ANALELE STIINTIFICE ALE UNIVERSITATII ” AL..CUZA” TASI
Tomul XLIX, s.I a, Matematica, 2003, f.1.

A GOULD TYPE INTEGRAL WITH RESPECT TO A
MULTIMEASURE II

BY

A. M. PRECUPANU, A. CROITORU

Introduction. In an earlier paper [3] we have introduced a Gould type
integral for bouded functions f : (S,.A) — R (S is a nonempty set and A
is an algebra of subsets of S) with respect to a finite additive multimeasure
¢+ A — Pp(X) of finite variation (Prc(X) is the family of nonvoid compact
convex subsets of a Banach space X). In the present paper we define a
Gould type integral in the general case when f may be not bounded and
the multimeasure ¢ may be not of finite variation. We also study some
basic properties of this integral and we establish a Lebesgue type theorem
of dominated convergence.

1. Terminology and Notations. Let S # ¢ be an arbitrary set and
A an algebra of subsets of S. Denote by (S,.4) a measurable space and by
(X, ]| -]|) a real Banach space. Pg.(X) = Pg. is the family of all nonempty
compact convex subsets of X and D is the usual Hansdorff metric defined
on Pk.. We define |A| = D(A,0), A € Pg., where § = {0}. If A, B € Py,
A € R, then

A+B={z+y|lxzecAye B}
M={ x|z e A}
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Definition 1.1.
a) A partition of S is a finite family P = {E;}!' | C A, E;NE; = ¢(i #

n
Jj) such that UEZ =6S.
i=1

b) Let P, P’ be two partitions of S, P = {E;}]';, P' = {B;}7;. P'is
finer than P (denoted P’ > P) if for any j € {1,...,m}, there is
i€ {1,...,n} such that B; C E;.

c¢) The common refinement of two partitions P = {E;};_;, P’ = {B;}.,
is the partition P A P’ = {E; N Bj}.

Definition 1.2. If p: A — X is a finitely additive measure, then we
define:

u(E) = supfflu(A)[; Ac A,LAC E} (V)E € A

and

fi*(B) = inf{fi(E); E € A,BC E},(V)BC S.

Remark 1.3. The positive set functions p and g* are monotone and
subadditive. If u is countably additive, then & is countably subadditive.

Definition 1.4. Let p: A — X be a finitely additive measure. Let
fy (fn)new be real functions defined on S. The sequence (f,,)nen is said to
be convergent in y—measure to f (denoted f,->f) if Ve > 0,

lim " ({s € 8| fuls) — ()] > }) = 0.

Definition 1.5. Let p: A — X be a finitely additive measure.

a) A set F € Ais said to be u—bounded if {||u(B)||; B € A,B C E} is
a bounded set.
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b) (S, A, p) is said to be non-degenerate if for any y—unbounded set
E € A there exists a > 0 such that every p—unbounded set
B C E,B € A, contains a u— bounded set C C B,C € A, such
that [|u(C)] > «a.

In what follows we consider multifunctions ¢ : A — Py, for which

p(¢) = 0.
Definition 1.6.

a) A multifunction ¢ : A — P, is said to be a multimeasure if

(1) P(E1 U Es) = @(E1) + ¢(E2),VE, Ey € A, By N Ey = ¢.
b) A multifunction ¢ : A — Py, is said to be countable additive or

o
o-additive if for every sequence {E,}°°; C A with U E, € Aand

n=1

EnﬂEm :¢(n7ém)a

o0

o
(2) e(UJEn) =D o(EBn),
n=1 n=1
where the sum in the right side of equality is the limit in Hausdorff

n
distance of the sequence {Z@(Ek)
k=1 neN

Definition 1.7.

a) Let ¢ : A — Py, be a multifunction. The total variation of ¢ is
the non-negative (possibly infinite) set function v(¢p,-) defined on A
as follows:

v(p, A) = v(A) = sup {Z | o(E:) | 5 (B C A,
(3) = i=1
E;NE; =¢(i # j),| JEi = A} VA€ A
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b) If v(S) < oo we say that the multifunction ¢ is of finite variation.

If ¢ is a multimeasure, then v(yp,-) is finitely additive and if ¢ is o-
additive the same is v.

Definition 1.8. For a multimeasure ¢ : A — P,
a) ¢ : A — [0, +00] we associate two real functions defined by:

(4) P(A) =sup{ | p(E)| ;E€ A, EC A},VA€ A
b) and v* : P(S) — [0, +o0] defined by
(5) v*(E) =inf{v(B); B € A, E C B},
where v is the total variation of ¢.
Remark. ¢ is monotone, subadditive and ¢(E) < v(p; E) , (V)(E) € A.

Definition 1.9. Let pu: A — X be a finitely additive measure and let
f S — IR be a given function.

a) f is said to be u-totally measurable over (S, A, ) (briefly u-totally
measurable) if for each € > 0 there exists a partition P. = {E;}!' , such
that 1(Ep) < e and sup |f(s)—f(t)| = osc(f, E;) <e,Vi€ {1,...,n}.

s,teElE;

b) If E € A, f is called u-totally measurable over E if the restriction
flE is p-totally measurable over (E, Ag, ug), where Ap = {ANE |
A€ A} and pp = plag-

2. The multivalued Gould integral. Bounded case. In this
section we recall some results concerning the multivalued Gould integral for
the bounded case [3]. We denote by ¢ : A — P, a multimeasure with total
variation v for which v(S) < +oo.

Definition 2.1. Let f: S — IR be a real function.

a) f issaid to be ¢p-totally measurable over (S, A, ¢)(briefly ¢-totally
measurable) if for each ¢ > 0 there exists a partition P. = {E;}!
such that (Ey) < € and osc(f, E;) < e,Vi € {1,...,n}.
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b) If E € A, f is called p-totally measurable on E if the restriction
flE is p-totally measurable on (E, Ag, ¢g), where pp = ¢|a,.

Definition 2.2. Let f: S — IR be a bounded function.

a) f is said to be p-integrable over (S, A, ¢) (briefly y-integrable) if
there exists A € Py, such that the following holds: given £ > 0 there
is a partition Py of S such that for any partition P = {E;}"; of S,

n

with P > Py and for any sum o(P) = Zf(si)gp(Ei),Vsi € Eii €
i=1

{1,...,n},

(6) D(o(P),A) < ¢

b) For E € A, f is said to be ¢-integrable over F if the restriction f|g
of f to E is p-integrable over (E, Ap, pp).

Definition 2.3. The element A from Definition 2.2 defined by:

A= | fap
S
is said to be the Gould integral of f over S with respect to ¢.

Definition 2.4. Let f : S — IR be a bounded function and ¢ : A — P,
a multimeasure with finite variation:

a) f is said to be strong-p-integrable with respect to ¢ on S (briefly
s--integrable) if there exists A € Py, such that for every € > 0 there
exists a partition P = {E;} ; of S with P > Py and Vs; € E;,i =
1,2...n, we have

n

> fsi)p(E) - Al <e.

=1
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b) The element A € Py, defined in a) is said to be the strong integral
(of Gould type) of f with respect to ¢ on S. This element A is denoted

by (S) [q fde.

Remark 2.5. We can easily see that the element A is uniquely deter-
mined.
We proved in [3] the following properties of Gould integrable functions.

I) If f:S — IR is a bounded function such that f = 0, p-almost
everywhere, then f is ¢-integrable and |, g fdp = 0.

IT) If f: S — IR is a p-integrable function on S, then for every T' € A,
f is @-integrable on T.

III) If f,g : S — IR are p-integrable functions, then D (/ fdep, / gdgp) <
S S
sup | f(s) — g(s)| - v(5).
ses

IV) If f: S — R is ¢-integrable, then for every a € R the function af is

p-integrable and
/ozfdgz):oz/ fdop.
S S

V) If f,g: S — R are two p-integrable functions on S such that
f(s)-g(s) >0 for all s € S, then f + g is ¢-integrable and

/S(f+g)dsz?=/sfds0+/sgds&-

VI) If f: S — R is ¢-integrable, then the multifunction I' : A — Py,
defined by

(7) (T) = /T Fdo WT € A,

is a multimeasure.
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VII) If f: S — R is ¢-integrable and I'(T") is defined by (7), then

© [ sae] < 2suplicol s

S ses
and T is absolutely continuous with respect to v(I" < v), that is for
every € > 0 there exists a d(¢) > 0 such that for every F € A with
v(E)<d=T(F)<e.

3. A multivalued Gould type integral. Unbounded case.
Throughout this section it is assumed that ¢ : A — Pi. is a multimea-
sure with total variation v and (S, .4, v) is non-degenerate.

For a function f :S — R we define

(9) M(f)={K € A;v(K) < oo and f is bounded over K}
and
(10) Mg(f) = M(f)NAp,VE € A.

Remark 3.1. If f : S — R is v-totally measurable, then M(f) # ¢. In-
deed, since f is v-totally measurable, for every € > 0 there exists a partition
P. = {E;}}_ of S such that v(Ep) < € and osc(f, E;) = sup |f(s)—f(t)] <

s,tel;
e,Vi=1,2,..n.

Let i € {1,2,...n} and yo € E; arbitrary fixed. Then for every x € E;
we have

[f(@)] = 1f(z) = flyo)l + |f(wo)| <&+ 1[f(yo)l = m,

that is f is bounded on every E;,Vi € {1,2,...n}.
Now we have two situations:

I) If v(S) < oo, then v(E;) < 4+00,Yi € {1,2,...,n} and consequently
E;e M(f),Vie{1,2,...,n} and hence M (f) # ¢.

IT) If v(S) = +oo, since (S5,.A,v) is non-degenerate there exists a > 0
and C € A,C C S such that a < v(C) < oo. Because f if v-totally
measurable on C' and v(C) < co we can apply the case I) and hence
again we have M(f) # ¢.



190 A. M. PRECUPANU, A. CROITORU 8

Definition 3.2. Let f : S — R be a real function. f is said to be
generalized ¢-integrable (briefly g-¢-integrable) on S if the following
two conditions are satisfied:

a) f is v-totally measurable;

b) there exists A € Py, such that for every € > 0 there exists K. € M(f)
with the property that for any K € M(f) with K O K. we have

D </decp,A> <,

where by / fdp we mean the integral in the sense of Definition 2.2.
K

Remark 3.3. It is easy to see that if f is generalized p-integrable, then
the set A from the definition 3.2 is uniquely determined.
Definition 3.4. If f : § — R is generalized p-integrable on S, the
element A € Py from the definition 3.2 is denoted by A = / fdp and is
S
called the generalized Gould integral of f on S with respect to ¢.
Using the definition 3.2 it is easy to prove.

Proposition 3.5 If f : S — R is generalized p-integrable and bounded
and v(S) < oo, then /fd(p = / fdep.
S S

Remark 3.6. According to this proposition we can use the same sym-
bol / fdp for the Gould integral in both situations ”bounded” or ”"un-

S
bounded”.

Theorem 3.7 The function f: S — R is g-p-integrable if and only if
the two conditions are satisfied:

a) f is v-totally measurable

b’) for every e > 0 there exists K. € M(f) such that for every K € M(f)
with K N K. = ¢ we have
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(11) ] /K fdcp’ e

Proof. In fact it is sufficient to prove the equivalence of b’) to the
condition b) from definition 3.2.

Let us show b) = b’)

By virtue of b) there exists A € Py, such that for every e > 0, (I) K. €
M (f) such that (V)K € M(f) with K D K. we have

(12) D (/K fdgp,A) <t

Let us take (V)K € M(f) with K N K. = ¢. Then K UK, € M(f) and
KUK, DO K, and from (10) we have

D dp, A
(o, 7454)

which, by virtue of Theorem 2.11 - ii) [3], is equivalent to

DN ™

| ™

(13) D </ fdcp+/ fdcp,A) <
K KUK.
Then, using (12) and (13) we have

| [ sas] ZD(/desoJr/gfdso,/gfdsO)S

e €
D(/dego—i— KEfd(p,A)+D<A,/I(fd<p><2+2:5

that is b’) is satisfied.
Conversely, if b’) holds, then for every K € M (f), let us denote by

Fx = {/Lfdap;LeM(f)aKgL} C Pre

and by
B={Frg;K € M(f)} € P(Pgke)-



192 A. M. PRECUPANU, A. CROITORU 10

It is easy to see that B is a filter base. Let F = {C C Pie; (I K €
M(f) such that Fir C C} be the filter generated by B. We shall show that
F is a Cauchy filter.

Indeed, if ¢ > 0 is arbitrary, by virtue of b’) (3)K. € M(f) such that
for every K € M(f) with K N K. = ¢ we have (11).

Let us take C = Fg. € F. Then for every E, B € Fk,_ there exist

Li,Ly € M(f) with K. C L1, K. C Ly such that £ = / fdp, B =
Ly

fdp. Next we obtain
Ly

D(E,B) =D / fdgp,/ fde
K.U(L1\K:) KcU(L2\K2)

and using Theorem 2.11-ii [3] we have

(14)  D(E,B) =D (/K fdo+ /ME fd, /K fdo + /Wg fd90>

Since K., L1, Ly € M(f), we obtain that Ly \ K., Ly \ K. € M(f) and
hence from (14) we have

D(E,B) <D ( /L 2 /L . fd<p> <

/ fdsO| T | / fdg
Ll\KE L2\k€

Since Ly \ K., Lo \ K. € M(f) and (L1 \ K.) N K. = ¢, L1 \ K.) N K. = ¢
from (11) it follows

(15)
<

(16) / fdo| < £, / fdo| < <.
Li\K- 3 |/ La\K. 3
From (15) and (16) we have
D(E, B) < %

for every E,B € Fi. = C and hence the diameter of C, diam C =

sup D(E,B) < e, which assures that F is a Cauchy filter. Because
E,BeC
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(Pre, D) is complet [2] it follows that F converges to an element A € Py,
that is F is finer then V(A), the filter of neighborhoods of A.

For e > 0, let V = S(A,e) € V(A) (S(A,¢) is the ball of center A and
radius €). Since V(A) C F there exists ' € F with ' C V.

Because F is a Cauchy filter, there exists C” € F with diam C” < ¢.

Let us take C = C'NC"”" € F. Then there exists K. € M(f) such
that F, € C. But C C C' C V and hence Fg, C V = S(A,e). Now, if

K € M(f) and K O K. we have / fdp € Fg. C S(A,¢) and therefore
K
D </ fdo, A) < e. Consequently for every € > 0, there exists K. € M (f)
K

such that for every K € M(f) with K O K. we have D (/ fd(p,A) < e,
K
that is b) holds. W

Theorem 3.8 If f : S — R is such that f = 0, p-almost everywhere,
then for every E € A f is generalized p-integrable on E and / fdp =0.
E

Proof. We give the proof for E = S (the proof for arbitrary £ € A is
similar).

According to Theorem 2.6 [3], f is v-totally measurable. By virtue of
remark 3.6 we see that M(f) # ¢. Let Ko € M(f). Let us take ¢ > 0
and K € M(f) with K D K. Since K € M(f) we have v(K) < co and f
bounded on K.

Now, using theorem 2.6 [3] we obtain / fdp =0.
K

D(/deap,()> =D(0,0) =0 <e.

Consequently, (3){0} € Py, such that for every € > 0 exists Ko € M(f)
such that for every K € M(f) with K O Ky, we have D </ fdcp,()) < e,
K

Hence

which assures that f is g--integrable and / fdp=0 [
S

Definition 3.9 The function f : S — R is said to be generalized -
integrable (briefly g-p-integrable) on the set E € A if the restriction f|g of
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f to the set E is g-ppg-integrable on (E, Ag, ), where Ap = {TNE;T €
A} and pp = ¢|ap-

Theorem 3.10 If f : S—R is a function generalized p-integrable on S,
then:

i) f is g-p-integrable on E, for every E € A.

ii) The multifunction T : A—Py. defined by T'(E) = / fdep, (V)E € A,
E

s a multimeasure.

iii) T is absolutely continuous with respect to v, that is for (V)e > 0 there
exists () > 0 such that for every E € A with v(E) < § we have
| T(E)| <e (denoted T < v).

Proof.

i) Let E € A be fixed and let us denote by Mg(f) ={K € Ag;v(K) <
+oo and f is bounded on K}. Since f is g-p-integrable on S, it is
v-totally measurable on S and hence on FE.

Now, to prove the g-p-integrability of f on F it is sufficient, according
to theorem 3.7, to show the condition b’) corresponding to E € A.

From the g-p-integrability of f on S, using theorem 3.7-b’), for every
e > 0 there exists a set K. € M(f) such that for every K € M(f)
with K N K. = ¢ we have

(17) ‘/K fdgo‘ <e.

If K. = K. N E, then K! € Mg(f) and for every K' € Mg(f) with
K'NK. = ¢ wehave (K'NE)N K, = ¢.

From (7) we obtain

(18) ‘//fdgo‘ <e

which assures the condition b’) from theorem 3.7 with respect to the
set £ € A.
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ii) We have to prove that for every Ey, Fy € A with E1 N Ey = ¢ it
follows F(El U EQ) = F(El) + F(EQ).

Since f is g-p-integrable on Ej, Fy € A we have that for (V)e > 0,
there exists K, C E, Ky, € Mg(f), and K% C E, K}, € Mg(f), such
that for (V)K € Mg(f) with K D K, we obtain

(19) o[ sae [ sac)<;

and for (V)K € Mg(f) with K O K/

(20) D </K fd, /1;2 fdgp) < %

Since E1 N Eo = ¢ it follows K. N K}, = ¢.

Now, if K, = Ké U Kg € ME1UE2(f)7 taking (V)K S ME1UE2 (f) with
K D K. we have K = K/ U(K \ K.) = K'UK", where K' N K" =
and hence for K. = K', K/ C K" we have

(21) D</’fdg0,/Elfdgo><;andD</Hfdgo,/E2fdgo)<

Now, using Theorem 2.11 [3] and the relations 20 we obtain

D</de% Elfdso+/]ﬂ2fdso> -

ZD(/K/fdsoJr/K”fdso,/Elfdso+/EQfdso) <
<o([ sie [ sac)+
+D(//,fdgo,/E2fdg0> <§+%=s.

| ™
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Consequently, for every € > 0 there exists K. € Mg, g, (f) such that
for every K € Mg,ug,(f) with K D K5 we have

D(/Elfdso,/ElfdsOJr/EQfdsa><a

/ fdo= [ fdo+ [ rde.
F1UE> Eq E>

which leads to

iii) By virtue of theorem 3.7, for every ¢ > 0 there exists K. € M (f) such
that for (V)T € M(f) with T N K. = ¢ we have

£
/de¢‘<4

If E € M(f), denoting I'"(C) = [, fdg,(V)C € A with C C E, we
obtain, applying theorem 20-b) [3], a d(¢) > 0 such that (V)C € A,C C E,
f bounded on C and v(C) < ¢ it follows that

(22)

(23) o(I",C) < %

Let us take (V)B € A with BN K. = ¢. According to theorem 3.10-i) f
is g-p-integrable on B and then, by virtue of definition 3.2, 3K, € Mp(f)
such that for (V)K € Mp(f), K 2 K. we have

(24) D (/K fd%/dew) <

Then, using (24) we obtain

|5 fdp| <D (fB fde, [k, fdw> +

/Kéfdso

Since K. € Mp(f) it follows that K. C B. But BN K. = ¢ and hence
K!N K. = ¢. From (22) we have

/K fde

!
€

1 ™

(25)

+D (fKé fd<p70> < Z+

9
< —.

(26) ;
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Using (25) and (26) we obtain

3 € 3
dp| <S4+ =5
/sto‘ 17173

Hence for (V)B € A with BN K, = ¢ we have

€
d —.

(27)

Let us take F € A with v(E) < §. We can write £ = (E N K,) N (E|K,).

According to theorem 3.7-ii) we have

from which we obtain, using (27),

[ ool = |y 700 ]

(28) |
<\ frae] | L e
9

g|ﬁmeg|+§gmrmem+§.

<

<

Since v(ENK.) <v(E) < 6 and f is bounded on EN K., from (23) we

have
(29) oI, ENK.) < %
Now, from (28) and (29) we obtain
| [ sdo| <
E

which assures that I' is absolutely continuous with respect to .l

Theorem 3.11. If f,g: S—R are generalized p-integrable with
f(s)-g(s) >0 for (V)s € S, then f + g is generalized p-integrable and

(30) A¥f+m®riéf®%ﬁémeWE€A
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Proof. Since f,g are g-p-integrable it results that f,g are v-totally
measurable. Hence for € > 0 there exists two partitions P., P/ of S, P! =

{Ai}iy P! = {B;}}., such that v(Ag) < g,u(Bo) < %,osc(f, A;) < %,

i=1,2,...,n and osc(g, Bj) < g,j =1,2,....,m.
Let us take P. = P/ N P! = {4; N Bj} i=0on1.. = {Ex},_,, where
j=0,1...m
Ey = Ay N By. Because Ey C Ag we have v(Ey) < . On the other hand,

osc(f + g, Ex) < osc(f, A;) + osc(g, Bj) < % + % =¢e,(V)k=1,2...p;

hence f + g is v-totally measurable.
Now, using the theorem 3.10-iii), for € > 0 then exists d(g) > 0 such
that for (V)E € A with v(E) < § we have

(31) |/Efd<p|<5, |/Egd<p|<€

Because f, g are v-totally measurable, for the above § > 0, (3)N(J) > 0
and Fy,Gy € A such that

(32) V(S\FN) < é, I/(S\GN) < é

d sup |f(s)| < N, sup |g(s)| < N

9’
seFN seGn

Then, for (V)A € A with AN (Fy NGyn) = ¢ we have v(A) < 6.

From (31) we obtain
/gd<p| <e
A

Since f, g are g-p-integrable there exists K € M(f), K5 € M(f) such that
for (V)K € M(f) with KNK$ = ¢ we have | [ fde | < ¢ and respectively
for (V)K € M(g) with K N K5 = ¢ we have | [, gdo | <e.

Now, reasoning as in the proof of iii)-Theorem 3.10, we obtain that for

(V)A € A with AN K§ = ¢ it follows

(33) | /A fd<,0| <cand

(34) /Afdap <e

and for (V)A € A with AN K5 = ¢ it follows

(35) /A o | <<
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Let us denote Kj = Kf U K5. We see that v(Kj) < 400 and for
(V)A € Awith AN K§ = ¢, from (34) and (35) we have

/fdso /gd90|<8
A A

Let us take K = Fy NGy N K. We observe that v(K) < +oo and
from (32) we see that f + ¢ is bounded on K. Let T' € A with v(T) <
00, TNK = ¢ and f+ g bounded on T'. It follows that 17" can be written as
T =T1UTs, where T1 NIy = ¢, 11 N (FN ﬁGN) = ¢, To N K§ = ¢.

Now it is sufficient to prove that | Jr(f + g)d«p} < €. According to
theorem 2.11-ii), [3] we have

(36)

<e,

/T(f+g)d90=/Tl(f+9)ds0+/TQ(f+g)ds0-

Since f is v-totally measurable and the integral is v-absolutely continuous
on the subsets of T it follows that there exists By € A, By C T3 such that

[ t+ade
T1\B1

and f is bounded on B;. Then we see that ¢ is also bounded on Bj.
Now we have

(38) /Tl(f+g)dso—/TIU(A1|T1)(f+9)d90—/Tl(f+g)dso+/Tl\Bl(f+g)d<p

(37) <e

Since f + g, f, g are all bounded on B; we obtain

(39) /B (f+g)d<p=/B fdw+/B gdp
From (38) and (39) we find

(40) / (f +9)de =/ fds0+/ gds0+/ (f +9)de
T B1 B Tl\Bl
Since T3 N (Fxy NGN) = ¢ we have By N (Exy NGn) = ¢. Using (36) we

obtain
(41) / gdg0| <e
By

/ fdgol < ¢ and
By
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/ 9d<P| +
T

and then

(42)

/Tl(f+g)d<p| <

fds0|+

/ (f +9)dy
T1\B1

T

Analogously we can prove

(43)

/ (f + g)dy | <3
T

From (42) and (43) we obtain

|/T(f+g)d90| =

/Tl(erg)dso /TQ(erg)dso

Consequently for (V)T € A with v(T') < oo, f+g bounded on T, TNK = ¢
we have

/Tl(f+g)d<p+/ (f+9)ds0| <

Ts

< < 6e.

|/T(f+g)dso| < 6e,

which together with the v-total measurability of f + g assures, according to
theorem 3.7, that f 4 ¢ is g-p-integrable.

Now we prove (30) for S (similarly we can prove the relation for (V)E €
A).

Writing successively that f, g and f + g are g-p-integrable we have that
for (V)e > 0,(3)K. € M(f) such that for (V)K € M(f) with K O K/ holds

(44) D ([ sae. [ ra0) <3

(3K € M(f) such that for (V)K € M(g) with K O K/

o[ [ ) <

() K. € M(f + g) such that for (V)K € M(f + g) with K D K,

(46) D (/K(f +9)dyp, /S(f + 9)d90> <

OO\(T)

Wl ™
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Now for every K € A with v(K) < oo, f, g bounded on K and K O K. U
K! UK, we have K € M(f)NM(g)NM(f+ g).
From the bounded case we obtain

/I((erg)dso:/desoJr/Kgd«p-

If A denotes the Jx(f + g)de we have

D(/S(Hg)dso,/sfdswr/sgdw> SD(/g(f+9)6k@ﬁ)+

D <K,/Sfdso+/sgdso) =D</S(f+g)dso,/K(f+g)d<p>+
—i—D(/dego—i-/Kgdgo,/Sfdgo—i-/Sgd(p>.

Using successively (46), (44) and (45) we obtain

D(/g(f+g)dw,[gfdw+/sgd¢> <§+
+D (/K fdso,/sfdso> +D(/Kgd<p,/sgdcp>

which assures that (30) is satisfied. [ ]

Theorem 3.12. If f,g: S — R are g-p-integrable and |f| < |g|, then

(47) |/Efdso|ﬁ2|/Egdso|,(V)E€A

Proof. We give the proof for £ = S. Writing that f, g are g-p-integrable,
we have for (V)e > 0,(3)K} € M(f),(3)K2 € M(g) such that for (V)K €
M(f) with K O K! we have

(48) D ( [ tae [ fd<p> <

w| ™



202 A. M. PRECUPANU, A. CROITORU 20

and for (V)K € M(g) with K D K2 we have

(49) D (/K gdso,/sgdcp) <§

Because |f]| < |g| = M(g) € M(f).

Let us take K € M(g) with K O K} U KZ.

For this K, hold both relations (47) and (48). Now using (48), (49) and
(47) for bounded case we have

|/fd90| §D</fd90,/fd<p>+ |/fd<,o| <y |/fd<p| <
s s K K 3 K
3 g
§+2|/gd<p|§+2D</gd<p,/gdcp>+2|/gd<p|<
3 K 3 K s s

<Grsgea [ow] -coa] [
3 3 S g

for every € > 0. Hence (47) is proved. |

Theorem 3.13. Let g : S—R be a generalized p-integrable function,
fn: SR a sequence of v-totally measurable functions such that
|fnl <lgl, (¥)n € N. Then:

i) fn is g-p-integrable for (V)n € N.

ii) For (V)e > 0 there exists Ky € A such that (fn)nen is uniformly
bounded on Koy and for (V)E € A with EN Ky = ¢ we have

| [& fadi| <e (V)neN.

iii) Denoting by T'n(E) = [ fade, (V)E €
there exists 6(¢) > 0 such that for (V)E
| Th(E) | <e,(V)neN.

A, (V)n € N, for (V)e > 0,
€ A with v(E) < ¢ it follows
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Proof.

i) Since g is g-p-integrable, if ng € N is arbitrary fixed and € > 0
given, then there exists K. € M(g) such that for (V)T € M(g)with
TN K. = ¢ we have

(50) [ oae] <5

T 4
Because |fn,| < |g|, we obtain M(g) € M(fn,) and hence K. €
M (fn)-

Let K € M(fp) be such that K N K. = ¢. Since g is generalized -
integrable on K, there exists K. € Mk (g) such that for (V)T € Mx(g)
with 7' 2 K holds

(51) D (/ngw,/[{gdcp> <

Now we have
|/gds0| §D</ gdw,/ gds0>+
K K A
/ gdep / gdp
! K

But K. € Mk(g) and hence K. C K. Since K N K. = ¢ it follows
that K. N K. = ¢ and, according to (50) we have

IR

(52)

- <S4
4

(53) / gdip| < =
K! 4
Now using (52) and (53) we obtain
e € €
4 d cyet
(54) /Kg vl<1t173

and next, applying theorem 3.12 we have

/fnodga §2|/gd<p| <2-E:€,
K K 2

which together with the v-total measurability of f,, assures the g-p-
integrability of fy,.
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ii)

iii)

Since g is g-p-integrable, for (V)e > 0 there exists K. € M(g) such
that for (V)T' € M(g) with T'N K. = ¢ we have (50). Because g is
bounded on K., from the inequality |f,| < g, (V)n € N, it follows that
(fn)nen is uniformly bounded on K.. If F € A with EN K. = ¢,
applying theorem 3.12 we obtain

(55) | /K fudi

Because g g-¢-integrable on E, there exists K. € M(g) such that

(56) D (/égdso,/Egchp) <Z

But K. C F and since ENK, = ¢ it follows KN K. = ¢, K. € M(g).
From (50) we have
/ gdy
K

’
€

§2|/gd<p| ,(V)ne N
E

(57) <

=~ m

Now, using (56) and (57) we obtain

|/gd<p| §D</gds0,/ gd90>+
E E K!
3 € g
+D<//gdg0,0><4+4—2

£

From (55) and (58) we have

I/fndSO| <2
E

Hence ii) is proved.

/gdg0| <2~£:€,(V)n€N.
E 2

Let us denote I'(E) = [, gde, (V)E € A. According to theorem 3.10-
iii) for (V)e > 0,(3)d(e) > 0 such that for (V)E € A with v(E) < §

we have

(59) I/gdwl <=
5 2
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Since |fn| < |gl, (¥)n € N, by virtue of theorem 3.12 one obtains

|/fnd<p| §2|/9d<p| <2 S=c(nenN
E E 2

and iii) is proved. [ |

Theorem 3.14. (The Lebesgue dominated convergence theorem)

If fn,g : S—R,(¥)n € N are g-p-integrable functions with |f,| <
lg],(¥)n € N and f : S—R is such that |f| < |g| and f, converges in
v-measure to f then f is g-p-integrable and

/ fdp = lim | fude, (V)E € A.
E n—ooJE

Proof. Since f, is v-totally measurable for (V)n € N (f, is g-¢-
integrable) it follows that f is v-totally measurable. From |f| < |g| and
g-p-integrability of g we obtain, using theorem 3.13-i), that f is also g-¢-
integrable.

According to theorem 3.13-ii), for (V)e > 0, (3) Ky € A with v(Kj) < oo
and (3)M > 0 such that

(60) |fn(s)] < M, (V)s € Ko, (V)n € N and |f(s)| < M, (V)s € Ky
and for (V)T € A with T N Ky = ¢ it follows

(61) |Afnd¢| < Z,(V)ne N
and
(62) | /decp | < Z,(V)n eN

Now, we have for (V)E € A

D( [ tae. | fds0> -
63 =D < /E ot /E e, /E e /E - fd<p> <

<o ([ pe [, ras) oo ([ p [ 500)
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For (V¥)§ > 0, denote

Bn(6) = {s € S;|fuls) = f(s)| = 6}.
Since f,—f it follows that lim v*(B,(8)) =0, (V)d > 0, that is (I)ng €
N such that for (V)n > ng

(i) <5

From (5) it follows that (3)C' € A such that B, - C C and
4V(K0)

< &
SM
Now, using remark 2.5-III and (64) we have

(o 292 o 72)

~D ( / fudip + / Fudep,
(ENKo)NC (ENnKop)|C

/ fag+ [ fdo) <
(ENKo)NC (ENKo)|C

<D ( / fude, / fchp) +
(EQK())QC (EQK())QC

+D (/ fndw,/ fd90> <
(ENKo)|C (ENKo)|C

< sup  |fu(s) = f(s)] - (BN Ko N C)+
s€ENKoNC

(64) v(C)

(65)

+ sup  [fa(s) = f(8)] - (BN Ko)|C) <
se(ENKyp)|C

v (Ko)

3 g g

< 2Mv(C) +
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Since E\ Ky € A and (E\ Ko) N Ky = ¢, from (61) and (62) we obtain

< Z, (Y)n > ng

and

<

| o

/ fdo
E\Kj

Now, the last two inequalities lead to

D[ e[ gap)<| [ pdo|+

(66) E|Ky E|Ky E|Ky

e € ¢

+ / fdo| <—-+-=+

BlKo 47472

Applying the relations (63), (65) and (66) we have
D ([ fudp. [ sa0) etz
E E

which assures that lim fndp = / fdy, uniformly in F € A. [
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