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Introduction. The theory of manifolds endowed with non—integrable
distributions (non-holonomic manifolds) was introduced in the first half of
last century by VRANCEANU [10] and it was successfully used for study-
ing the geometry of non—holonomic mechanical systems. Since then there
have been published a large amount of papers on both integrable and non—
integrable distributions, the former class being now well known under the
name of foliations. One of the main problems of the theory was to construct
linear connections which are adapted to the geometry of distributions. In
this respect there have been obtained several important results by S. Ianus
[3], J.A. Schouten [8], I. Vaisman [9], Gh. Vranceanu [10], A.G. Walker [11],
T.J. Willmore [12], etc.

In the present paper we consider a semi-Riemannian distribution (D, g)
on a smooth manifold M and prove the existence and uniqueness of a linear
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connection D on D whose properties are very similar to those of the Levi—
Civita connection on a semi-Riemannian manifold (Theorem 1.2). When
(D, g) is a semi-Riemannian distribution on a semi—Riemannian manifold
(M, g), the Levi-Civita connection on (M, ¢g) induces a liner connection V
on D. We obtain geometrical characterizations of semi—Riemannian distri-
butions with V = D (Theorems 2.1, 2.3) and deduce the local feature of
a semi—-Riemannian manifold endowed with two orthogonal complementary
distributions that satisfy the above condition (Corollary 2.2). Finally, we
construct a non-holonomic manifold in sense of Vranceanu [10], on which a
bundle-like metric exists.

1. The Levi—Civita connection on a semi—Riemannian distri-
bution. Let M be a real (m + n)—dimensional paracompact differentiable
manifold of class C°° endowed with a distribution D of rank m, that is, the
fibres D, of D are m-dimensional subspaces of T, M for any x € M. De-
note by L2(D,,R) the real vector space of all symmetric bilinear mappings
on D,. Then we say that g, € L?(D,,IR) is non—degenerate if whenever
gz (v,w) = 0 for all w € D,, we have v = 0. Let p be the dimension of the
largest subspace W, of D, on which g, is negative definite, i.e., g, (w,w) < 0
for any non zero vector w € W,. Then we say that g, is of index p.

Next, we consider the vector bundle

L2(D,R) = | Li(D:, R),
zeM

over M, and give the following definition. A semi—Riemannian metric
of index p on D is a differentiable section g :  — g, of L%(D,IR) such
that each g, is non—degenerate and of index p, for any z € M. When p =0
we say that g is a Riemannian metric on D.

If in particular D = T'M then g becomes a semi-Riemannian metric
on M. In this case there exists a unique torsion—free linear connection V
on M such that g is parallel with respect to V. This is the well-known
Levi-Civita connection on M (cf. O’Neill [5], p. 61). The purpose of this
section is to prove the existence and uniqueness of a linear connection on
D whose properties are very similar to those of the Levi—-Civita connection
on a semi—Riemannian manifold.

To this end we recall that Otsuki [6] has defined a generalization of a
linear connection of a vector bundle as follows. Let E be a vector bundle
over M and P : E — FE be a vector bundle morphism of E. Denote by F (M)
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the algebra of smooth functions on M and by I'(E) the F(M)-module of
smooth sections of E. Then according to Abe [1], an Otsuki connection
(general connection) on E with respect to the vector bundle morphism
P is a mapping V which assigns to any vector field X on M the differential
operator

Vy :T(E) —T(E), S — VxS, VS € [(E),

satisfying the following conditions:
Vixiv(8) = fVxS+VyS,
and N N N
Vx(fS+ Sl) = fVxS+ X(f)P(S) + VxS,
for any f € F(M), X,Y € I(TM) and S,5" € I'(E). Clearly, when P is

the identity morphism on F, then V becomes a linear connection on F.

We note that contrary to the case of linear connections, for an Otsuki
connection, the covariant derivative of the identity morphism /g on E does
not vanish identically on E. More precisely we have

(VxIp)(S) =VxP(S)— P(VxS), VX € T(TM), S € T(E).
The curvature form € of V is defined as follows (cf. Abe [1])
QX,Y)S = VxVyP(S) — VyVxP(S) — P(Vixy P(S))
—(%XIE)(%}/S) + (6)/[]5)(%){5’),

for any X,Y € T(T'M) and S € I'(E). For the particular case E' = T'M, an
Otsuki connection V has a torsion tensor field 7" given by (cf. Nemoto [4])

(1.1) T(X,Y)=VxY —VyX — P([X,Y]), VX,Y € T(TM).

Finally, we show that starting with a linear connection V on a vector
bundle £ we can always obtain an Otsuki connection V on a vector bundle G
which is larger than F such that V =V on E. Indeed, suppose G = EG F,
where F' is another vector bundle over M and denote by P the projection
morphism of G on E. Then for any X € I'(T'M) we define the differential
operator

(1.2) Vx :D(G) — T(G): VxS =VxPS, VS eT(GQ).
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It is easy to check that V is an Otsuki connection on G with respect to the
vector bundle morphism P. Moreover, the following has been proved.

Theorem 1.1. (Bejancu-Otsuki [2]) The restriction of the curvature
form Q of V to the sections of E s equal to the curvature form Q of V.

Now, we apply the above theory to the study of the geometry of a semi—
Riemannian distribution (D, g) on M. First, we consider a complementary
distribution D’ to D in T'M, that is, we have

(1.3) TM=DaD.

The existence of D’ is guaranteed by the paracompactness of M.

We denote by @ and @' the projection morphisms of TM on D and D’
respectively. Then suppose that V is a linear connection on D, and consider
the Otsuki connection V on TM with respect to the decomposition (1.3),
such that V = V on D. Then according to (1.2) we have

(1.4) VxY = VxQY; VXY e ['(TM).

Taking into account the relation between curvature forms of V and V stated
in Theorem 1.1, we may define a torsion tensor field T" of V as the restriction
of the torsion tensor field T of V to I'(T'M) x I'(D). Thus by using (1.1)
and (1.4) we deduce that
(1.5) N

T(X,QY)=T(X,QY)=VxQY -VoyQX-Q[X,QY|,VX,Yel'(TM).

We note that the torsion tensor field of V depends on the choice of the
complementary distribution D’.

Next, we say that V is a D'-torsion—free linear connection on D
if its torsion tensor field vanishes identically on M. Also, we say that ¢ is
D-parallel with respect to the linear connection V on D if we have

(Vox9)(QY, Q%) = QX(9(QY,Q%)) — g(VoxQY,QZ)

1.6
o —9(QY,VoxQZ) =0, VX,Y,Z e T'(TM).
Now we can state the following theorem.

Theorem 1.2. Let (D,g) be a semi-Riemannian distribution on M
and D' be a complementary distribution to D in TM. Then there exists a
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unique D' ~torsion—free linear connection D on D such that g is D—parallel
with respect to D.

Proof. Define the differential operator D : I'(TM) x I'(D) — I'(D) by

29(DoxQY,QZ) = QX (9(QY,Q2)) + QY (9(QZ, QX))
(1.7) —QZ(9(QX,QY)) +9(QQX,QY],Q2)
—9(QIQY, QZ],QX) + ¢(Q[QZ, QX], QY),

and

(1.8) Do xQY =Q[Q'X, QY]

for any X,Y € I'(T'M). It is easy to verify that D given by (1.7) and (1.8)
is a D’-torsion-free linear connection on D and g is parallel with respect
to D. Next, suppose that V is another linear connection that satisfies the
conditions from the theorem. Since V is D’-torsion-free, from (1.5) we
deduce that

(1.9) VaxQY = QIQ'X,QY,
and

for any X, Y € I'(T'M). Now we use (1.6) and (1.10) and obtain

0 = (Vox9)(QY,Q2) + (Vovg)(RZ,QX) — (Vqz9)(RX,QY)
=QRX(9(QY,Q2)) + QY (9(QZ,QX)) — QZ(9(QX,QY))
+9(QIRX,QY],Q27) — g(Q[QY, QZ], QX)
+9(Q[QZ, QX],QY) — 29(VoxQY,QZ).

(1.11)

Finally, comparing (1.9) and (1.11) with (1.8) and (1.7) respectively, we
conclude that V = D, which proves the uniqueness of D. O

In particular, if D = TM then D’ = {0} and the liner connection from
Theorem 1.2 is just the Levi-Civita connection on M with respect to g.
For this reason we call D given by (1.7) and (1.8) the D’-Levi—Civita
connection on the semi-Riemannian distribution (D, g).
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2. Semi—Riemannian distributions on semi—Riemannian man-
ifolds. Let (M, g) be an (m + n)-dimensional semi-Riemannian manifold,
where ¢ is a semi-Riemannian metric of index p (cf. O’Neill [5], p.54). Sup-
pose D is a non—degenerate distribution of rank m on M, that is g induces
on D a semi-Riemannian metric which we denote by the same symbol g.
Hence (D,g) is a semi-Riemannian distribution on the semi-Riemannian
manifold (M,g). Then by the theory we developed in the first section,
for any complementary distribution D’ to D in T'M we have the D'-Levi—
Civita connection on D. In the present case we take the complementary
orthogonal distribution D+ to D in TM and obtain the D+ Levi-Civita
connection on D which we denote by D. In a similar way, ¢g induces a
semi-Riemannian metric on D+ which we denote also by g. Thus (D, g) is
a semi—Riemannian distribution and hence there exists a D-Levi—Civita
connection on D which we denote by D+.

On the other hand, the Levi—-Civita connection Von (M, g) induces some
linear connections on D and D+. Thus it is interesting to see if these con-
nections coincide with the Levi-Civita connections on (D, g) and (D, g).
We will show that, in general, they do not coincide, but when this happens
the manifold must be locally a Riemannian product.

To this end we consider the decomposition

(2.1) TM =D @ D,

and denote by @ and Q' the projection morphisms of TM on D and D+
respectively. Then according to (2.1) we write

(2.2) VxQY = VxQY + B(X,QY),
and
(2.3) VxQ'Y = B'(X,Q'Y) + VxQ'Y,

where we set
(2.4) (a) VxQY = QVxQY, (b) VAQY =Q'VxQ'Y,
and

(2.5)  (a) B(X,QY)=Q'VxQY, (b) B'(X,QY)=QVxQY,
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for any X,Y € T'(TM). It is easy to check that V and V' are linear
connections on D and D~ respectively, while B and B’ are F(M)-bilinear
mappings:

B:T(TM) x I'(D) — I'(D}), B : T(TM) x I'(D+) — (D).

We call V and V' the induced connections by V on(D, g) and (D4, g)
respectively. Also, we call

B:T(D) x I'(D) — I'(D}) and B' : T(D4) x I'(Dt) — (D)
given by
(2.6) (a) B(QX,QY)=Q'VoxQY and (b) B'(Q'X,Q'Y)=QVyxQ'Y,

the second fundamental forms of D and D' respectively. Next, for any
Q'X € I'(D') and QX € T'(D) we define the linear operators

Agx :T(D) — I'(D) and Ay :I'(DH) — I'(DH)

(2.7) (a) AgxQY=— B'(QY,Q'X) and (b) ApxQ'Y=— B(Q'Y.QX).

According to the theory of submanifolds, we call Ag x and A’Q y the shape
operators of D and D+ with respect to the normal sections @’X and QX
respectively. Taking into account that g is parallel with respect to V we
deduce that the second fundamental forms and shape operators are related
by

and
(2.9) 9(B(Q'X,QY),Q7) = g(ApzQ'X,Q'Y).

Finally, we write (2.2) and (2.3) by using second fundamental forms and
shape operators as follows

(2) VexQY =VoxQY + B(QX,QY),

(2.10) - o
(b) VoxQY = -A4LyQ'X + Vo xQY,
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(a) VoxQ'Y =—AgyQX + VxQ'Y,
(b) VoxQY =B'(QX,QY)+ Vy QY.

(2.11)

Now, we prove the following.

Lemma 2.1. (i) The semi—Riemannian metric g is parallel with respect
to the induced connection V.

(ii) The torsion tensor field T of V is given by
(2.12) T(X,QY) = VoxQY — Q[Q'X,QY], VX,Y € I(TM).

(iii) D is an integrable distribution if and only if any one of the following
two conditions is satisfied:
(a) The second fundamental form B of D is symmetric.

(b) The shape operator Agryz of D is symmetric with respect to g for any
Q'Z e T(DY).

Proof. (i) As g is parallel with respect to V, we have
(Vx9)(QY.QZ) =0, ¥X,Y,Z € [(TM),

which via (2.4a) proves our assertion.

(ii) By direct calculations in (1.5) using (2.4a) and taking into account
that V is torsion—free, we obtain (2.12). N

(iii) By using (2.5a) and taking into account again that V is torsion—free

we deduce that
B(QX,QY) - B(QY,QX) = Q'[QX,QY], VX,Y € I(TM)

which proves that D is integrable if and only if the second fundamental form
of D is symmetric.
The equivalence of (a) and (b) is a consequence of (2.8). O
The assertion (ii) states that, in general, the induced connection V has
non zero torsion tensor field, so it does not coincide with the D+—Levi-
Civita connection D on D. The following theorem sheds more light upon
this issue.

Theorem 2.1. Let (D,g) be a semi-Riemannian distribution on the
semi—Riemannian manifold (M, g). Then the following assertions are equiv-
alent:
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(i) The induced connection ¥V on D coincides with the D*-Levi-Civita
connection D on D.

(ii) The second fundamental form of D vanishes identically on M.

(iii) D is integrable and its leaves are totally geodesic immersed in (M, g).

Proof. By Theorem 1.2 we see that D is the only linear connection on
D which is torsion—free and with respect to which g is D—parallel. Taking
into account that g is D-parallel with respect to V (cf. (i) of Lemma 2.1),
and by using (2.12) and (2.4a) we deduce that V = D if and only if

(2.13) QVoxQY = Q[Q'X,QY], VX,Y e I(TM).
Next, we recall that V is given by (cf. O’Neill [5], p. 61)

29(VxY,Z) = X(g(Y,2)) + Y (9(Z, X)) — Z(g(X,Y))

(2.14) 1o(IX, Y], 2) — o(IY, 2], X) + ¢([Z, X],Y), VX, Y, Z € D(TM).

By using (2.14) we compute 2g(Q%Q/XQY, QZ) and infer that (2.13) is
equivalent to

(2.15) RQ'X(9(QY,QZ)) — ¢([Q'X,QY],QZ) — ¢([QY,QZ],Q'X)

' +9(1Q2,Q'X],QY) =0, VX,Y,Z € I(TM).
Taking into account that V is torsion—free and g is parallel with respect to
V, we infer that (2.15) is equivalent to

(2.16) 9(VoyQZ,Q'X) =0, VX,Y,Z € T(TM).
Next, by using (2.5a) we obtain from (2.16) that V = D if and only if
(2.17) B(QY,QZ) =0, VY, Z € I(TM),

which proves the equivalence of (i) and (ii). Finally, from (2.10a), by using
the assertion (iii) a of Lemma 2.1 we deduce that D is integrable and its
leaves are totally geodesic immersed in (M, g) if and only if (2.17) is satisfied.
This proves the equivalence of (ii) and (iii), and thus completes the proof
of the theorem. O
Clearly, both Lemma 2.1 and Theorem 2.1 are true for D too. Then
applying Theorem 2.1 for both D and D+ we obtain the following
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Corollary 2.1. The induced connections V and V' coincide with the
Levi-Civita connections D and D+ on D and D+ respectively, if and only
if, both distributions are integrable and M is locally a Riemannian product
of leaves of D and D+.

As in general the second fundamental form B of D is not symmetric we
define the symmetric second fundamental form
H by

1
(2.18) H(QX,QY) = 5(BQX,QY) + B(QY,QX)), ¥X,Y,Z € [(TM).
Also, we say that a vector field X is a D-Killing vector field, if

(Lx9)(QY,QZ) = g(Vovy X, QZ) + g(VozX,QY) = 0,

(2.19)
VX,Y,Z e D(TM).

where L is Lie derivative on M.
Now we remark that, in general, g is not parallel with respect to any of
the linear connections D and D+. More precisely we have

Theorem 2.2. Let (D,g) be a semi-Riemannian distribution on the
semi—Riemannian manifold (M, g). Then the following assertions are equiv-
alent:

(i) g is parallel with respect to the D*~Levi-Civita connection D on D.

(ii) Any Q'X € T'(DY) is a D-Killing vector field.

(iii) The symmetric second fundamental form of D vanishes identically
on M.

Proof. First we note that g is parallel with respect to D if and only if
(2.20) (Dgrx9)(QY,QZ) =0, VX, Y, Z € T(TM),

since g is D-parallel with respect to D. Then by using (1.8) and the prop-
erties of the Levi-Civita connection V on M we deduce that (2.20) is equiv-
alent to

0 = Q'X(9(QY,Q2)) — g([Q'X,QY],QZ) — ¢(QY.[Q'X,QZ])
= 9(VoxQY,QZ) + g(QY, Vg xQZ) — ¢(VorxQY,QZ)
+9(VoyQ'X,Q2) — g(QY,VxQZ) + 9(QY, VozQ'X)
= g(VovQ'X,Q2) + g(QY,VzQ'X), VX,Y,Z € T(TM).

(2.21)
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Thus by (2.19) we obtain the equivalence of (i) and (ii). Finally, by using
(2.6a) and (2.18) we infer that (2.21) is equivalent to

0=g(Q'X,VoyQZ + VozQY) = 29(Q'X, H(QY,QZ)),

which completes the proof of the theorem. O

So far we have obtained characterizations of two important classes of
distributions. More precisely we have investigated a semi—Riemannian dis-
tribution (D, g) for which V = D or g is parallel with respect to D. These
two conditions can be related as follows.

Theorem 2.3. Let (D,g) be a semi-Riemannian distribution on the
semi—Riemannian manifold (M, g). Then the following assertions are equiv-
alent:

(i) The induced connection ¥V on D coincides with the D+-Levi-Civita
connection D on D.

(ii) The induced connection V on D is torsion—free.

(iii) D is integrable and g is parallel with respect to D.

Proof. (i) = (ii). As D is torsion—free, it follows that V is torsion—free
too. (ii) = (i). Since V is torsion—free and g is D—parallel with respect to
V (cf. (i) of Lemma 2.1), by the uniqueness of D stated in Theorem 1.2 we
obtain V = D. (i) <= (iii). By assertion (iii)a of Lemma 2.1 and assertion
(iii) of Theorem 2.2 we deduce that our assertion (iii) holds if and only if
the second fundamental form of D vanishes identically on M. Then apply
Theorem 2.1 and obtain the equivalence of (i) and (iii). O

Taking into account that all the above results are also true for the semi—
Riemannian distribution (D, g) and using Corollary 2.1 and Theorem 2.3
we state the following

Corollary 2.2. Let (D,g) and (D*,g) be two complementary orthogo-
nal semi-Riemannian distributions on the semi—Riemannian manifold (M, g).
Then the following assertions are equivalent:

(i) Both distributions are integrable and M is locally a Riemannian prod-
uct of their leaves.

(ii) The induced connections V and V' coincide with the Levi-Civita
connections D and D+ on D and D+ respectively.

(iii) Both induced connections are torsion—free.
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(iv) Both distributions are integrable and g is parallel with respect to
both linear connections D and D*.

From Theorem 2.3 we see that the condition V = D is stronger than
the condition for g being parallel with respect to D. The latter condition
was first introduced by Reinhart [7] for foliations on manifolds, that is,
D+ is supposed to be an integrable distribution. A Riemannian metric g
satisfying this condition on a foliated manifold was called a bundle—like
metric and was intensively studied by several authors. It is interesting
to see whether bundle-like metrics can be found on manifolds endowed
with two non—integrable distributions (non—holonomic manifolds in sense
of Vranceanu [10]).

The next example shows that the answer is in the affirmative.

Example. Let (IR*, g) be the Euclidean space with g given by
4 . .
g(X,Y)=> X'V
i=1
Take the rectangular coordinate system (z', 22, 23, %) on IR* and define
the open submanifold M of IR* by
M = {(z', 2% 2% 2%) e R*: 22% — (21)? > 0} .

Then on the Riemannian manifold (M, g) we consider the distributions D
and D+ spanned by

X1:%—|— 2x3—(x1)2%+ 1%
ng%—l—xla(; 223 (x1)2% |
and ( ) ) )
e R CO R e T
YQZ%*II,'I%‘F 2x37($1)2%

respectively. It is easy to see that D and D~ are complementary orthogonal
distributions on (M, g). Moreover, both are not involutive, so by Frobenius
theorem they are not integrable. However we show that g is parallel with
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respect to the D+ Levi-Civita connection D on D. To this end we first
note that g is D-parallel with respect to D (by the definition of D) and
therefore we should verify only (2.20). Taking into account that {X;, X2}
is an orthogonal basis in I'(D), from the first equality in (2.21) we deduce
that ¢ is parallel with respect to D if and only if

g([Ys, X1], X2) + g([Yi, X2], X1) =0, i € {1,2}.

By direct calculations it follows that these equalities are satisfied and hence
g is a bundle-like metric on M. Thus we constructed an example of a non—
holonomic manifold (M, g, D, DY) (i.e. both D and D+ are non integrable
distributions), on which g is a bundle-like metric.
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