ANALELE STIINTIFICE ALE UNIVERSITATII ” AL..CUZA” TASI
Tomul XLIX, s.I a, Matematica, 2003, f.1.

ON /,—~STABILITY IN VARIATION OF DIFFERENCE
EQUATIONS OF VOLTERRA TYPE

BY

GABRIELA GALESCU and PAVEL TALPALARU

1. Introduction. The method of variation of parameters is well-known
tool in the investigation of the properties of solutions of difference equations.
It has been proved that the nonlinear version obtained by AGARWALL [1], [2]
and BAINOV and SIMEONOV [3] is extremely useful and effective technique
in the investigation of nonlinear problems.

In contrast to the usual Lyapunov function method, the use of a vari-
ation of parameters formula does not require that the unperturbed system
satisfy very stringent hypotheses, and qualitative estimates are easily ob-
tained.

In this paper, we shall investigate the stability properties of perturbed
Volterra difference systems by combining the method of variation of param-
eters and the theory of difference inequalities.

We shall establish several criteria on so—called /,-stability and growth
properties of solutions of the perturbed Volterra difference systems under
the assumption that information on certain stability properties of unper-
turbed system is available.

The aim of the present paper is to extend parts of results from [4] con-
cerning the uniform LP-stability in variation of integro—differential equations
to the case of certain difference systems of Volterra type. Actually we con-
tinue the study of the relationship between different kinds of behavior for
difference equations begun in some of our earlier papers [5], [6].

2. Preliminaries. Now we explain some notations employed in this
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article. As usual, we denote by N the set of all nonnegative integers;
N(ng) = {no,no + 1,..., }, where ng € N; R? the ¢-dimensional real Eu-

q
clidean space with norm |z| = Z |zi|, x = (21,22, ..., 2q); for a ¢ X ¢ matrix
=1
' q
A = (a;j), define its norm |A| by |A| = maxz lagj].
i 4
=1

In the sequel we are interested in the relation between solutions of the
unperturbed difference system (equation)

(Po) z(n+1) = f(n,z(n))

and the solutions of its perturbed difference Volterra type systems

n—1
P1) y(n+1) = fn ) + 3 gln,s,y(s)),
respectively,
n—1
(Po) y(n+1) = f(n,y(n)) +h(n,y(n)) + Y g(n,s,(s)),

where f,h : N(ng) x R? — R? and g is defined for n > s > ng and
0

ly| < H < oo having its values in R?. We assume that f, = a—f exists
x

and is continuous and invertible on N(ng) x R? and also that f(n,0) =
= h(n,0) = g(n,s,0) = 0. Let z(n) = x(n, ng, xo) be a solution of (Py) with
x(ng, no, o) = o and, respectively, y(n) = y(n,ng,yo) a solution of (P)
or (P2) with y(no, 0, %0) = o

At the same time, we consider the associated variational difference sys-
tem

(V) z(n+1) = fo(n,z(n,ng,zp))z(n)

of (Pg) with respect to the solution z(n, ng, xg), for which the fundamental
matrix solution ¢(n,ng, zo) is given by ([1])

6 ) 9 . . .
o(n,ng,xo) = M, ¢(ng, ng, xg) = I identity matrix).
8.%'0
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For two solutions x(n,ng,xo), x(n,ng,yo) of (Py), existing for n € N(ng)
and such that xg, yo belong to a convex subset of IR?, we have

x(n, no, yo) — z(n,ng, o) =
(2.1) 1
_ [/O é(n,no, zo + s(yo — $0))d8] (yo — o),

from where one obtains

1
(2.2) (n,ng, o) [/ o(n nojsxg)ds} o
0
r) =

We note that in case when f(n, A(n)x, where A(n) is a ¢ X ¢ matrix on
N(ng), we have ¢(n,ng,9) = X (n)X 1(ng)zo, X(n) being a fundamental
matrix for the corresponding system

(L) z(n+1) = A(n)z(n).

If z(n) and y(n) are the solutions of (Py), respectively, (P1) with z(ng) =
= y(np), then the following formula of Alekseev type holds ([1], [2], [3])

-1

(23) yin) == [ / o+ 1,u(y(6), )| 3 s p(5).

l=ng S$=no

where u(y(£),7) = f(l,y(0)) + 7 Z g9(4,s,y(s)), 0 <7 < 1. As is custom-

s=ng
k k

ary, in the following we use the convention Z u(i) =0, Hv(z) = 1 when
i=s i=s

s> k.

An analogous formula to (2.3) is true when y(n) is a solution of (P2)
with y(ng) = z(ngp).

We now give the definitions of different kinds of stability and of the
concept of slowly—growing, in terms of behavior of solutions of (Py) and of
the variational system (V).

Definition 2.1. The solution = 0 of Eq. (Pg) is said to be:

a) Uniformly stable in variation (USV), if there exist M > 1 such that
|p(n,n0,x0)| < M for all n € N(ng), whenever |xo| < H;
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b) Exponentially asymptotically stable in variation (EASV), if there ex-
ist L>1 and A>0 such that |¢(n, ng, z¢)| <L exp[—A(n—no+1)] for all
neN (ng), whenever |zg| < H;

c) Uniformly €,-stable in variation (p > 1) (UL,-SV), if it is (USV) and

o
Z |z(€, ng, zo)|P < oo for all |zg| < H;
l=ng

d) Generalized slowly—growing in variation (GSGV), if |¢(n,no,xo)| <

n
< L(ng) exp (Z a(s) | for alln € N(ng), whenever |zg| < H, where
s=ng
L(n) is a positive function and «(n) is a real function defined on
N(no);

e) When L(n) = L = const. > 1, the solution x = 0 is said to be generalized
uniformly slowly—growing in variation (GUSGV).

With regard to the definitions of different kinds of stability of the solu-
tion y = 0 of Eq. (P1) or (P3) we shall use the classical ones.

Definition 2.2. The solution y = 0 of Eq. (P;) or (P2) is said to be:

a) Stable (S), if for every € > 0 and any ng€N there exists 6=3(ng,c) > 0
such that |yo| < 0 and n€N(ng) imply |y(n,no,v0)| < &;

b) Uniformly stable (US), if it is (S) and the above ¢ is independent of ng;

c¢) Exponentially asymptotically stable (EAS), if there exists A > 0 and for
every ¢ > 0 there exists d(ng,e) > 0 such that ng € N, |yo| < ¢ and
n € N(ng) imply |y(n,no,y0)| < eexp[—A(n —no)l;

d) Globally exponentially asymptotically stable (GEAS), if there exists A >
0 and for any a > 0 there exists L(a) > 1 such that |yo| < a and

n € N(no) imply |y(n, no, yo)| < L(e) exp[=A(n — no)][yol;
e) Uniformly ¢,-stable (UZ,-S), p > 1, if it is (US) and

Z ly(€, mo, yo|P < oo for all |yo| < H.

l=ng
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Finally we give

Definition 2.3. The solutions of Eq. (Py) or (P2) are said to be
uniformly bounded (UB), if for every a > 0 there exists §(a) > 0 such that
no € N, |yo| < @ and n € N(ng) we have |y(n,no,yo)| < B(a).

Regarding the functions g(n,s,y) and h(n,y), throughout this paper,
we shall make growth hypotheses of the following kind:

Assume that there exist positive functions a(n) and b(n, s) defined for
n > s > ng such that for |y| < H

(H1): [g(n,s,y)| < b(n, s)|yl;

(H2): [h(n,y)| < a(n), [g(n,s,y)| < b(n, s)|yl;

(H3): |g(n,s,y)| < b(n,s)|yl™, 0<m<1;

(H4): |h(n, y)l < a()ly|™, lg(n,s,y)| < b(n, s)ly|™, 0 <m <1
(H5): |g(n,s,y)| < a(n) +b(n,s)|y/™, 0<m < 1.

In view to develop different stability or growth relationships between
solutions of systems (Pg) and (P;) or (P32), we need some auxiliary results.

Lemma 2.1. ([5; Lemma 2.1]) Let there exist functions u(n),v(n),
h(n,s) and w(p) such that:

a) u(n),v(n),h(n,s) are nonnegative for n > s > ny;
b) w(p) is positive, continuous and nondecreasing for p > 0;
c) for any n € N(ng) we have the inequality
n—1 ¢
n)<ct (uaw@4m)+»§:ima@w@4@>,
{=ng s=no

where ¢ > n(ng) is a positive constant. Then, for any n € N(ng) we

have
n—1 ¢

(2.4) Qu(n) < )+ 3 (o) + 3 h(t, s>] ,
{=ng s=ngo

dz _
w(z)

me@:/
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Remark 2.1. When w(p) = p, (2.4) becomes

l
v(0)+ > hL, s)] :

s=ng

n—1
(2.5) u(n) < cexp Z

{=ng

Using the properties of w it follows that there exists Q7! and (2.4) can
be written as

14

v(l) + Z h(ﬁ,s)] , nog<n<T,

s=ng

n—1
(26)  u(m) < Q)+ >

{=ng

n—1
where T'=sup{ n > ng : Q(c) + Z

4
v(0)+ > (L, s)] € dom Q™!

l=ng S$=ngo
In the particular case when w(p) = p™, 0 < m < 1, we have
:1]0,00) — [0,00), and one obtains the estimate
_— ’ 1/(1-m)
(2.7) u(n) < [+ (1 —m) Z (v(s) + Z h(¢, s)) , meN(nop).
l=ng s=ng
When w(p) = p™, m > 1, we have Q : (0, 00) — (—00,0), and one obtains
1 ‘ —1/(m—1)
(2.8) u(n) <c|l-(m—1)¢" "> (““HZ h(¢, s)> , neN(ng).
{=ngo S$=ngo

Lemma 2.2. ([6; Lemma 2.1]) Let there exist nonnegative functions
u(n),v(n), h(n,s) such that for any n € N(ng) we have

n—1 14
u(n) <wv(n)+ Z Z h(£,s)u™, 0 <m < 1.

{=ng S=no
Then, for any n € N(ng) are true the estimates:

14

n—1
u(n) < wv(ng) exp Z Zh(ﬁ,s) +

{=ng S=no

n—1 n—1 k
+ Z Av(?) exp [ Z Z h(k@éﬂ] ,

t=no k=(+1 s=no
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if m =1, respectively
1/(1—m)

n—1 J4
(2.10) u(n) < (L—m) o)+ [ D Y AL s) ,

{=ng s=no

if 0 <m < 1.
We note that when v(n) is assumed to be nondecreasing, then (2.9)
reduces to

n—1 14
(2.11) u(n) <v(n)exp | Y Y h(l,s)|, n € N(ng).

l=ng S$=no

Indeed, because Av(¢) > 0, from (2.9) one obtains

n—1 /£ n—1 ¢ n—1
u(n)=v(no)exp | Y Y h(ls)| +exp [ DY Al s)| > Av(l) =

{=ng S=no {=ng S=ng l=no

n—1 y4
=v(n)exp | Y > h(ls)

l=ng S=ng

Lemma 2.3. ([6; Lemma 2.2]) Let a be a real function defined on
N(ng). If there exists a constant K > 1 such that

Z exp [Z a(s)] < K, foralln € N(ng),

{=ng s=/{

then

n

(2.12) lim exp | Y a(f)| =0.
l=ng

We note that (2.7) is possible only if a(s) < 0.

Lemma 2.4. ([6; Lemma 2.3]) Let A be a positive constant and g(n)>0 a
function defined on neN(ng) and g(n)>0 a function defined on n € N(ng)
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and g(n) € li(ng). Then Z exp[—A(n — 0)]g(l) € Lp(no), p > 1, and
{=ng
therefore it tends to zero as n — oo.

As immediate consequences of Lemmas 2.1 and 2.2 we have the following
results:

Corollary 2.1. Assume that v = 0 of Eq. (Pg) is (USV), that (H5)
holds with sa(s) € £1(ng) and Z b(¢,s) € l1(ng). Then the solutions of

s=ng

(P1) are (UB).
Indeed, if 0 < m < 1, according to (2.2) and (2.3) we have

n—1 n—1 (-1
ly(n)] = [y(n,no, yol < M {lyol + Y La(@)+ Y > bt s)ly(s)|™ | ,
l=ng f=ng S$=no

for all n € N(ng). By using Lemma 2.2, formula (2.10), we get

n—1
|y(n7 n07y0)‘ < M(l - m)_l ‘y0| + Z ea(g) +

f=ng

n-1 (-1 1/(1=m)

+ MY D b(ts) ,

f=ng S=no

from where the desired result.
To prove our assertion if m = 1, we shall use Lemma 2.2, formula (2.11),

n—1
since in this case v(n) = M ||yo| + Z la(f) | is nondecreasing.

l=ng
Corollary 2.2. Assume that v = 0 of Eq. (Pg) is (USV), that (H4)

l
holds and a(¢) + Z b(¢,s) € £1(ng). Then the solutions of (P3) are (UB).
s=ng
To prove this corollary we use Lemma 2.1, formula (2.7). We note that
when (H4) is satisfied with m = 1 we use (2.5) to prove the formulated
assertion.
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3. Relationship between the (U/,-SV) and the (U/,-S). This
section is devoted to the study of the relationship between the (U¢,-SV) of
x =0 of Eq. (Py) and the (U¢,-S) of y = 0 of Eq. (Py) or (P2).

In the following we shall assume that there exists a positive constant K
such that

00 ¢
(3.1) Z Z b(l,s) < K < 0.

{=ng Ss=no

Theorem 3.1. Assume that x = 0 of Eq. (Pg) is (Ul,-SV) and that
(H1) and (3.1) hold. Furthermore, we assume that

p/q

n l q
(3.2) v(n) = Z [Z b(¢, 3)] eli(ng), pt4+q¢gt=1

f=ng Ls=no

Then y =0 of Eq. (P1) is (U{,-S).

Proof. From the (Ul,-SV) of z = 0 of Eq. (Py), it is also (USV) and
since (3.1) holds, by [5; Theorem 3.3] it follows that y = 0 of Eq. (P;) is
(US). To show that |y(n,no,yo)| € £p(no) whenever |yo| < H, we shall use
formula (2.3). So, we have

[y (n, no, yo) P <

n—1 -1 p

< 207 S fa(n o, yo) [P+ MP | YN b(E,8)|y(s,no. yo)|

l=ng $=no

IN

n—1 -1 p

< 2 Va(n,no,yo)l? + 207107 | 573 bls)y(s)|

{=ng S=no
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where v(n) = sup{|y(s, no,yo)|; n = no,no + 1, ...,n}. Hence

|y<n7 no, yO) ’p <

n—1/0-1 q1P/e
<AP(n)<27a(m, no, o) [P-+27~LMP Z<Z ble; )> > 0=
f=ng \s=ng l=ng
n—1
= 27" a(n, o, yo)|P + 201 MPu(n) Y 4P(0).
l=ng
For arbitrary k € N(ng), we obtain
k k k n—1
> APm) <2271 [a(n,no,yo)P +2PTIMP D w(n) Y AP(0) <
n=no n=ngo n=ngo {=ng
m n—1
<K+ Ky Y on) Y 4P(0),
n=no f=nyg

oo
where K; = 2P~} Z lz(n,no, yo)|P, Ko =2P"1MP.
n=ng
From here, by Bihari’s inequality (formula (2.5) for h(n,s) = 0), one
obtains

k k 00
Z vP(n) < Ky exp [Kg Z v(n)] < Kjexp [Kg Z v(n)] )

n=no n=ng

o0 o0
for any k € N(ng), and therefore Z ly(n, no, yo)|P < Z Y(n) < oo, ie.,
n=ng n=ng
Theorem 3.1 is proved.

Remark 3.1. An analogous result can be formulated for y = 0 of Eq.
(P2). To this end, we shall assume that x = 0 of Eq. (Pg) is (U{,-SV),

(H2) and (3.1) hold and z”: a(l) € t1(nop), v(n) € £1(no).

n=ng

Corollary 3.1. Assume that x = 0 of Eq. (Pg) is (U{,-SV) and (H3)
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holds. Moreover, we assume that
p—m

n 4 T
w(n) = Z [Z b(¢, 3)] € l1(ng), where r =p/(p —m).

f=ng Ls=no
Then all solutions of (P1) belong to £,(ng).

Proof. By using hypothesis (H3) and the Minkowski-Holder inequality,
we have as above

m

n—1 n—1 rPr n—1
Py <7 | o gl 4 M S (z e s>) S~ 700

fzno S$=no fzno

Again, for arbitrary k € N(ng), we obtain

k m

k n—1
Yo SKi+ K Yy wn) | Do)

n=ng n=ng t=ng
and, by the inequality (2.7), it follows

G b 1/(1-m)

ST < K (- m)Es Y w(n) ,

n=ng n=ng

for any k € N(ng). Therefore |y(n, ng, yo)| € ¢1(no).

Remark 3.2. The conclusion of Corollary 3.1 remains valid when m=1
P

n L
if we assume that w(n) = Z Z b(l,s)| € li(ng) and 2PTIMPK < 1,

{=ng S=no
p

where K = sup Z Z b(¢,s)| :n e N(ng)

Remark 3.3. A result similar to Corollary 3.1 can be formulated for
Eq. (P2) if we assume that (H4) holds and, in addition,

p—m

Z T
a(t) + > be, s)] € l1(no).

s=ng

n

w(n) = Z

{=ng
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Similar results can be formulated when p = 1.

Theorem 3.2. Assume that x = 0 of Eq. (Pg) is (Ul;-SV), that (H1)
holds and (3.1) is satisfied with K < M~'. Then y = 0 of Eq. (P1) is
(U41-S).

Proof. The (US) of y = 0 of Eq. (P;) follows like in the proof of the
first part of Theorem 3.1. Further more, we have

y(n) < |z(n,no, yo)| + MK~(n) for all n € N(ny),

and therefore,

(o] (o] o0
S y(nino, o)l < 32 A(n) < (1— ME)™ S Ja(n,no, yo)| < oc.
n=ngo n=ngo n=ng

Remark 3.4. If we assume that x = 0 of Eq. (Pg) is (Ul;-SV),
that (H2) holds with K < M~! (K given by (3.1)) and, in addition,

> a(l) € ty(ng), then y = 0 of Eq. (P3) is (U41-S).

l=ng

Corollary 3.2. Assume that x = 0 of Eq. (Pg) is (Ul;-SV) and that
(H3) holds. Furthermore, we assume that

1-m

n 14 T
w(n) = Z [Z b, 5)] € l1(ng), where r = (1 —m)~L

{=ng Ls=no

Then all solutions of (P1) belong to ¢1(np).
Indeed, this time we have

P11/ 1/m
n—1 /-1 n—1

ly(n,m0,30)| < |2(n,m0,50)| + M | Y (Z b(¢, 8)) >0 ;
{=ng \s=ng l=ng

from where, by using the same argument as in the proof of Corollary 3.1,
one obtains the desired assertion.
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Remark 3.5. If we assume that x = 0 of Eq. (Pg) is (U¢;-SV), that
(H4) holds and, in addition, w(n) given in Remark 3.3 (with r = (1—m)~?!)
belongs to £1(ng), then all solutions of Eq. (P2) belong to ¢1(ng).

4. Relationship between the (GUSGYV) and the (U/,-S). In the
sequel we shall study the relationship between the (GUSGV) of z = 0 of
Eq. (Po) and the (U¢,-S) of y = 0 of Eq. (P1) or (P2). To this end, with
respect to the function a(n) from the definition of (GUSGV), we make the
assumption that there exists a number K > 1 such that

(4.1) Z exp [Z a(s)] < K, for all n € N(nyp).

{=ng s={

We note that (4.1) and Lemma 2.3 yield to

n

(4.2) lim exp Z all)| =0.
{=ng

Furthermore, we shall assume that

L
(4.3) sup { Z b(¢,s): 0 € N(no)} < (KL)%

s=ng

Theorem 4.1. Assume that x = 0 of Eq. (Py) is (GUSGV) and that
(H1), (4.1) and (4.3) hold. Furthermore, we assume that

n

p> a<s>] € ti(no),

s=no

(4.4) exp

n l L q
(4.5) Z exp (—q Z a(s)) <Z b(¢, 8)> < Kj,

{=ng s=ng s$=no

for alln € N(ng), p~ ' +q ' =1.
Then y = 0 of Eq. (P1) is (Ul,-S). Moreover, for every e > 0 there
exists §(e,no) > 0 such that for a solution y(n,no,yo) of (P1) for which

lyo| < 0 the relation Z ly(n,no, yo)|P < & holds.

l=ng
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Proof. By the definition of (GUSGV) and hypotheses (H1), (4.1) and
(4.3), in accordance with proof of the first part of Theorem 4.1 [6], it follows
that y = 0 of Eq. (P1) is (US). Then, by using the same type of reasoning
as in the proof of Theorem 3.1, we have

YP(n) < 2°7 {Lp exp (p > a(S)) |yol? + LP exp (p > a(S)) :

s=ng s=ng

n—1 l /—1 q p/a n—1
D exp (—q > a(S)) (Z b(¢, S)) > A0

{=ng s=ng s=nop l=ng

From here, for arbitrary k € N(ng), one obtains

k k n n—1
Z 7P (n) < Kalyol? + K3 Z exp (p Z a(s)) Z AP (0),
n=ng n=ngo EES 0] {=ng

o0 n
where Ko = 2P71LP Z exp (p Z a(s)) , K3 = 2p_1LpKf/q. Therefore,

n=ngo sS=n(

D ly(nno, 9o)[P< D - 47 (n)<Kalyol” exp K3 > exp (p > a(S)) <oo.

n=ng n=ng n=ng s=ng

The last assertion of the theorem immediately follows.

Remark 4.1. By using (2.2), it is a simple matter to show that
(GUSGYV) and (4.4) imply the (Uf)-SV) of z = 0 of Eq. (Py).

Remark 4.2. A similar result can be formulated for (P2) if we accept
(H2), (4.4), (4.5) and the (GUSGV) of z = 0 of Eq. (Pg). Moreover, we
shall assume that

n 14
Z a(?) € £1(np) and sup {a(ﬁ) + Z b(l,s): L e N(no)} < KL)%

{=ng s=ng

Theorem 4.1 takes a particularly simple form when a(n) = —\, where
A is a positive constant and b(n, s) = exp|—(A + o)n + oslc(s), o > 0 and
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¢(s) a positive function on N(ng). We note that in this case the (GUSGV)
of z = 0 of Eq. (Pg) reduces to its (EASV). Thus we have

Corollary 4.1. Assume that x = 0 of Eq. (Poy) is (EASV) and c¢(n) €
l1(ng). Then the conclusions of Theorem 4.1 hold.

Proof. Clearly that (4.1) and (4.4) are satisfied. Then, we have

L ¢ l
Z b(l, s) = e~ M) Z e%c(s) < e Z e’®c(s) — 0

s=ng s=ng s=ng

as { — 00, according to Lemma 2.4, so that (4.3) holds.
Again by using Lemma 2.4, since ¢(n) € ¢1(ng) and ¢(n) > 0, it follows

that Z exp[—o(n — s)e(s) € £y(ng), ¢ > 1, and therefore (4.5) is satis-
L=n

fied. So,oall hypotheses of Theorem 4.1 being accomplished, the conclusion
follows from above.

The results corresponding to those in Theorem 4.1, in the special case
p = 1, take the following form.

Theorem 4.2. Assume that x = 0 of Eq. (Pg) is (GUSGV) and that
(H1), (4.1) and (4.3) hold. Furthermore, we assume that

n

(4.6) exp | Y a(l)| € ti(no),
{=ng
(4.7) exp | — Z a(l) Z b(n,s) < K; < oc.
l=ng s=ng

Then y =0 of Eq. (P1) is (Ul1-S). Moreover, for every e > 0 there exists
d(g,m0) > 0 such that for each solution y(n,no,yo) of (P1) for which |yo| < &

the relation Z ly(n, no, yo)| < € holds.

l=ng
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Proof. The (US) of y = 0 of Eq. (P1) follows by the same arguments
made in the proof of Theorem 4.1. Then we have

n

ly(n,m0,90)| < Lexp | Y a(0)| lyol+

{=ng

n

n—1 ¢ -1
+Lexp Z a(l) Z exp (— Z a(s)) (Z b, s)) ~v(£).

l=ng l=ng s=ng s=nyg
From here, for an arbitrary k € N(ng), one obtains

k

k n n—1
> an) < Kolyol + LKy Y exp [ Y a(0) | Y (o),
n=ng n=ngo {=ng {=ng
oo n
where Ko = Z exp Z a(l)
n=ngo {=ng
By Bihari’s inequality one obtains
o0
Z ’y(n7n07 y0)| <
n=ng
o0 [e.e] n
< Z ~v(n) < Kalyo| exp | LK, Z exp Z a(s) <
n=ng n=ng t=ny

< KQ’yO‘ exp(LKlKg) < Q.

From this inequality it follows the last part of the theorem.
A result analogous to Corollary 3.1 is given by

Theorem 4.3. Assume that x = 0 of Eq. (Po) is (GUSGV) and that
(H3) and (4.4) hold. Furthermore, we assume that

n 4 4 "
(4.8) Z exp (T Z a(s)) (Z b(¢, s)> < K1, for alln € N(ng),

{=ng s=ng s=no
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where v = p/(p —m). Then all solutions of (P1) belong to £,(no).

Proof. By using hypothesis (H3) and Holder inequality, we have

n n
ly(n,mo,y0) P <271 LPexp [ p Y a(l) | [gol? + LPexp | p Y a(f)

l=ng l=ng

n—1 ¢ -1 M1P T "
. Z exp (r Z a(s)) (Z b(¢, 5)) Z ~(0)
l=ng S$=no s=ngo l=no
So, one obtains
k k n n—1 m
> AP(n) < KalyolP + K3 > exp(p Y a@) ] [ D 70|
n=ng n=ng {=ng l=ng

for any k € N(ng), where

o0 n
Ko=2""10" Y exp [p D a(0) |, K3 =20 1LPKY/" = op~1KD™™,

n=no {=ng

An application of the inequality (2.7), with v(n) = 0, yields to

1/(1-m)
k k n
Y AP(n) < | (KalyolP)' ™™ +(1—m)Ks > exp [p ) o) :
n=ng n=ng f=np

from where one obtains the desired result.

Remark 4.3. Analogous results can be formulated as regard the so-
lutions of (P1) when p = 1, respectively, for the solutions of (P3) under
hypothesis (H4), p > 1.
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