄ , τ̄ , ȳ(τ̄),W (t0, y0)) ∈ [0,∞)× [0,∞)× Epi(h))

By the definition of the viability kernel with target:

(t0, 0, y0,W (t0, y0)) ∈ V iabΦ̄([0,∞)×

×[0,
2M
L0

]× RN+2, [0,∞)× [0,∞)× Epi(h)).

so
(t0, 0, y0,W (t0, y0)) ∈ EpiW̄

which gives the following inequality:

W̄ (t0, 0, y0) ≤W (t0, y0)

and the proof of is complete.
For all (t, y) ∈ [0,∞)× RN+1 we have

W (t, y) = inf
{

r ∈ R | (t, 0, y, r) ∈
V iabΦ̄([0,∞)× [0, 2M

L0
]× RN+2, [0,∞)× [0,∞)× Epi(h))

}

Remark 15. The above result allows us to get the value function using
numerical methods in order to calculate the viability kernel (see [10]).

Proposition 16. Suppose that (HL), (8), (9), (10), (11), (13) hold
true. Then the value function W is a lower semicontinuous supersolution
to (22).

Proof. First we will prove that the value is a l.s.c. viscosity solution.
We will use a inf-convolution method. We define a sequence hn

(23) hn(y) = inf
w∈RN

(h(w) + n ‖w − y‖) ; n ∈ N

The functions hn are Lipschitz, hn(y) ≤ hn+1(y) and lim
n→∞

hn(y) = h(y)

for every y ∈ RN+1. Using the results for the Lipschitz continuous case we
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obtain thatWhn is a non-decreasing sequence of Lipschitz viscosity solutions
for (4) which limit is denoted by U := lim

n→∞
Whn .

From one hand hn ≤ h yields U ≤ Wh. From the other hand, U is a
non-decreasing limit of l.s.c. solutions. Stability arguments (see for instance
Theorem 4.1 in [3]), allows us to conclude that U is a lower semicontinuous
viscosity solution to (4).

Now we will use the fact that hn are Lipschitz and that there exists an
optimal control and we have for all (t0, y0) ∈ [0,∞)×RN+1 i.e. there exists
ȳn(·) ∈ SF (t0, y0) such that

Whn(t0, y0) = hn(ȳn(τn; t0, y0, ūn(·)))

with τn ∈ [t0, t0 + 2M
L0

].
Furthermore using compactness arguments there exists ȳ(·) ∈ SF (t0, y0)

which is the limit of ȳn(·) in W 1,1[t0, t0 + 2M
L0

]. We can choose a subsequence
τnk

of τn with τnk
→ τ ∈ [t0, t0 + 2M

L0
] and ||ynk

(τnk
) − ȳ(τ)|| ≤ 1

n2
k
. So we

have the following estimation:

Whnk
(t0, y0) = hnk

(ȳnk
(τnk

))− hnk
(ȳ(τ)) + hnk

(ȳ(τ))

≤ n||ynk
(τnk

)− ȳ(τ)||+ hnk
(ȳ(τ))

and passing to the limit we obtain that

U(t0, y0) = h(ȳ(τ)) ≥Wh(t0, y0)

and the proof is complete.

Remark 17. The definition of supersolution for (22) can be interpreted
using viability arguments. So if ϕ is an lower semicontinuous supersolution
for (22) then for every (t0, y0) ∈ (0, T )×RN+1, there exists u ∈ U(t0) such
that the function t → (t, y(t), ϕ(t0, y0)) with y(·) := y(·; t0, y0, u), solution
for the dynamics given by Φ of Theorem 9, remains in the epigraph of ϕ
until it (possibly) reaches the set [0, T ]× Epi(h). Or equivalently :

for every t ∈ [0,∞), if ϕ(s, y(s))) < h(y(s)) for all s ∈ [0, t], then:

ϕ(t, y(t))) ≤ ϕ(t0, y0).

If there exists τ ∈ [0,∞), such that ϕ(τ, y(τ))) = h(y(τ)) then by definition
of the value function we get that W ≤ ϕ.
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If ϕ(s, y(s))) < h(y(s)) for all s ∈ [0,∞), then:

ϕ(t, y(t))) ≤ ϕ(t0, y0) for all t ∈ [0,∞)

and in general, we can not obtain a comparison result between W and ϕ.
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