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Abstract. The splitting Gauss-Legendre integrators for two optimal control prob-
lems and for the Maxwell-Bloch equations with a quadratic control about Oz, axis are
discussed and some of their geometrical and dynamical properties are pointed out.

1. Introduction. Let (R™, {-, -}, H) be a Hamilton-Poisson mechanical
system with the dynamics described by the system

&t =1I(z) - VH(z), x € R",

where II is the matrix which generates the Poisson structure {-,-} and H
the Hamiltonian or the energy of the system. Among the methods used
in the geometrical integration of the mechanical systems we can often find
the splitting and composition methods. The splitting methods exploit the
natural decomposition of the problem, and in particular of the Hamiltonian
and they have been used with success in the study of many dynamical
systems. The main idea behind the splitting Gauss-Legendre method is to
decompose the Hamiltonian H as follows:

H=H+Hy+ -+ Hp,

and to determine the Gauss-Legendre integrators ¢m,, ¢mH,,. .., ¢H,, asso-
ciated to the dynamics generated respectively by Hi, Ha,..., Hy,. The in-
tegrator

¢:¢H10¢H20“'O¢)Hm
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is called the splitting Gauss-Legendre integrator.

The splitting Gauss-Legendre integrator has been introduced in [4] for
the free rigid body and the heavy top. For the Maxwell-Bloch equations
and the 3-dimensional Toda lattice it has been discussed in [1]. The goal
of our paper is to determine the splitting Gauss-Legendre integrators for
the kinematic car, the ball-plate problem and the Maxwell-Bloch equations
with a quadratic control about Oz axis and to point out some of their
properties.

2. The kinematic car and the splitting Gauss-Legendre inte-
grator. The dynamics of the kinematic car can be written as a left invariant
control system on a 4-dimensional Lie group (see [3], [5]). More exactly, let
G4 be the Lie group given by

1 o I3 T4
a1
Gy=< X = 0 1 = 2 r1,T2,T3,T4 € R
0 0 1 x
0 0 0 1

A Dbasis for its corresponding Lie algebra G4 is given by {41, Ag, A3, A4},
where

0000 010 0
0010 000 0

Ar=10 09 0 11°2= |0 o o o As=[A241, As=[4s5 A1
000 0 000 0

Then the dynamics of the kinematic car can be written in the form
(2.1) X = X (A1 + Aswo),

where X € Gy.

Theorem 2.1. (/3/,/5]) Let T be the cost function given by

1 [
T (v1,19) = 2/ [c1v3(t) + cov3(t)]dt, c1 > 0,¢0 > 0.
0
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Then the controls which minimize T and steer the system (2.1) from X =
Xoatt=0to X =Xy att =1y are given by

1 1
V1:7P17V2:7P27
C1 C2

where P;’s are solutions of the following system of differential equations

P = %P2P3,
B=-1pP
2 — cl 1 37
(2.2)
P = —%P1P4,
Pi=0.

Let us notice that the system (2.2) can be put in the equivalent form

(P = %Png,
(2.3) Py = —%P1P3,

P3 = —%Pl ;
where

Py = k = constant .

Now one has

Theorem 2.2. ([5]) The dynamics (2.3) has the Hamilton-Poisson
realization

(R37H7H)7
where
0 P35 k
I=|-P; 0 0

-k 0 O
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and the Hamiltonian H is given by

1 1
H(Py, Py, P3) = 2—611312 + —P3.

262
U
Remark 2.1. The function C' € C*®°(R3,R) given by
(2.4) C(Py, Py, Ps) = —kPy + 5 P3
is a Casimir of our configuration. O

Let us note that the Hamiltonian H splits into two parts:
H = H; + Hy ,

where

1 1
Hy(Py, Py, P3) = Tclpf’ Hy(Py, Py, P3) = @PQQ

Then the Gauss-Legendre integrators ¢x, , ¢, associated to the dynam-
ics generated by H; and Hy are given respectively by

(i) ¢H1(P1nap2nvpgb):(PanrlaPZHJrl’PgLJrl),Where

.
n+1 n
Pl = pr

212
(2.5) Byt = Py - Py 4 ok
1

1 hk
\P?TH' :Pgb_aCT’

a = Pl(())
and h is the size of the integrator;
(ii) ¢H2(P1n’P2nvP§1) = (P1n+1aP2n+1’P3n+1)7 where

(2.6) Pyt = pyp

n+1 _ pn
P3 _P37
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and h is the size of the integrator.

Now one can prove

Theorem 2.3. (i) The integrators ¢, , ¢, are Poisson integrators.
(ii) The integrators ¢m,, dm, preserve the Casimir C of our configuration,
given by

1
C(Py, Py, P3) = kPy + 51332 )

Proof. (i) Let ¢, (Py, Py, Py) = (P, Pyt PRH1). Then one has

op; !

opy

oP 1] roptt ottt oppt)!
oPy  TOPy TPy o pr )| 0P ToPy TOry
) ) i ) ol I D SR B )R] SR ) A
oPl 0Py 0P} lj o ol | orr oy opy
opytt opytt  gpptti LT opytt  opytt  gppt!
L oPf oPy OPy | | oP[ oPy  OPy |
10 0 o ProEl[1 0 0
=lo 1 4| |-pr 0 0|0 1 0
€1 ’ ah
00 1 ~k 0 0] |0 -4 1
0 pp - ahk
- hk
—Py + G 0 0
—k 0 0
0+1 Ptk
= |-Pp 0 0},
—k 0 0

as required.

In a similar manner one can prove that ¢, is a Poisson integrator.
(ii) Let ¢H1 (Pln7p2n7 P{?)

sively:

( Panrl7 ]32n+17 P§z+1)_ Then, we have succes-
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1
CPI™, PR PR = kP 4 o ()
ah a’h?k 1 ahk
— —kPn——Pn W 7Pn_72
(Py 0134'26%)4‘2(3 61)

1
= P} 4 5(PPY
— Oy PP
Also, one has

C(¢H2(P1”,P2"7P§l)):C(P{"P;’P??)7

so that one can conclude that the integrators (2.5) and (2.6) preserve the
Casimir C.

O
As a consequence one obtains
Corollary 2.1. The splitting Gauss-Legendre integrator
¢ = dm, © dm,
has the following properties:
(i) It is a Poisson integrator;
(ii) It preserves the Casimir C.
O

Remark 2.2. It is easy to see that the integrators ¢g,,¢m, and ¢ do
not preserve the energy of our dynamics. O

3. The ball-plate problem and the splitting Gauss-Legendre in-
tegrator. The ball-plate problem can be formulated as an optimal control
problem on a Lie group (see [2],[6]). More exactly, let G = R? x SO(3) be
the Lie group with the semidirect product group structure. Its Lie algebra
can be identified with R® and let {4y, As, A3, A4, A5}, where

0 0 0 1 0
0 0 0 0 1

A= |1], 4= |0], A3 = |o], Ay = |0]|, 45 = |0],
0 1 0 0 0
0 0 1 0 0
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be its canonical basis.
Then the dynamics of the ball-plate problem can be described by the
following left invariant control system on R? x SO(3):

(31) X = X[ul(A4 — AQ) + UQ(A5 + Al)] .

Theorem 3.1. ([2],[6]) Let T be the cost function given by

1

t
Tl =5 [ (0 + (e

Then the controls which minimize T and steer the system (3.1) from X =
Xoatt=0to X =Xy att =1y are given by

u =Py — Py
us = Ps + Pp,

where P;’s are solutions of the differential system

(P, = —P3(P, — Py)
Py = P3(P1 + P5)

(3.2) Py = —PyP5 — PPy
P, =0
Py =0.

(]
Following [6] (supposing Py = 1, Ps = 0) the differential system (3.2) takes
the form

P = P3(1— P)

(3.3) Py = P,Ps
P3=—P;.

Then one gets

Theorem 3.2. (/6]) The differential system (3.3) has the Hamilton-
Poisson realization
(R, IL, H),
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where I1_ is the matriz of the minus-Lie-Poisson structure on R3, i.e.

0 -P, P
]:L = P3 0 _Pl )
-P, P 0

and the Hamiltonian H is given by

1 1
H(Py, Py, P3) = 5(1 — P2+ 5Pf .

Remark 3.1. It is not hard to see that the function C € C*°(R3,R)
given by
1
C(P, P, P3) = 5(Pl2 + P§ + P3)
is a Casimir of our configuration. (I
The Hamiltonian H splits as follows:

H = Hy, + Hy,

where 1 .
Hi(P1, Py, P3) = §P12,H2(P1,P27P3) = 5(1 - Py)%.

Then the Gauss-Legendre integrators ¢p, and ¢p, corresponding to the
dynamics generated by H; and Hy are given respectively by

(i) ¢H1(P{€7P§7P§) = (Pf+17p2k+1,]3§+1), where

k+1 _ pk
Pl _P17

k 4 — h%a? 4h
P+l_ aPk+ 0] P::]’.cv

2 _4+h2a2 2 4+h2042
ket 1 4h 4 — h%a?
(P = e i
Oézpl(O)

and h is the size step of the integrator;
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(ii) ém,(PF, P§, P§) = (P, Py*, PyHY), where

(pet1 _ 4—h?B% o
1 4+h262 1 4+h2ﬂ2 3

4hp k

and h is the size step of the integrator.

Now one can prove

P b

k1 _ _4hB e 4_h2/82Pk

\3 4+h252 1+4+h2ﬁ2 3
8= P(0)—1

Theorem 3.3. (i) ¢p,, ¢m, are Poisson integrators.
(ii) The restrictions of the integrators ¢, , ¢, to the coadjoint orbits (O, wy),

where

(97':{(P17P27P3)E]RB|F)12—|—1322—i—P32:7“2}7

and

1
Wy = —7(P2dP1 ANdP3 — P3dPy A\ dPy — PidPy N dPg),
T

give rise to symplectic integrators.

Proof. (i) Let ¢, (PF, P¥, PF) = (PFT, Py P One gets suc-

cessively
[oPFTL Pl 9pFt!]
oPF 9Py 9P
) ) )
oPF 9Py OPY
opytt opitt opfTt
L oPF 9Py 0Py |
1 0 0
0 4 — h%a? 4ho
44 h%a® 4+ h%?
0 — 4ho 4 — h%a?
L 4+ h%a® 4+ h%a?

0 —Pf
PF 0
-Py Py
0 -—Pf
PF 0
~Pf P}

Py
_ plk

Py
_ plk
0

'8P1k+1 8P1k+1 8P1k+1'
oPF 9Py 9P
) )
oPF  OPy  OPY
) ) )
L oPf 0Py 0Py |
0 0
4 — h%a? 4ho
4+ h%a® 4+ h2?
__4dha 4 — h2a?

4+ h’a® 4+ h%a?

~
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0 _Pé€+1 P2k+1
= | pF+! 0 —PF,

so that ¢p, is a Poisson integrator.
In a similar manner one can prove that ¢p, is a Poisson integrator.
(i) Indeed, if g, (PF, Py, PF) = (PF*Y, PYT1 PFTY) ) (i=1,2), then one
has
(PEHD? + (P2 + (P2 = (P + () + (P))?

and

1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
;(Pf APy AN APyt — Pit APt A dPy T — PN APy T A d Py

1
= ~(PYdPF A dPY — PYaPF A dPY — PFdPY A dPY),
;

as required.
As a consequence one gets

Corollary 3.1. The splitting Gauss-Legendre integrator
¢ = ¢n, © OH,
has the following properties:
(i) It is a Poisson integrator.

(ii) Its restriction to each coadjoint orbit (O, w,) gives rise to a symplectic
integrator.

O

Remark 3.2. It is not difficult to see that the integrators ¢m,, ¢, and
¢ do not preserve the energy of our dynamics. O

4. The splitting Gauss-Legendre integrator for the Maxwell-
Bloch equations with a quadratic control about Ox; axis. The
Maxwell-Bloch equations with a quadratic control about Oz, axis can be
written in the form
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x'l = T9 — k‘l’zl‘g N
(4.1) Ty = 1123,

T3 = —x122,
where k € R is the feedback gain parameter (see [8]). Then one has

Theorem 4.1. (/8]) The differential system (4.1) has the Hamilton-
Poisson realization

(R®, Mg, H),
where
0 —x3 T3
HMB = I3 0 0 ,
—x9 0 0

and the Hamiltonian H is given by

1 k
H($1,$2,$3) = 5%’% + 5.%% +x3.

Let us notice that the Hamiltonian H splits as follows
H=H,+ Hy,+ Hs,

where

1
Hi(xz1,29,23) = 596%7

k
Hy(x1,29,23) = 533% ;
Hi(xy,20,23) = 3.

Then the Gauss-Legendre integrators ¢m,, ¢H,, pH, corresponding to
the dynamics generated by Hy, Ho and Hs are given respectively by
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(i) ¢m, (2, 23, 2%) = (271!, 2T 257, where
oyt =af,
A = -+

a = x1(0) = constant

and h is the size step of the integrator;

(i) o, (a7, a5, a%) = (277, 25" 25™), where

2t = o — hkbe,
n+l _ _n

Lo = Ta,
n+l _ _n

1133 — :173 9

b = x2(0) = constant
¢ = x3(0) = constant

and h is the size step of the integrator;

(i) dm (o, 25, 25) = (27, a3 ™), where

b = x2(0) = constant

and h is the size step of the integrator.

Now one can prove

Theorem 4.2. (i) ¢u,, u,, ¢u, are Poisson integrators.
(ii) The restrictions of the integrators ¢m,, Pm,, Pm, to the coadjoint orbits

(Or,wy), where

O, = {(z1, 29, v3) € R®|23 + 23 = r?}
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and )
wr = —(x3dz1 A dzg + xodry A dxs),
r

give rise to symplectic integrators. O
As a consequence one obtains Corollary 4.1. The splitting Gauss-

Legendre integrator

¢:¢H1 O¢H2 O¢H3

has the following properties:
(i) It is a Poisson integrator;

(ii) Its restriction to each coadjoint orbit (O,,w,) gives rise to a symplectic
integrator.

(]

Remark 4.1. It is easy to see that the integrators ¢q,, ¢H,, dg, and ¢
are not energy preserving of our dynamics. O

Remark 4.2. In the particular case k = 0 we rediscover some results
from [1]. O
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