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It is well-known that efficient points are proved to be useful tools for
the study of vectorial optimization problems. Between these, the Pareto
efficient points enjoy a powerful study by looking to find some sufficient
conditions for the set and for the ordering cone which can ensure the exis-
tence of these points. Also, the applications of these points are pursued in
the theory of vectorial subdifferentiability and to duality theory. We men-
tion here the papers of BORWEIN [1], JAHN [10], TANINO and SAWARAGI
[19], Luc [15], MALIVERT [5], [6], ISAC and POSTOLICA [8], ZALINESCU [24],
[25].

This paper intends to prepare an approach of these problems by using
the proximal infimum points, which were introduced and used by ISAC and
PosTtoLICA [8] in the study of vectorial subdifferentiability for multifunc-
tions. In fact, this notion is a generalization of the “weak infimum” defined
by Gross and used by TANINO and SAWARAGI in R" (see [19]). The ad-
vantage of this type of efficient points consists in the fact that they are
nonempty for a large class of sets, even if the Pareto minimum points set is
empty. The main result of the paper, i.e. the theorem which provides suffi-
cient conditions for a set to have proximal infimum, will be systematically
used for developing a duality theory and for the study of the classical dual
problems. This study is made by using the saddle points for a Lagrangian
defined in this case with the proximal infimum points.
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The paper presents the general properties of the efficient points which
will be utilized, i.e. algebraic and topological properties, and introduces a
new concept of domination which will be used in the duality theory with
multifunction. In the end of the paper we present some sufficient condi-
tions which ensure that the domination property is fulfilled, as well as its
applications.

1. Notations and general properties for efficient points. In
what follows, we will consider Z a vectorial space and Z; C Z a nonempty,
convex cone (AZy C Zy,VY\ € Ry, Z. + Z, = Z,) which is pointed
(ZyN—=Z; ={0}). For x1, 25 € Z, we will write x5 <z, x1 or 21 >z, x3 if
x1 — X2 € 2y, 29 <z, w1 0r 1 >z, wpif 1 —wo € Zy \ {0}, 21 Lz, @2 or
X9 ZZ+ il if To — X1 §é Z_|_ and $1>/1Z+ T9 Or 9 ¢Z+ I ifxl — X2 ¢ Z+\{0}.
If no confusion can happen, we will renounce to index the cone. We add
to Z a smallest element denoted —oo and a biggest element denoted +o0;
we denote Z = Z U {+o0} U {—oc0}. We make the following conventions:
A+ (£00) = o0,  + (+00) = oo for all A > 0 and = € Z.

We begin this section with the definitions of the different efficiencies
which will be used in this paper.

Let ACZ,A#0,ec€ Z,.

Definition 1.1.

1. We say that p € Z is an e— infimum of A if there is no a € A such
that a <z, p —e. The set of e—infimum points of A will be denoted
by SFINF (A | Z,).

2. We say that p € Z is an e—minimum of A if p is e—infimum of A
and p € A. The set of the e—minimum points of A is denoted by
SMIN (A | Z5).

3. We say that p € Z is an e—proxzimal infimum of A if p is e—infimum
of A andNp' € Z,p" >z, p there exists a’ € A such thata' <z, p'. The
set of e—prozimal infimum points of A is denoted by SINFy(A | Z,).

If no confusion is possible, we will renounce to the cone index and we
denote these sets simply by $INF A, SMIN A, € INF} A.
In a similar manner, for a set A C Z, we define the sets SSUP A, M AX A
and €SU P, A.
For € = 0, we find the above notions within the work of ISAC and POSTOLICA
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[8]. On the other hand the minimum point for £ = 0 is the Pareto minimum
points well-known in vectorial optimization. We mention that we re-find
the notion SUP; A in the papers of DOLECKI and MALIVERT [5], [6] defined
with the aid of the superior closure of A. The notion of e—minimum is also
used in [8], where we find a general notion of H—efficiency with H a subset
of Z,.

Definition 1.2. [16] Let H be a non-void set of Z,\{0}. A pointp € A
is H—efficient point for A if (p — H — ZL \{0}) N A = 0. The set of
H -efficient points is denoted by "Eff A.

Remark 1.1. Let AC Z, A # ().
If A= {+o0}, then

SUPA=MAXA=+o00, INF1A= MIN A= +o00, INFA=Z.
If A+# {+o0c} but +oco € A, then
SUPA=MAXA=+oc0, INFA=INF (A\ {+}).
If A= {—o0} then
SUPA=Z,INFA=MINA={-cc}.
If A# {—o0} but —oco € A then
INFA=MINA={—o0}, SUPA=SUP(A\ {~cc}).

We can observe that for a nonempty set A C Z, with A # {+o00}, {—o0},
{+00, —o0} the study of the efficient points is reduced to the study of effi-
cient points for the set A\ {400, —co0} C Z. For this reason, in what follows
we will consider ) # A C Z.

Remark 1.2.
1. {INFA=—-°SUP(—A),° INF; A= —°SUP,(—A),

“MINA=—°MAX(—A);

2. SINFA=INF(A+¢)=INFA+e=INF(A+Z, +¢)
SSUPA=SUP(A—¢)=SUPA—¢=SUP(A—Z, —¢);
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3. SINFIA=°INF, (A+ Z,) = {INF, (A+ Z, \ {0}),
cSUPLA = sSUP(A— Z,) = SUP|(A — Z, \ {0});

4. B,C Cc Z,B # 0,B C C = S INFC C ° INFB;°SUPC C
¢SUP B;

5. K1 C Ko C Z, K; convex cones = INF(A| K1) D INF(A | K»);
6. €1 <z, e2= LINFAC 2INF A.

Proposition 1.1. If AC Z,A# 0, € Z, then
FMINA=ANCSINFA=ANZ?INF A;

TMAXA=ANSUPA=ANcSUP A.

Proof. Obviously, AN INF1AC AN INF A.
Now let a € AN SINFA and p/ >z, a. We will find o’ € A, that is
a' =a <z, p’ which implies that

ANSINFACANF®INF A
and the first part is proved. The proof for the second part is similar. O

Proposition 1.2.

1. If A is a nonempty subset of Z with IN Fy A#(),{—oc} then *MIN A
# 0 foralle € Z \ {0}.

2. If A is a nonempty subset of Z with SUP, A # (), {400} then *MAX A
# 0 for alle € Z, \ {0}.

Proof. Let « € INF; A and ¢ € Z.\{0}. From definition, we will get
a € Asuch that a+¢ >z, a. Suppose that a ¢ *MIN A. This implies that
there exists b € A such that b <z, a—e¢ and finally b <z, «, contradiction.
The second part follows similarly. O

Proposition 1.3. Let A, B C Z, be two nonempty sets.

1. fACBCA+Z; then® INFA=FINFB, INFi1A= °INF\B
and MIN A= MIN B.
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2.IfACBCA—-Z, then®SUPA = ¢SUPB, *SUP/A = ¢SUP,B
and MAX A= MAX B.

In what follows we intend to present some properties for the superior
and inferior closure of a set A defined in [5] by

Ai= N (A—e+2Zy), As= ) A+e—-2Zy).

E>Z+0 5>Z+0

Proposition 1.4. Let A, B C Z be two nonempty sets and Zy C Z a
convex pointed cone. The following relations hold:

1. Ag = —(=A)i;

2. ACB= A CB;, A, C B

3. ACBCA+Z, = Aj—B;: ACBC A—Z. = A, = By:

b A+ 2y C A= A+ 74 = (A)iy A— 74 C Ay = Ay — Z4 = (AJ)s;

5. A+ Z \{0} = A + 2\ {0}, A— Z,\{0} = A, — Z,\{0};
particularly SINF A= INF A; and *SUP A= €SUP Ag;

6. F(INFA), = *INF A, ((SUP A); = <SUP A;

7. If SINFy A # {—o0}, then SINF| A= A;N *INF A,
If SSUP, A # {400} then <SUP, A= A,N *SUP A.

Proof. The assertions 1. and 2. are obvious by definition. The third
assertion follows from the relation
A—e+Z, CB—e+Z, CA+Zy —e+Zy=A—c+ Z,.

4. For alle > 0 we have A+ 7, C A—e+ Z4 and thus A+ Z; C A;
which implies A; C A; + Z C (Ay);. Let z € (A;); and € > 0. We will have

§+Z+:A—€+Z+.

xeAi—%+Z+§A—g+Z+—2

SO, r € A; and ﬁnally (Az)z = A,.
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5. Let z € A; and € > 0. Then z € A — § + Z which implies that
ze€ A+ +2p C A+ Z\{0}.

We obtain that 4,4+ Z,\{0} C A+ Z,.\{0}. Since the converse inclusion fol-
lows from 4., the relations are proved. The facts that S INF A = ¢ INF A;
and €SUP A = ¢SUP A; follow from the following relation

“INFA=Z\(A+ Z.\{0} +¢)

and from the equalities which have been proved above.

6. Since ©INFA =INF(A+¢) and *SUPA = SUP(A + ¢) it will
be sufficient to prove the relations for ¢ = 0. From 3) we get SUP A C
(SUP A);. Suppose that there exists x € (SUP A);\SUP A. This implies
that there exists a € A such that x = a — u, > 0. Since

= (SUPA)i,x:a—MESUPA—%JrZJF

we get that a — § —k € SUP A for some k € Z. Obviously, this is contra-
dicting the definition of SUP A.

7. Let p € A; and p < p/; thus p’ = p + p for some p > 0. Since p € A;
we have that pe A — 5+ Z and thus p' € A+ 5+ 27, Cc A+ Z,\{0}.

By this way, there exists a € A such that a < p’. Now, let p € Z with the
property that for all p’ € Z,p' > p thereis a € A such that a < p’. Let > 0;
since p’ = p + p > p there exists a € A such that a < p + u, which leads to
peA—pu+Z;. Thus p € A; and so the equality INF1A=A; NINF A is
obvious. O

In the following propositions we present some formulas for A; and As.

Proposition 1.5. Let A C Z be a nonempty set such that INF1 A #
{=00},SUP,A # {4+00}. Then:

A; = SUP(INFA) = (A+ Z)UINF{A = (A+ Z,\{0}) UINF, A,

Ay =INF(SUPA)=(A— Z.)USUP,A=(A— Z,\{0}) USUP,A.

Proof. Obviously, the following inclusion does hold:

(1) (A+ Z\{OV)UINFAC (A+ Z,)UINFA.
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Since A+ Z, C A; and INF1A C A; we have that

Let € A; and suppose that © ¢ SUP(INF A); thusz € INF A—Z,\{0}
and so, there exists € > 0 such that x +& € INF A. Since x € A;, we have
r € A—§+ Z, which implies that v + e € A+ 5+ Z, € A+ Z\{0}
contradiction with x + e € INF A. Thus

(3) A; C SUP(INF A).

Now, let z € SUP(INF A) and suppose that z ¢ A+ Z;\{0}. This implies
that x € INF A. By the contrary, suppose that = ¢ A;. Then there exists
e > 0 such that ¢ A — e + Z, which implies that t +e ¢ A+ Z, D A+
Z4\{0}. Thus we have z+c € INF Aand z = (x+¢)—c € INF A—-Z,\{0}
which involves that « ¢ SUP(INF A), false. Now, z € A;NINF A and so,
(4)

SUP(INFA) C(A+Z \{0}))UINF1A=(A+Z \{0})U(A,NINF A).

From the relations (1)-(4) we get the expression of A;. For A; we obtain
the result in the same manner. O

Definition 1.3. We will say that a set A is inferior closed (in respect
with Zy) if A; = A+ Z; and A is superior closed (in rapport with Z, ) if
As=A—-7,.

Relations 4. and 6. from the Proposition 1.5 imply that A;, SUP A are
inferior closed and Ag, INF' A are superior closed (in respect with Z).

Proposition 1.6. Let A C Z be a nonempty set. If A is inferior closed
and INF1A # {—oo} then INF1A = MIN A and if A is superior closed
and SUP; A # {400} then SUPLA = MAX A, respectively.

Particularly,

INFA; = MIN 4;,  SUP A, = MAX A,

INF\(SUPA)= MIN(SUP A),  SUP,(INFA)= MAX(INF A).
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Proof. Suppose that A is inferior closed, i.e. A; = A+ Z,. Then we
have the following relations:

INFLA=A;NINFA=(A+Z,)NINF A=
= (A4 Z)\(A+ Z,\{0}) = MIN A.

If A is superior closed, we obtain the relation by the same manner. If we
apply these formulas for A;, SUP A, A;,INF A we obtain the other rela-
tions.

Proposition 1.7. Let A C Z be a nonempty set and suppose INF} A #
{—o0}, SUPL A # {+0o0}. In this hypothesis,

INFAA=MINA; = MAX(INF A) = SUP,INF A,

SUPLA=MAX A; = MIN(SUP A) =INF,SUP A.

Proof. By Proposition 1.4 we have

Let x € INF1A = A;NINF A. If we suppose that © ¢ MAX(INF A) then
there exists 2/ € INF Az’ >7, x. Let € = 2’ — x; since x € A; it follows
that x € A— 5§+ Z,. Thus we obtain that 2’ € A+ 5+ 27, C A+Z,\{0} =
X\INF A, contradiction.

For the converse implication, let x € MAX(INF A) and suppose that
z ¢ A;. We will find € >z, 0 such that x ¢ A — ¢ + Z,. This implies
that z +¢ ¢ A+ Z,\{0} and thus z + ¢ € INF A which contradicts that
x € MAX(INF A). O

The last result is proved also in [6].

2. New types of domination properties.In what follows, we intend
to present some properties for the sets of iterated efficient points using
some new types of domination properties which will be introduced here. In
the conventional approach, one says that a nonempty set A C Z has the
domination property if:

ACMIN(A|Z)+ Z,. (DP)
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We will say that A has (DFP’) if
ACMAX(A| Zy) — Zy, (DP")
We present now the new types of dominations.
Definition 2.1. For A C Z, § € Z, we say that A has the property:

1. (P%)if °INF1A# 0, {—occ} and A C ) INFIA+ Z,;

2. (P")if SUPA # (,{+00} and A C °SUP,A — Z,;

3

- (
-
. (P))if )INFiA# 0 and INFAC PINFLA— Z,)U{—oc};
- (

4. (PP°)if °SUP,A# () and SUP A C (*SUPLA+ Z,) U {+o0}.

For § = 0 we denote these properties simply by P, P/, P;, P;|.

Remark 2.1. The property (P) is equivalent with the domination
property for A;.

Indeed, if the set A; has the domination property, then MIN (A;|Z4)
is nonempty and A; C MIN (A;|Zy) + Z4. But MIN A; = INF1 A and
thus INF1A # 0, {—c0}, so MIN A; = INF, A and from Proposition 1.5

A; = (A+Z+)UINF1A§ INF1A+Z+.

Particularly, we get A C INF1 A+ Z and thus, (P) is fully filed.

Now, if (P) is satisfied, then INF1 A # (), {—occ} and AC INF1A+ Z,.
Using the definition of INF} A, we have A+ Z, \{0} = INF1 A+ Z,.\ {0}.
Using again Proposition 1.5, we obtain that

A; = (A—I—Z+\{O})UINF1A: (INF1A+Z+\{O})UINF1A:

=INFI1A+7Z,. =MIN A;+ Z+

and the domination property does hold for A;.
In fact, we get that if the domination property does hold for A;, then it
happens with equality, i.e. A; = MIN A; + Z.

Proposition 2.1. Let A C Z be a nonempty set and €,0 € Zy. We
have
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1. ESUP'SUP,A D €SUP, A;
If A has the property (P") then SSUP °SUP,A = SSUP, A.
SINFIINFIAD SINF A;

e e

If A has property (P?) then SINF|°INF1A = SINF|A.

Proof. Using the notations from Proposition 1.4 for § € Z,, we have
that: A; = °INF; A C A; which implies (A1); € (4;); = A; and thus

*FINF A D°INFA; =°INFADFfINFA
IfTAC A + Z+ then A; C (A1 + Z—i—)z = (Al)z and so, A; = (Al)z Finally,
fFINF1A1 = FINF A1 N (Al)z =°INFANA;,=°INF/A.

The proof for 1. and 2. is similar. [l
For § = 0 we re-find the Proposition 1.3 from [6].

Proposition 2.2. If A C Z is a nonempty set, we have the following
inclusions:

1.
fFINFI1AC *SUP,*INF1AC °*INF A.

If A has (P1), then for e =0, we have equality in the first inclusion.

*SUPLAC FINF1°SUPLAC *SUP A.
If A has (P]), then for e = 0 we have equality in the first inclusion.

Proof. We shall prove that we have the following inclusion:
fFINF1AC *SUPFINFA.

Suppose by the contrary that there exists a« € I N F1 A such that we get § €
€EINF1A with 8 < a —¢e. Since @ € 1IN A, the previous relation implies
that there exists an element a € A, a < a—¢, which is in contradiction with
a€ SINFA.
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Now, since *INF1 A C (FINF;A),, it follows,
fFINF1AC ((INF1A)sN “SUPINF1A= “SUP, *INF; A.
For the other inclusion, since €FINF1A C fINF A, it follows that

(F.INF1A)s C(FINF A)s = °INF A.
Thus,

(FINF1A); N SUPSINF1A = °fSUPFINF|A
= fINFANESSUPSINF1AC  INF A

and the first assertion is proved. For e = 0, if A has property (P;), then
INF;A # {—o00} and

INF{AC SUP INFJACINF A\ {-00} C INFIA— Z,.

Thus, it is necessary that INF1A = SUP,INF A.
For the second part, the proof is similar. O

Proposition 2.3. Let A C Z be a nonempty set.
1. If A has property (P') then SUP SUP,A = SUP A.

2. If A has property (P), then INFINF1A=INF A.

Proof. Since A has property (P’), we have
SUPA—Z,\{0}=A—-Z,\{0}.
From Remark 1.2 we deduce that
SUP A= SUP (A-Z.\{0}) = SUP (SUP,A—Z.\{0}) = SUP (SUP, A).

In a similar way, we obtain the relation for the set of infimum points. [
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Proposition 2.4.

1. Let A,B C Z, A,B # 0 with A C B — Z, and B has property (P"),
for o € Z,. Under this hypothesis, the following inclusion does hold:

"SUPAC () (°SUPB-Z; +¢);
ceZ;\{0}

2. Let A,B C Z, A,B # ) with A C B+ Z, and B has property (P°),
for & € Z. Under this hypothesis, the following relation does hold:

"INRAC () CINF\B-Zi +¢),V6€ Z,.
ecZ:\{0}

Proof. Since B has the property (P’°) we have
B C B — Z, where B, = °SUP,B.

Thus,
AgB*Z+g31*Z+*Z+231*Z+.

Using this inclusions we get
As - (Bl - Z—i—)s = (31)37

and so, °SUP;A C A, C (B1)s-
In the same way we can prove the second part. O

3. Topological properties for efficient points. In what follows,
we are interested to find some topological properties for the sets of efficient
points.

Everywhere within this section we will consider (Z,7) to be
a locally convex space ordered by a convex pointed normal cone
with nonempty interior.

We recall that a convex cone is normal if there is a basis of neighborhoods
of the origin V;(0) such that

(V=2Z)n(V+2Z.)=V,VV € V,(0).
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We denote by Int A, cl A the interior, respectively the closure of the set A,
by C'(A) the complementary set of A and let K = {0} UInt Z,

[a,b)z, =(a+Z:)N(b—Zy)

and
(a:0)7, = (a+ Z4 \{0}) N (b— Z; \ {0}).
Based on these hypotheses,

U(a) ={(a —e,a+¢),e €Int Z,}

forms a fundamental system of neighborhoods for a € Z.

We say that V' C Z is a neighborhood for 40 if there exists a € Z such
that {+o00} U (a + Z;) C V, respectively, V C Z is a neighborhood for —oo
if there exists a € Z with {—oo}U (a — Z4) C V.

The sets of efficient points with respect to the cone K will be called
weak efficient points and are denoted by wéINF A, wéINF1 A, wEMIN A,
wESUP AweSUPIA, weMAX A and the domination properties for § =0
will be denoted by (wP), (wPy), (wP), (wP'), (wDP), (wDFP").

Proposition 3.1. Let A C Z be a nonempty set, ¢ € Int Z,. The
following relations do hold:

1. wWINFA=wsINF(clA) = cl(wsINF A).
2. wEINFy A=wINF; (clA) = cl(w INF; A).

Proof. First we prove that if D is an open set, then for any set A we
have the equality A+ D =clA+ D.
For that, let z =a+d,a € cl A,d € D. We will find (a;)ic;r C A4,a; — a.
Thus x = a; + (@ — a; + d). Since —a; +a+d — d € D = Int D it follows
that there exists ig,Vi >ig:a—a; +d € Dsox € A+ D.
Thus

wINFA = Z\(A+ K\{0})U{—o0}
= Z\(A+Int Z;)U{—o0}
= Z\(clA+Int Z,)U{—o0}
= wINF (clA)
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and since A + Int Z is open, it follows that wINF A is closed.
Now,

EQO(A_5+K) = EQO(A—EJrK\{O})
= N (A—e+Int Zy)
- a?:o(clAEJrInt Zy)
- Ez(cm — e+ 1Int Z; U {0}).

If wINF1A = {—o0} then weINF A = {—oc0} and thus wéINF1A =
wINF1A = {—o0} and the equality from 2. is obvious.
Now, let wINF A # {—oo} and thus wINF1 A # {—oco}. We have

wEINFLA = (wEINFA) N (A—e+K)

= (wEINF (c A)E)?){O N O(CIA — e+ K)
= wSINF(clA). o

We can prove that

(5) () (A—e+K\{0}) =cl(A+ Z,).

e>k0

Indeed, since {[—¢,€]z, ,e >k 0} is a fundamental system of neighborhoods
for 0 and

A+ K —e=A+K+[—¢celz, =A+ZL +[—¢,€lz,,

we get
() (A—e+K\{0}) =cl(A+ Z;) =cl(A+ K).
e>K0
Because W INF A= wINF(A+ce¢) is a closed set and we have just proved
that the set
N (A —e+ K\{0}) is closed, it follows that w INF;j A is closed. O

e>K0
Similarly to the previous proposition we can prove:

Proposition 3.2. Let A C Z be a nonempty set, ¢ € Int Z. The
following relations do hold:
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1. wESUPA=weSUP (clA) = cl(weSUP A).
2. wESUP, A= weSUP; (cl A) = cl(weSUP; A).

Corollary 3.1. Let A C Z be a nonempty set with wINF1 A # +o00.
We have that
wINF1A=wMIN(cl(A+ Z}))

wSUPLA=wMAX(l(A— Z,))

Proof. From Proposition 1.4 and the previous proof (relation (5)) we
have

wINFIA=wMIN ([ (A-e+K)) =wMIN(cl(A+ Zy))

e>K0
and

wSUPLA=wMAX ([ (A+e-K)) =wMAX(cl(A- Z,)).0

e>i0

Corollary 3.2. Let A C Z be a nonempty set. The following relations
do hold:
wSUPIA =Fr(A—Z,);

wINFiA=Fr(A+Z,).
(where Fr B denotes the set of boundary points of B).

Proof. Let « € wINF1A = wMIN(cl(A+ Zy)) C cl(A+ Z4). We
shall prove that o ¢ Int (A + Z,). If we suppose that o € Int (A + Z) it
follows that there exists € € Int Z; such that (o« —e,a +¢)z, C A+ Z,.
Thus we get @ € @ —Int Z, a € A, false. It follows that a € Fr(A+ Z;).
Now, let a € Fr(A+ Z4). Suppose that there exists 5 € cl(A + Z;) with
B <k a Thus,a€cl(A+Z1)+Int Z, = A+Z,+Int Z, = A+Int Z, =
Int (A+ Z1). But a ¢ Int (A+ Z4), and thus our supposition is false, so
the equality is proved.

The other relations follow similarly. O
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Proposition 3.3. Let A C Z be a nonempty set and for a,d € Z, let
us denote
Ba,d = [d,a]K NwINF A

! 4= la,dlx NwSUP A.

A has the property (wP) if and only if Va € A,3d <i a such that
wMAX By # 0.

A has the property (wP’) if and only if Ya € A,3d >k a such that
wMIN B, ; #0.

Proof. Suppose that
(6) ACwINFIA+K
and we shall prove that
(7) Va € A,3d <k asuchthat wMAX ([d,a] NwINF A) # (.

Let a € A. We shall find ay € wINF1A = wMAX (wWINF A),y € K with
a=a1+y. If y=0,let dbe such that d <g a, chosen arbitrarily. Then
[d,a]lg NwWINF A = [d,a]x and thus wMAX([d,a]x NwINF A) = {a}.

If y # 0, let d = a;. In this case, since a1 € wWMAX(wINF A) we get

[d,algk N"WINF A = {a1}.

We obtain thus wMAX By # 0.
Let us prove now that (7) implies (6).
Let a € A; for this a,3d <x a and o’ € wMAX ([d,alx NwINF A.
Ifdd =athena € ANWINFA C wINF{A C wINFiA + K. Now, let
a' <k a. and suppose that o’ ¢ wINF;A. We shall get ¢ > 0 such that
a' ¢ A—e+ K. Since K has nonempty interior we can find ¢ <y a —d’. (in
this case the space has the property that Vei,eo > 0,desg > Owithes <g
€1,€2). This implies that o'+ 5 <x aanda'+5 ¢ A—5+K D A+ K\{0}.
Thus a’+5 € wINF Aand a > a'+5 >k o’. We deduce that a’+5 € Bg 4,
which is contradicting the fact that a’ is a weak maximal element for B, 4.
The proof of the second assertion is similar.

Remark 3.1. In the previous proposition, (6) = (7) holds for an ar-
bitrarily convex pointed cone Z, which replaces K (and the sets of efficient
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points are chosen with respect to this new cone) and (7) = (6), for a cone
which satisfies the condition Ve, g2 > 0,3e3 > 0 such that e3 < g1, 9.

4. An existence result for efficient points. We recall here some
notions and two important results for the theory of efficient points which
will be used in what follows.

Definition 4.1.

1.

Let A C Z a nonempty set. We say that a point p € Z is strong
supremum for A if p > a, Va € A and for all p’ € Z with p’ > a, Va €
A, we have p/ > p.

. The cone Z is called Daniell if every decreasing net which has strong

infimum is convergent to its infimum.

. The cone Z, is well based if there exists a convex set B such that

0 ¢ B and for all z € Z; there is A > 0,b € B such that z = Ab.

. The cone Z, is locally compact if there exists a compact set A such

that for all z € Z there is A > 0,a € A such that z = Aa.

. Aset A € Zis Z;-bounded if there is a topological bounded set

M € Z such that A C M + Z; and it is Z -closed if A+ Z, is a
closed set.

Theorem 4.1. /8]

1.

If A is a nonempty bounded closed set from Z and Zi is a convex
pointed closed and locally compact cone then MIN A # () and (DP)
hold;

If A is a nonempty bounded closed set from Z and Z, is a convex
pointed closed well based by a complete set then MIN A # () and
(DP) hold;

If A is a Zy-bounded and Zy-closed set from Z and Zy is a con-
vex pointed closed supernormal cone and Z is quasicomplete, then
MIN A # () and (DP) hold.



150 CRISTINA STAMATE 18

Theorem 4.2. [1]

1. If A is a nonempty set from Z such that A has a closed lower bounded
section and Z, is a convez closed Daniell cone then MIN A # ().

2. If A is a nonempty set from Z such that A is bounded and closed and
Zy is a convex closed Daniell cone and any decreasing net from Z has
strong infimum then MIN A # ().

3. If A has a compact section and Z4 is a convex closed pointed cone,
then we have that MIN A # ().

We are able now to present the main result of the paper.

Theorem 4.3. Let (Z,7) be a locally convex space ordered by a convex
pointed normal cone with nonempty interior Z such that cl Z is Daniell.
Then

every nonempty set A C Z with wINF A # {—oo} has property (wP) and

(8) wINF A= (wINF1A—Int Z; U{0}) U {—o0};

every nonempty set A C Z with wSUP A # {—oc} has property (wP’)
and

9) wSUP A = (wSUP,A+1Int Z; U{0}) U {40o0}.

Remark 3.2. Relation (8) says that wINF A\ {—oo} has the property
(DP) and (9) says that the set wSUP A\ {+o0o} has the property (DP’).

Proof. We denote K = Int Z; U{0} and we observe that cl Z, = cl K.
Since wSUP A # {400} it follows that wSUP; A # {+o00}. Let us consider
a € Aand ¢ € wSUP A,c # +oo. Since Int Z; # (), there exists d €
Z,d >k a,d >k c. The set B = (a+cK)NwSUPA # 0, (d € B),
is closed and a <gg b,Vb € B. Thus from Theorem 4.2 we have that
MIN(B | clZ,) # 0.

Now let « € MIN(B | clZ). If & = a, then a € wMAX A, so

a € wSUPIA—clZ,.
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Ifa#a,let C=(a+clZy)N(a—clZy) which is nonempty (a,a € C),
closed and has the property that C' # {a}.

The set (wSUP A)NC does not contain any element different by o because
a belongs to MIN (B | cl Z4).

Lete € K\{0} and D = {Aa+(1-X)a, A € [0,1]} C C. Since (a—e, a+e¢)
is a convex neighborhood for a we find p € DN (e —¢,a +¢), u # a. Thus
there exists u € C, u # a, u >k o — & which implies that « —e ¢ wSUP A
and so o € wSUP; A. We have

A

N

wSUPLA —clZ,

N (WSUPA—K +¢)
(10) ceK\{0)

cl (wSUPA — K)\{+o0}
= wSUPAUcl(wSUPLA— K\{0})\{+oc0}.

N

N

Obviously A — K\{0} D wSUP; A— K\{0} and the first inclusion from the
previous relation provides the equality, A — K\{0} = wSUP,A — K\{0}.
We can show that the following relation does hold:

wSUPIA — K = cl(A— K\{0})\{+oc}

which implies A C wSUPA — K.
Since wSUP A # {400} we have that +oco ¢ wSUP; A.
Let « € wSUPA — K; then a € wSUP A or a € wSUPA — K\{0}.
If o« € wSUPLA — K\{0} then « € A — K\{0} C cl(4A— K\{0}).
If « € wSUP, A, then for all ¢ € K\{0} there exists a € A witha >g o —¢
and thus
ae (] (A-E\{0}+e)=cl(A— K\{0}).
ceK\{0}
We have now
wSUPLA— K Ccl(A—- K\{0})

and we consider « € cl (4 — K\{0})\{+o0}.

If «a € A— K\{0} = wSUP,A — K\{0} then @« € wSUPIA—- K. If a ¢
A — K\{0} then a € wSUP A.

Let e € K\{0}; there exists «’ € A—K\{0},d’ >k a—e because (a—e, a+¢)
is a neighborhood for a. We can find a € A, a >k a — & which implies that
a € wSUPIA CwSUPA - K.
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Finally we get the equality

(11) wSUPIA — K =cl(A— K\{0})\{+00}
which together with (10) shows that
(12) ACwSUPA - K.

In a similar way we find that A has property (wP).
Let p € wSUP A\{+0}, € wSUP,A # () and v <g p,y <k (3. Since
B e wSUPA, v <k (3, we obtain v ¢ wSUP A. The set

B=(u—cK)NwSUPAN(y+clZy)

is nonempty, closed and v < b < u, Vb € B so it follows MIN(B | cl Z;) #
0.
Let « € MIN (B | clZy);(a # 7,y ¢ wSUP A). The set

C=(a—-cZ)np—-cZi)n(y+cZy)=(a—cZy)N(y+clZy)

does not contain any different element of  because a € MIN(B | cl Z).
For e € Z,\{0}, V = (o — ¢,a + ¢) is a convex neighborhood for a and
thus V' \ {a} N C # 0. We deduce that « —e ¢ wSUP A (indeed, if not

CNwSUP A # (), which is false) and so o € wSUP; A. In this way we
obtain

(wSUP A)\{+0} C wSUPA+clZ,
C N wSUPA+K —¢
ceK\{0}
C cd(wSUPA+ K)\ {400}

N

N (wWSUPA—¢)\ {+0}
eeK\{0}

= cl(wSUPA+K)\ {400}
= (wSUP A)\ {+oc}.

Thus wSUP A = cl (wSUP; A+ K) U {+00}. The relation similar to (11)

(R) WINFIA+ K = cl(A+ K\ {0})\ {—o0}
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will provide

cl (wSUPLA + K)\{+00} = wSUP,AJcl (wSUP A+ K\{0})\{+o0} =
— wSUPLAU(wINFiwSUPL A + K).

Let o € wINFiwSUPA C wSUP A. If there exists e € K\{0} such
that o —e € wSUP A C wSUP; A+ K —¢e we obtain that « € wSUP A+ K.
But o € wINF(wSUP; A) which implies that o € wSUP; A. Thus

cl(wSUPLA+ K) C (wSUPLA+ K) U {+c0}.
Finally we get
cl(wSUPLA + K)\{+o00}=wSUPLA+ K

and

wSUP A=(wSUP,A+ K) U {400}.

In a similar way we obtain
wINF A= (wINF1A— K)U{—o0}.
Corollary 4.1. Under the same hypothesis like in Theorem 4.3, if A
has wSUP A # {+o0}, then
(wSUPA+Int Zy) = Clcl(A —Int Z U{0})].

Proof. From the previous theorem we have that a set A which satisfies
SUP A # {400} has the property that

wSUP A= (wSUPLA+Int Z U{0}) U {+o0}.

Since wSUP A = C(A—Int Z, U{0}) and wSUP, A = Fr(A—Int Z, U{0})
it follows that

wSUPIA+Int Z, = C(A—-Int ZL U{0})NC(wSUPA)
— C((A—Int Z, U{0}) UwSUPA)
= C((A-Int Zy U{0})UFr(A—1Int ZL U{0}))
= C(cl(A—1Int Zy U{0}).
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Corollary 4.2. Under the same hypothesis like in Theorem 4.3, a set
A with the property that wWINF A # {—oo} satisfies the relation

(WINF1A—1Int Z,) = Clcl(A+Int ZL U{0})].

Corollary 4.3. In the same hypothesis like in Theorem 4.3, a set A
with the property that WINF A # {—oo} and A+Int Zy U{0} is closed has
wMIN A # 0 and (wDP) holds.

Proof. Under the specified hypothesis, the theorem ensures that
wINFiA # () and since wINF1A = wMIN(cl(A + Int Z U {0})), the

conclusion follows. O

Corollary 4.4. In the same hypothesis like in Theorem 4.3, a set A
which has the properties that wSUP A # {+oc} and A — Int Z, U {0} is
closed, has wMAX A # 0 and (wDP') holds.

Corollary 4.5. Under the same hypothesis like in Theorem 4.5, if
A C Z is a nonempty set with the property that A+ Int Z, U {0} is closed
then A + Int Z U {0} is convex if and only if INF1A + Int Z U {0} is
convet.

Proof. First we will prove that if A+ Int Z, U {0} is convex, then
A+ Int Z; is convex. Let a,a’ € Ak, k' € Int Z,,\ € (0,1). We have
AMa+k)+(1=N(d+K)=
=ANa+k)+(1-N)d +(1-NE € (A+Int Z,L U{0}+Int Z;) = A+1Int Z,
and thus A + Int Z is convex. From the previous theorem we have that

A+Int Z, =INF1A+1Int Z,

so INF} A+Int Z4 is convex. We shall prove now that INFy A+Int Z,U{0}
is convex. Let a,o/ € INF1 Ak, k' € Int Z U {0}, € (0,1) and

B=XNa+k)+ (1= +kK).
If k, k" # 0 then

B eINF, +1Int Z, C INF, +Int Z, U{0}.
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If k # 0,k = 0 then

B=XMa+k/2)+ (1= (a +Xk/2(1 = X)) €
€ INF1A+1Int Zy CINFiA+1Int Z, U{0}.

If k¥ # 0,k = 0 we proceed in the same manner. Now let k = 0,k' = 0. We
have

B+ecA+Int Zy =INF, +Int Zy CINF;, +Int Z, U{0}.
Thus

Be(VINFIA+Int Z, U{0} — e = cl(INFA+Int Z; U{0}).
e>0

From the proof of the previous theorem it follows that
INFiA+Int ZL U{0} =cl(A+Int Z;)

so INF1A+1Int Z, U{0} is a closed set and this implies that § € INF1 A+
Int Z, U{0}.

Conversely, if INFy A+Int Z,U{0} is convex it follows that IN F; A+Int Z
is convex which implies that A+1Int Z, is convex. In a similar way, it follows
that in the hypothesis that A+ Int Z, U {0} is closed, A + Int Z U {0} is
convex. (]

Remark 4.1. The previous corollary remains true only under the sup-
position that A C Z, A # 0, INF1A # {—c0} and A, INF; A are inferior
closed and (wP’) does hold.

Corollary 4.6. Under the hypothesis of the Theorem 4.3, if A C Z is
a nonempty set with the property that A —Int Z U {0} is closed then

A —1Int Z, U{0} is convex if and only if SUPyA —Int Z, U {0} is convex.

Remark 4.2. The previous corollary does hold if we suppose A C Z,
A#0), SUPLA # {400} and A, SUP, A are superior closed and (wPj) does
hold.
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We present in what follows some sufficient conditions for a set to be
superior or inferior closed.
In the remaining of this section we suppose that the cone 7, is
convex, pointed, normal and Z, = Int Z; U {0}.

Proposition 4.1. A nonempty set A C Z is inferior closed if and only
if A— Z, is a closed set.

Proof. By definition, A is inferior closed if (| (A+e—Z4)=A—-Z4

e€Z4\{0}
which is equivalent with (| (A+ (—e,e) —Z4) = A — Z4. Since Z, is
e€Z4\{0}
a normal cone with nonempty interior, we have that [\ (A4+V —Z;) =
Vev(0)
cl (A— Z4) and we deduce the equality A — Z, =cl(A — Z;). O

Proposition 4.2. A nonempty set A C Z, is superior closed if and
only if A+Z, is a closed set.

Proposition 4.3. If cl Z, is a Daniell cone and A is a nonempty set
from Z, such that A is a “SUP,” set (i.e. there exists B C Z such that
A = SUP,B) then A is inferior closed.

Proof. By this hypothesis, from Theorem 4.3 we have
BCSUPB-Z,.
Obviously, the following inclusion does hold
SUP B — Z\{0} C B—Z,.\{0}

and thus
SUP,B — Z:\{0} = B — Z;\{0}.

We obtain that
SUPB—-7,=A-7y=(B-2Z:\{0})USUP,B.

From Corollary 3.2 we have that SUP,B = Fr(B — Z;\{0}) and since
Z:\{0} = Int Z, we deduce

(B — Z\{0}) USUPB = ¢l (B — Z,\{0}).
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Thus A— Z, is closed and from Proposition 4.2 we deduce that A is inferior
closed. 0

Remark 4.3. If cl Z, is Daniell and A is a nonempty set such that A
is an “INF] set then A is superior closed.

5. Applications of efficient points to the theory of vector du-
ality. In this section we intend to present some applications of the ap-
proximative efficient points for the study of a new type of problem which
generalizes the problem MINM AX, that will be called INFSUP.

We will consider (X, 7x), (Y, 7v), (Z, 7z) some locally convex spaces and
Z ordered by the convex pointed cone Z,. Let Z* denote the topological
dual space of Z and we associate in Z* a dual cone with Z, denoted by
Z%, that is

Zy={2"e€Z"| 2(2) >0, Vz € Z,}.

The set of strictly positive functionals in Z7 is denoted by
Zf ={z"eZ"| 2"(2) >0, Vz € Z; \ {0}}.

Let f: X XY — Z be a mapping and denote

f(Xay) = Uf(x,y)andf(x,Y) = Uf(x>y)

reX yey
A point (xo,yo) is called p — 1 saddle point of f, where p,n € Z, if
f(x(),yo) e PMAX f(xo,Y) N "IN f(X, yo).

If
f(zo,y0) € WHMAX f(x0,Y)Nw™IN f(X, 1)

then (x0,y0) is a weak p — n saddle point of f.
Proposition 5.1. Let ® € Zf. If (xo,y0) is a ®(u) —P(n) saddle point
of ® o f then (xo,y0) is a u — n saddle point of f. If f is a convexr map

in each variable and (xo,yo) is a u — n saddle point of f, then there exists
¢, 9" € Z§ such that

®o flzo,y0) € P*WMAX ® o f(xo,Y)
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and

P o fzo,y0) € PMMAX & o f(X,y0).

Proof. Let ® € Zf; this implies that ®(z) > 0,Vz > 0. If (xo,y0) is a
®(u) — ®(n) saddle point, i.e.

Do f(wo,y0) = ®o f(zo,y) — P(n),Vy €Y

then
f(@o,y0) £ f(wo,y) —p,Vy €Y
and thus f(xo,y0) € "MAX f(x0,Y). In a similar manner we obtain that

f(xo,y0) € "MIN f(X,yo).
Conversely, if f(xo,y0) € *MAX f(x0,Y) we will find by the Hahn-Banach

separation theorem an element ® € Z7 such that

®o f(zo,y0) € P*WMAX & o f(x0,Y).
In a similar manner we get ® € Z% such that

o f(zo,y0) € ¥ WMIN ® o f(X, y0)

and the proposition is proved. O

In [23], TANAKA provides some MINMAX theorems for vectorial func-
tions. In what follows we present some results of the same type as Theorems
5.1, 5.2 from [23] for the problem INFSUP. Let us consider the problems:

wINFy | JwSUP f(z,Y)
zeX

and
wSUP; | JwINF f(X,y).
yey

In what follows, if not stated otherwise, we consider

(H): Z: ordered by a normal closed Daniell cone with nonempty
interior.

This conditions ensure by Theorem 4.3 that all the sets A # (), with
wSUP A # {400}, have the properties that

wSUPLA #0,A C wSUPLA —Int Z, U {0}
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and
wSUP A = (wSUPLA+Int Zy U{0}) U {+0o0}.

If for all z € X we have that wSUP; f(x,Y) = {400}, then

wINFy (| JwSUP f(2,Y)) = {+00}.
reX

If there exists € X with wSUP; f(z,Y) # {400}, let us denote
Xo={z € X,wSUP\ f(x,Z) # {+00}}.
Thus

wINF (| JwSUP f(2,Y)) = wINFy( | ] wSUP f(x,Y)).
zeX z€Xp

Since f(z,Y) # 0 and wSUP, f(x,Y) # {400} for all x € X we will have
zeXp

and
f(z,Y) CwSUP f(x,Y) —Int Z, U{0},Vz € X.

If wINF |J wSUP, f(x,Y) # {—o0} then
z€Xo

| wSUP f(2,Y) CwINF, | | wSUP; f(2,Y) + Int Z; U{0}.
r€Xo zeXo

This implies that for all xz € Xy,

(13) 0 #wSUP f(z,Y) CwINF, | J wSUP f(2,Y) +Int Z; U {0}.
re€Xo

In a similar way, if wINF; f(X,y) = {—oo} for all y € Y, then

wSUPL(| JwINFL f(X,y)) = {—oc}.
yeyY

If there exists y € Z such that wINF, f(X,y) # {—oc}, we denote

Yo={ye€Z| wINF f(X,y) # {—oc}}.
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If wSUP |J wINF:1f(X,y) # {+0o0} then for all y € Y,
yEYD

(14) 0#wINF f(X,y) CwSUP, U wINF, f(X,y) — Int Z, U{0}.
yeYD

Since wSUP; f(z,Y) # 0, {+o00}, Vo € X it follows that wH*MAX f(z,Y)
is nonempty Yu € Int Z,, Vx € Xy and

wHFMAX f(2,Y) CwSUPf(x,Y) — p

(15) =wSUP f(z,Y)+Int Zy U{0} — pu C
CwINF; |J wSUP, f(x,Y) +Int Z; U{0} — p, Vz € Xp.
zeXo
Analogously,

w"™INf(X,y) CwINFf(X,y) —n
(16) =wINF f(X,y) —Int Z, U{0} — 7

CwSUP, U wINFlf(X, y) + Int Z+ U {0} -1, Vy € Yp.
x€Xo

Now, we can present the following theorem:

Theorem 5.1. If the condition (H) holds and if (xo,yo) is a p—n weak
saddle point of f, with pu,m € Int Z, then there exist

a € wINF; | JwSUP f(x,Y)

reX
and
BewSUP, | JwINF f(X,y)
yey
such that

B+ >me zou{oy F(T0,Y0) 2 z,0{0} @ — f-

If (xo,y0) is a weak saddle point of f, then there exist

a € wINF, | JwSUP: f(x, Z)
reX
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and
B ewSUP | JwINF f(X,y)
yey

such that
B Zintz,ugor f(T0,%0) Zmt 2, ufo} -

Proof. In the beginning we consider the case

wINF | J wSUP f(2,Y) # {—oc}, wSUP | JwINFy f(X,y) # {+00}.
rxeXo yeYp

Obviously, if (zg, yo0) is a u —n weak saddle point then g € Xo,yo € Yo and
using relations (15) and (16) we obtain

a € wINF, | JwSUPf(x, 2)

zeX
and
BewSUP | JwINF f(X,y)
yey
such that

B+ Zinez, o) F(T0,90) Zmt 7, 0{0} @ — K-

If (zo,yo) is a weak saddle point, then using the relations (13) and (14) the
conclusion follows. Now, if we have

wINF U wSUP, f(x,Y) = {—o0}

z€Xo
or
wSUP | JwINF f(X,y) = {+o0}
yeYD
the relations do hold obviously for & = —oo, respectively 8 = +oo. O

Remark 5.1. The condition

wINF | J wSUP f(z,Y) # {—oc}

z€Xo
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is equivalent with the fact that the multifunction G : Xog —= Z, G(z) =
f(z,Y) has a lower bounded selection.
Indeed, the following relation

wINF | J wSUP; f(z,Y) # {—o0}
z€Xo

does hold if and only if there exists u € Z such that for all z € X, a €
wSUP; f(x,Y), we have a £ u. This implies that u ¢ wSUP f(z,Y)
because, if we suppose the contrary, from Theorem 4.2 we get an element
a € wSUP f(x,Y) such that o < wu, false. Thus, u € f(z,Y) — K \
{0}, Vo € Xy which implies that G has a lower bounded selection, strictly
lower bounded by u with respect to the order induced by K, and also with
respect to the order induced by Z..

Conversely, if there exists u € f(x,Y) — Zy, Vo € X, it follows that
any u; <y u has the property that

up € f(z,Y) - K\ {0} =wSUP,f(z,Y) — K\ {0}, Vx € Xj.

If there exists x € Xo,a € wSUP; f(x,Y) such that u; >g «, it follows
that there exists § € wSUP, f(x,Y), 8 >k «, contradiction.
Thus
ur € wINF | J wSUP f(x,Y)
z€Xo

and
INF || wSUP, f(2,Y) # {—o0}.
z€Xo

In the same manner, the condition

wSUP | JwINF f(X,y) # {+oc}
yeYD

is equivalent with the fact that the multifunction G : Y == Z, G(y) =
f(X,y) has an upper bounded selection.

In a similar way, we can define the notion of saddle point for a multi-
function, notion which was presented by TANINO and SAWARAGI in [19] and
was extended for vectorial multifunctions in [8]. The study of this notion
and other applications of the vectorial efficient points for the study of the
perturbed problems will be proposed in a future paper.
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