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AN INTEGRAL FOR MULTIFUNCTIONS WITH RESPECT
TO A MULTIMEASURE

BY

A. CROITORU

Abstract. In this paper we consider an integral for multifunctions with respect to a
multimeasure. In [6] we built such an integral in the case of a real Banach algebra, using
the way of defining sequences, analogously to that done in DUNFORD and SCHWARTZ [8].
In the same manner, we give here a set - valued integral, but in the case of a locally
convex algebra. We also get convergence theorems of Vitaly and Lebesgue type.

1. Terminology and notations. Let S be a nonempty set, A an
algebra of subsets of S. Let X be a Hausdorff locally convex vector space
and let ) a filtering family of seminorms which defines the topology of X.

We consider (z,y) — xy having the following properties:

i) 2(yz) = (zy)z2,

ii) zy = ya, )
i) z(y + z) = xy + xz, Va,y,z€ X, 0B ER;
iv) (ax)(By) = (aB)(zy),

(v) p(zy) < p(x)p(y), Yo,y € X,p € Q.

Examples of such spaces X are:

1) X ={f : T — R|f is bounded } where T is a topological space.
Let K = {K C T|K is compact } and Q = {px|K € K} where px(f) =
sup [ f(2)],Vf € X.
te K

2) X={f : T—R} where T is a nonempty set and Q = {p¢|t € T}, p:(f) =
[f (D), VfeX.

N N N N
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Pre(X) = Py is the family of all nonempty compact convex subsets of
X. If A)B € Py, € R,

A+B={z+ylr € A,y € B}
aA = {ax|zr € A}
A-B={xylr € A,y € B}.

For every p € Q, A, B € Py, let e,(A, B) = sup ingp(x—y) and hy,(A, B) =
r€AYE
max{ey,(A, B),ey,(B,A)} - the Hausdorff semimetric defined by p on Pp..

We define ||Al|, = hyp(A,0), YA € Py, where 0 = {0}. Then {hp}pecq is
a filtering family of semimetrics on Py, which defines a Hausdorff topology
on Pre.

Lemma 1.1. For every A, B,C € Py, hy(A-B, A-C) < ||A|lp-hp(B,C),
Vp € Q.
Let Y C Py, satisfying the conditions:
(y1) Y is complet with respect to {h,}peq;
(y2) 0 €Y
(y3) VAL BEY = A+B,A-BeY;
(ya) VA,B,CeY =A-(B+C)=A-B+A-C.
It is easy to see that the following classes:
1. Y = {{z}|z € X} for X like above and

2. Y ={AePr|ACR,} for X =R

are such subsets Y of Py.

Definition 1.2. Let ¢ : A — Pi.. @ is said to be a multimeasure if

(ii) (AU B) =¢p(A)+ ¢(B), VA,Be A AN B = ¢.
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Definition 1.3. Let ¢ : A — Py.. For every p € Q, the p - variation of
¢ is the non - negative (possibly infinite) set function v,(¢p,-) defined on A
as follows:

vy, A) = sup{i lo(ED)
=1

(Ei);lzl C.A,EZ‘QE]‘:@,Z'#]', U EZ':A}, VA € A.
i=1

2

If ¢ is a multimeasure, then v, (¢, -) is finitely additive.
Throughout this paper, ¢ : A — Y will be a multimeasure and denote
vp(p, -) with V,. We shall assume there is a>0 such that V,,(S) < a, Vp € Q.

2. Simple multifunctions.

Definition 2.1. A multifunction F' : S — Y is said to be a simple

n
multifunction if F' = > C; - 14,, where C; € Y, A; € A,ji=1,--- ,n, A N
i=1

n
A;j=¢(i#7), U Ai =S and 14, is the characteristic function of A;.
i=1

n
Definition 2.2. If F': S — Y is a simple multifunction ' = ) C;-14,,
i=1
then the integral of F' over E is defined to be

/ngz):ZCi-gp(A,-ﬂE) cY,Ec A
E i=1

Since (y4) the integral of F' is independent of the representation chosen for
F.

Using a classical reasoning (see [8]) the following statements are ob-
tained.

Theorem 2.3. Let F' : S — Y a simple multifunction and I'(E) =
[ fdo, VE € A. ThenT is a multimeasure
E

Theorem 2.4. Let F,G : S — Y be simple multifunctions. We have:

a) hp(/ ngo,/Gdcp) < /hp(F, G)dV,,VE € A,p € Q,
E
E
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where hy(F,G) is the function defined as (hy(F,G))(s) = hy(F(s),G(s)),
Vs e S.
b) IfT(E) = [ Fdp, VE € A, thenv,(T',E) = [ ||F|,dV,, VE € A,p €
E

E
Q, where ||F||, is the function defined as (||F|p)(s) = ||F(s)|p, Vs € S.

Corollary 2.5. If F': S — Y is a simple multifunction, then

u / Fdgl), < / |Fllpdvy, VE € A,p e Q.
E E

3. ¢ - Integrable multifunctions.

Definition 3.1. A multifunction F' : § — Y is said to be ¢ - totally
measurable if there is a sequence (F), ), of simple multifunctions F,, : S — Y
satisfying the following conditions for every p € @ :

(i) hp(Fn, F) is V), - measurable (in the sense of [8]), Vn € N;

(ii) hp(Fn, F) converges to 0 in V,- measure (in the sense of (8)) (denoted

hy(Fn, F) 22 0).

Proposition 3.2. Let F,G : S — Y be multifunctions such that F is
@ - totally measurable and G is simple. Then h,(F,G) is V, - measurable

Vp € Q.

Proof. Suppose (F},), is a sequence of simple multifunctions satisfying

(i) and (ii) of Definition 3.1. Then we can easily show that h,(F,, G) Lo,
hy(F,G). Since h,(F,,G) is a simple function for every n € N it follows
that hy(F, G) is V, - measurable, Vp € Q. [ ]

Definition 3.3. Let F': S — Y be a ¢ - totally measurable multifunc-
tion. F' is said to be ¢ - integrable (over S) if there is a sequence (F},)y
of simple multifunctions F), : S — Y satisfying the following conditions for

every p € Q:
(i) hp(Fu F) 20,
(ii) lm [ hy(Fn, Fp)dV, = 0;
s

,1M— 00
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Remark 3.4. From Proposition 3.2. it results that h,(F,, F) is V, -
measurable, Yn € N;p € Q.

Definition 3.5. Let F': S — Y be a ¢ - integrable multifunction. The
sequence (Fy), in definition 3.3. is said to be a defining sequence for F'.
For every E € A, p € QQ we have:

o / Fody, / Fodyp) < / o (F, Fy)dV, < / o (Fo, )V
FE FE E S

n,Mm— 00

Since lim [ hy(F,, Fy,)dV, = 0, the sequence {f Fndcp} is Cauchy
S E n

in Y. The completeness of Y implies that lim [ F,dp exists in Y and this
n—>ooE

limit is uniformly with respect to E € A.
Define [ Fdyp = lim [ F,dy to be the integral of F over E, VE € A.
E TR

Theorem 3.6. If F : S — Y is a ¢ - integrable multifunction and
L(E) = [ Fdp,VE € A, then T is a multimeasure.
E

Proof. It results straightforward from Definition 3.3, 3.5 and Theorem
2.3. In fact, let (F},),be a defining sequence for F' and Eq, Fy € A, E1NEy =
(). Then we have

['(E1 U Eq)= /chp: lim / F,dp = lim /Fndgo—i- lim /Fndgoz

n—oo

FE1UE> E1UE> En Eo
- /ngp+ /ngo = I(Ey) + T(E»).
E1 FEo

Proposition 3.7. Let F': S — Y be a ¢ - integrable multifunction with
defining sequence (Fy,),. Then for each p € Q we have:

a) The function ||F|, is V, - integrable and /]FHp a, =
E

— lim /HFan dV,, VE € A;
E
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b) lim [ hy(F,, F)dV, =0.

n—oo

S

Proof. It follows once again from Definitions 3.3. and 3.5. |

Remarks 3.8. 1) If X =R, Y = {{z}|z € R}, F = {f}(f is a function),
= {u}(p is finitely additive) and F' is ¢ - integrable, then [ Fdy =
E

{f fdu}, E € A, where ffd,u is the Dunford integral [8].

) If X = RY—{{:EHQJER} F ={f} (f is a function) and F'is ¢ -
integrable, then f is Brooks - integrable with respect to ¢ and [B] [ fdy =
E

f Fdyp,E € A, where [B f fdp is the Brooks integral [2].

) IfX =Rand ¢ = { p} (pis finetely additive), then we get the integral
defined by Martellotti - Sambucini ([10]) for F' with respect to .

We can get the following results.

Theorem 3.9. Let F,G : S — Y be ¢ - integrable multifunctions. Then
for every p € Q,

hy /chp,/Gdgo < /hp(F, G)dV,, VE € A.
E

Theorem 3.10. If F': S — Y is a ¢ - integrable multifunction, then
for every p € Q,

H / Fdyll, < / |FllydVy, VE € A.
E

If we setT'(E) = [ Fdp, VE € A, then v,(T, E) = [ ||F|,dV,, VE € A.
E E

Theorem 3.11. If F : S — Y is a ¢ - integrable multifunction and
I'(E) = [Fdp, VE € A, then T < V,, Vp € Q (i.e. Vp € Q,Ve >

B
0,3d(e,p) > 0 such that vy,(I', E) < e for all E € A with V,(E) < 9).
The definition of integral (3.5) is consistent:
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Theorem 3.12. Let (Fy,)n, (Gn)n be two defining sequences for a ¢ -
integrable multifunction F: S — Y. Then:

/ngo = lim /Fndcp = lim /Gndgo,VE e A
n—oo n—od
E E E

Proof. From Definitions 3.3 and 3.5 it follows that h,(F,, Gy) Y,y
Let ¢ > 0 and A, = {s € S; hp(F(s),Gn(s)) > e}. Since a) - Theorem 2.4,
for all sufficiently large n > ng, we have:

o / Fody, / Grdip) < / o (Fy G )V, =
E E

E
(1) = /hp(Fn,Gn)dvar/hp(Fn,Gn)deé
ENnA, E\A,
< / hyp(Fn, Gp)dV), + ca.
ENA,

Using the Vitali - Hahn - Saks Theorem, by a standard proof, it results

that lim hp(Fn,Gp)dV, = 0. So, from (1), we obtain
ENA,
lim h, <f F,dyp, fGndgo) = 0,Vp € Q and the theorem is proved. [ |

Definition 3.13. A finite or countable family of pairwise disjoint sets
(E;); € A will be called a @ - uniformly exhaustion of S is for each £ > 0

ng
there is ng € N such that V,(S\ U E;) <e, Vp € Q.
i=1

Proposition 3.14. Let {E;}ien C A be a Q - uniformly exhaustion of
[e¢]

S such that S = |J E;. Let (Cp)nen+ C Y such that Vp € Q,3rp, > 0 such
i=1

that ||Cyllp < rp,Vn € N*. We define F = ) C; - 1g, (in the sense that for

=1
every s € S there exists a unique i = i(s) € N* such that s € Ei5) and so
F(s) = Cy(s))-
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Then F' is ¢ integrable.

n
Proof. It easily results that F,, = > C;-1g,,n € N* is a defining
i=1
sequence for F. |

Definition 3.15. A multifunction F': S — Y is said to be strong ¢ -
integrable if there is a sequence (F},),, of simple multifunctions such that:

(i) hp(Fn, F) 225 0;
(@) lim g hy(Fn, Fr)dVy = 0;

n,1M—00

uniformly with respect to p € Q.

Remarks 3.16.

a) From (ii) - Definition 3.15. it follows that hy,(F},, F') is V,- measurable,
VneN,peQ.

o0
b) Let F = > C;-1p,, where {E;}ien- is a @ - uniformly exhaustion for
i=1
S and (Cp)nen+ C Y has the property: 3r > 0 such that ||Cyl[, <
r, Vn € N*,p € . Then F' is strong ¢ - integrable.

Theorem 3.17(Vitali). Let F : S — Y be a multifunction, (Fy)n
be a sequence of strong o - integrable multifunctions F, : S — Y and
In(E) = [ Fodp, VE € A,n € N such that, for every p € Q we have:

E

(i) hy(Fa, F) =55 0;
(i1) Ty, < V) uniformly in n € N.
Then F is ¢ - integrable and [ Fdp = lim [ F,dp, VE € A.
E TR

Proof. Since (i) we have lim V,({s € S;h,(F,(s), Fm(s)) > €}) =
0, Ve > 0. ’
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From (ii) it follows that the sequence ([ F,dp), is Cauchy in Y and

E
consequently it is convergent, VE € A. Since F), is strong ¢ - integrable for
all n, there is a defining sequence (G})ren for F), such that:

(@) hlGiF) 20
uniformly in p € Q.
B [ (Grepay, =0
;00
S

Let Hpk = {s € S;hy(GR(s), Fu(s)) > 5= }. Then uniformly in p € @,
for all n € N there is k(n) € N such that Vp(H ) < 3 and [ hy(GY, Fp)dV,
S

< %,Vk > k.
Let By = H® ) Then lim V,(BE) = 0 uniformly in p € Q and if we
put G, = G%(n), then h,(Gyr(s), F(s)) < 5=, Vs € cB. Since |hy(G, Gn)—

hp(Gm, F)| < h (Gn,F) < hp(G%(n), Fo)+hp(Fn, F), hy(Gp, F) is V), - mea-
surable and h, (G, F) — 0.
Since for all sufficiently large n, k, [h,(Gh, Fn)degz%, [ hy(Gy, Fy)dVy
S S

gQL’C and from (ii), [ hy(F,, Fy)dV, < e, we have:
S

/ o (Gy G )V, < / (G, Fa)dV), + / o (P, Fo)dVy+
S S 1 S 1
—l—/hp(Fk,Gk)de < 27 + e+ 27

so lim [ hy(Gp,Gi)dV, = 0. Thus F is ¢ - integrable and

n,k—oo S

(4) /ngp = lim /Gndgo, VE € A.
E

From theorem 3.9. it follows h,( [ Gndep, [ Fhdp) < [ hy(Gy, Fy)dV, <
E E E

2%, therefore lim h), (andgp, and<p> =0, Vp € @ which is equivalently
n—oo E
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to
(5) lim [ Fhdy = lim /Gndcp.
n—oo n—oo
E E
From (4) and (5) it results [ Fdy = lim [F,dp, VE € A. This
E TR
completes the proof. [ |

As a consequence of Vitali Theorem we have a Lebesgue type theorem.

Theorem 3.18(Lebesgue). Let (F,), be a sequence of strong ¢ -
integrable multifunctions F,, : S — Y. Let F : S — Y be a multifunction

such that hy(Fy, F) Y, 0, Vp € Q. Suppose there exists g € L'(S,A,V,)
such that || Fo(s)|lp < |g(s)], Vs € S,n € N,p € Q. Then F is ¢ - integrable
and [ Fdp = lim [ F,dp, VE € A.

E TR

Proposition 3.19. Let (F,), be a sequence of strong ¢ - integrable
multifunctions that converges to F uniformly with respect to s € S and
p € Q. Then F is strong ¢ - integrable and [ Fdp = lim [ F,dp, VE € A.

E TR

Proof. We act like in Theorem 3.17(Vitali). Since F), is strong ¢ -
integrable for all n € N, there is (G})ren a defining sequence of simple
multifunctions for Fj,. Then for every ¢ > 0,n € N, there exists k(n,c) € N
such that, for k > k(n,¢)

{s € S;hp(Gi(s),Fn(s)) >} =0
and for n suitable large
{s € S;hp(F(s), Fn(s)) > e} = 0 uniformly in p € Q.

1, then (Gy,),, is a defining sequence for F' uniformly

If we take G,, = GZ(mZ")
inp e Q. ]

Examples 3.20.

1) Let X =R, Y = {A € Prc|]A C R} p(E) = [ (E), pe(E)] for any
E € A, where pi, o are positive bounded finitely additive and p; < pa.
Let F' be the interval [f, g], where f, g are real functions such that f < g.
Suppose there exists (fp)n, (gn)n defining sequences (with respect to ) for
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f, g respectively, such that 0 < f,, < gn,Vn € N. Then F is ¢ - integrable
and [, Fdp = [gfdul,fgdug] , Ee A
E

2) Let X = {f: S5 — R}, Q = {pz|x € S} where p,.(f) = |f(z)], Vf €
X.
Let Y ={{f}[fe X}and p: A=Y, p(E) = {1}, VE € A.
Let F': S — Y be a multifunction F(s) = {gs},s € S, and suppose there
is a partition of S, {A;}}_, C A, and for every i € {1,2,---,1}, there exist
(fI")n + S — R satisfying the condition:

l
Z fi' - 14, is pointwise convergent to u, where
i=1

u: S — Ris defined by u(x) = g,(z),Vz € S.
Then F is ¢ - integrable and [ Fdp = {u}.
S
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