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Abstract. In this note it is shown that point-wise limit of transfinite sequence of
B*-continuous functions and uniform limit of a sequence of B*-continuous functions is
again B™-continuous; but this property is not shared by the quasi-uniform convergence.
Again it is establish that B*-continuity of uniform limit of a sequence of B*-continuous
functions is transmitted to the oscillation-type function associated with the B*-continuous
function. Also quasi-uniform and quasi-normal convergence of sequence of real-valued
B*-continuous functions are compared.
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1. Introduction. The notion of quasi continuity for real functions of
several real variables was introduced by S. Kempisty as a generalization of
notion of continuity and it has been intensively studied since then. The
other types of generalized continuity appear in the literature viz., cliquish-
ness, simply continuity, B-continuity etc. We introduce another type of
generalized continuity called B*-continuity making slight generalization of
the definition of quasi continuity. W. Sierpinski initiated the investigation
of point-wise convergent of transfinite sequence of functions in the paper
[5].

Let Q be the first uncountable ordinal number; let X be a set and Y
be a metric space. A transfinite sequence { f¢}¢<q of functions from X into
Y converges point-wise to a function f : X — Y if for every x € X and
every neighborhood U of f(x) there exists an ordinal number 1 < {2 such
that fe(x) € U for every n < £ < Q. We shall denote this convergence by
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f¢ — [ or more precisely by %1<n§12 fe= 1.

Sierpinski himself proved that point-wise convergence of transfinite se-
quence of continuous function is continuous and that of Baire-1 function
is Baire-1 again. In 1974, A Neubrunnova (see [4]) showed that quasi-
continuity and cliquishness of functions from separable metric space to met-
ric spaces are preserved under the point-wise limit of transfinite sequence.

In the present paper first we discuss the question of preserving property
of being B*-continuity. It is well known that the sets of quasi continuity
and cliquish functions are closed with respect to the uniform convergence
(see [3]). In this note we show that the set of B*-continuity is closed under
uniform limit. In the final part of this paper we shall present and investigate
quasi-uniform and quasi-normal convergence as a convergence structure and
compare. Our terminology is standard. No distinction is made between a
function and its graph. Unless otherwise stated X and Y are topological
spaces. We recall the definitions, which will be used in the paper.

e A function f : X — Y is quasi-continuous at a point x € X if, for
each open neighborhood U of x and each open neighborhood V' of
f(x), there is a nonempty open set G C U such that f(G) C V. If f is
quasi-continuous at each point it is said to be quasi-continuous on X.

e A function f: X — Y (Y is a metric space with metric d) is cliquish
at a point z € X if for each € > 0 and each open neighborhood U of
x, there is a nonempty open set G C U such that, d(f(z1, f(x2)) <
e, Vx1,20 € G. If f is cliquish at each point, it is said to be so over
the whole of X.

o A set A C X is said to be B*-set if it is not nowhere dense in X and
have the property of Baire.

e A function f: X — Y is to be B*-continuous at x if for each open set
U containing = in X and each open set V' containing f(z) in Y, there
is a B*-set B C UN f~1(V). If f be B*-continuous at each point of
X, then f is B*-continuous on the whole of X.

e Let X be a set and Y be a metric space (with metric d). Then the
sequence {f,}o2; of functions f, : X — Y (n = 1,2,--+) is said to
convergence quasi-uniformly to a limit function f: X — Y, if

(i) fn converges to f point-wise and
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(ii) for every € > 0, for each n € N, there exists 7(n) € N such that

su min d i(z), f(z)) <e.

w | min (@), (@)

o Let fr,,f : X — R,n = 1,2,--- We shall say that the sequence
{fn}nen converges quasi-normally to f on X, if there is a sequence
{en}2y of nonnegative reals converging to zero such that for every
x € X there is an index k, such that |f,(z) — f(x)| < &, for every
n > k.

We can show by example that point-wise limit of a sequence of B*-
continuous function may not be B*-continuous.

Example 1. Let f,(z) = 2",z € [0,1].

0, ifz#1
f(x)_{ 1, ife=1
Then f,, — f point-wise. Now each f,, being continuous it is B*-continuous.
But f is not B*-continuous at x = 1.
But, point-wise limit of transfinite sequences of B*-continuous functions
remains B*-continuous.

Theorem 1. Let f, : X — Y where X be a separable metric space and
Y be any metric space, with metric d,(a < Q). If the transfinite sequence
{fa} of B*-continuous functions point-wise converge to f, then f is also
B*-continuous.

Proof. Let f be not B*-continuous at the point g € X. Let K(xq,9)
be a neighborhood of zp, where K (x¢,d) denotes the sphere with centre xg
and radius 6. Then T' = {t € X : d(f(t), f(xo)) > €} is dense in K (zo,0).
Let S be a countable dense subset of T. There is a § < {2 such that
a> 0, fo(x) = f(z),Yx € SU{zp}; (this follows from the lemma in [4]).

Let v > (3 is any fixed ordinal number. Then, f, is B*-continuous
at the point zg. Then, P = {z : d(fy(z), fy(z0)) < €} is not nowhere
dense in K (zg,d) and has Baire property. Therefore, 3 a nonempty open
set U C K(zo,9), such that U NP # (; where P = (O\I) U J, (O is
open and I,J are sets of first category). Therefore, P NS # (). Then
£ O\)NScCcPNS,UNS # 0, as S is dense. Let z € UNPNS,

then, d(fy(2), fy(z0)) < €. But, fy(2) = f(2), fy(x0) = f(x0). Therefore,
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d(f(2), f(zo)) < e, i.e. z ¢ S, which is a contradiction. Hence, f is B*-
continuous.

Like point-wise limit, the quasi-uniform limit of a sequence of B*-con-
tinuous functions is also not B*-continuous, which is clear from the following
example.

Example 2. Let {f,}°°, be a sequence, where f,, : R — R, be defined
by fo = X,1/n)((=1)".),Vn. Each f,, being quasi continuous (see [2]), it is
B*-continuous. Also f, — f = Xp. Let € > 0,m € N. Denote p =m + 2.
Then for x > 0, we have |fp4p—1(2) — f(z)| = 0 and for z < 0 we have
[Frtp(@) = F(@)| = 0. Therefore, min{|fre1(2) — F(@)],- - [ Frpla) —
f(x)|} <e,Vx € R. So, {fn} quasi-uniformly converges to f. But f is not
B*-continuous.

The following theorem indicates that the class of B*-continuous func-
tions is closed under uniform limit.

Theorem 2. Let f, : X — (Y,d)(Y is a metric space with metric d),
be B*-continuous functions (n € N), and f, — f uniformly on X. Then f
is B*-continuous.

Proof. Let p € X be an arbitrary point. Then, for any neighborhood U
of the point p, 3 a nonempty open set G C U such that theset H = {z € X :
d(fm(z), fm(p)) < €/4} is a set having the property of Baire, which is dense
in G. Let « € H. Then, d(f(z), f(p)) < d(f(2), fm(x)) + d(fm(z), fm(p)) +
d(fm(p), f(p)) < 3¢/4 < e. Hence, f(H) C {y € Y : d(f(p),y) < €}, ie,
HcUNf Y f(p)—e, f(p) +¢). Hence, f is B*-continuous at p.

We now introduce the concept of oscillation -type function related with
a B*-continuous function. Given a B*- continuous function f : X — (Y, d),
we associate a function Qf : X — [0,00] as follows: Let U(z) be a neigh-
borhood of a point € X and put Q¢(z,U(x)) = inf{sup{d(f(z), f(2)) :
z € B} : 3 anonempty open set G C U(z) and a set B having the property
of Baire such that B C G C cl(B)}; where inf is taken over all nonempty
open subsets G of U(x) and over all sets B having the property of Baire
and dense in G.

Define Qf(x) = sup Qs(x,U(z)). This function is an oscillation-type

U(x
function. )
The next theorem shows that B*-continuity of uniform limit of a se-

quence of B* - continuous functions is translated to that of the sequence
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Theorem 3. Let f: X — (Y,d), f, : X =Y, (n=1,2,---) where f,
are B*-continuous. If f, — f uniformly on X, then Qy, — Qf uniformly
on X.

Proof. Let ¢ > 0. Then 3N € N such that for n > Nd(f,.(x), f(x)) <
e,Vx € X. Let z € X be any point of X and let U(x) be a neighborhood of
x. As x is the point of B*-continuity for each f,, and f,d a nonempty open
set G and B C G is dense in G having the property of Baire. Then Vy € B,
we have by triangle inequality,

d(f(y), f(x)) < d(f(y), fa(y)) + d(fa(y), fu(x))+
+d(fn(2), () < 2d(fn(y); fn(2))-

In the same way we can establish that d(f,(y), fn(x)) < 2d(f(y), f(x)).
Therefore the above two inequalities imply that Q¢ (x,U(z))—Qy(z, U(x))|
< 2e.

Hence, [Qy, () — Q¢(z)| < 2e for n > N and for every x € X.

Note. It is shown in a paper (see [1]) that the quasi-uniform conver-
gence as well as quasi-normal convergence imply point-wise convergence,
but they are both implied by the uniform convergence.

The following examples show that neither quasi-uniform convergence
nor quasi-normal convergence includes the other.

Remark 1. The sequence { f, }nen of functions in example 1, is quasi-
normally convergent to f, as can be checked easily; but they are not quasi-
uniformly convergent to f.

Remark 2. The sequence of functions in example 2, is quasi-uniformly
convergent to f, but they are not quasi-normally convergent.
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