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Abstract. The present paper is concerned with the linear thermoelastic plate model
based on a Mindlin-type assumption on the displacements. The bending of a Mindlin-type
thermoelastic rectangular (semi-infinite) plate is studied when the boundary end data are
time-harmonic with angular frequency w and the lateral sides are clamped and thermally
insulated and sufficient time has elapsed for the system to have reached a steady-state.
A line-integral cross-sectional measure is associated with the amplitude of the resulting
harmonic oscillation and then a first-order differential inequality is established in terms
of the measure, provided that the angular frequency w is lower than of an explicit critical
frequency w.,. An integration leads to a spatial estimate describing the spatial exponential
decay of the amplitude with the distance to the excited end.
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1. Introduction. Theories of plates with transverse shear deformation
are an improvement on Kirchhoff’s classical model in the sense that they
yield more information about the physical quantities involved in the process
of bending. Some reasons for taking into account the shear deformability
and rotational inertia are given by MINDLIN [1] and REISSNER [2] (see also
CONSTANDA [3]). Such theories take into consideration the effects of trans-
verse shear forces and so allow for the physically expected three boundary
conditions instead of only two satisfied by the unknown deflection.

On the other hand, the thermal effects in a plate can contribute to
plate deformation causing changes in stiffness, frequency of vibration and,
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in some cases, buckling. Such features become increasingly important in
the present state of powerful computers, stringent demands of accuracy
and design sophistication.

In this connexion recently Schiavone and Tait [4] have derived a linear
thermoelastic plate model based on a Mindlin-type assumption on the dis-
placements. The bending of a Mindlin-type thermoelastic plate has been
examined by SCHIAVONE and TAIT [5] when the source terms are time-
harmonic with angular frequency w, and sufficient time has elapsed for the
system to have reached a steady-state. By formulating appropriate radia-
tion conditions they establish some uniqueness results for exterior boundary
value problems subject to certain regularity assumptions and a condition
on the angular frequency of oscillation.

Some appropriate time-weighted line-integral measures are used by
D’APICE and CHIRITA [6] in order to study the spatial behaviour of the
transient solutions in the bending of a Mindlin-type thermoelastic plate.
On the other hand, the steady time-harmonic oscillations are an important
state in their own right, frequently occurring in practical applications, and
they are also very significant in the study of full dynamic problems [7] (see
also [8] for a complete view on the wave propagation).

In the present paper we study the spatial behaviour of steady-state
solutions of thermoelastic plate bending in the linear thermoelastic thin
plate model developed in [4]. We consider a thermoelastic (semi-infinite)
plate of a rectangular form and we assume that one end of plate is subjected
to boundary data which are time-harmonic with angular frequency w, while
the lateral sides (and the other end) are clamped and thermally insulated.
We assume that sufficient time has elapsed for the system to have reached
a steady-state. We are interested into describing the spatial behaviour of
the resulting oscillations within the plate. In this aim we associate with
the amplitude of the oscillation a line-integral cross-sectional measure and
then, provided the frequency of vibration is lower than a critical value,
we establish a first-order differential inequality in terms of the measure in
question. By an integration, we establish a spatial estimate describing the
spatial exponential decay of the amplitude.

2. Basic formulation. Steady time- harmonic oscillations.
Throughout this paper Greek and Latin subscripts take the values 1,2,
and 1, 2,3, respectively, summation is carried out over repeated indices,
x = (x1,22) and x = (x1,x2,x3) are generic points referred to orthogonal
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Cartesian coordinates in R? and R3, respectively. A superposed dot denotes
% and the suffix 7, k” denotes a%k.

Let S x [—%, %} be the region occupied by a homogeneous thin elastic

plate, where S is a domain in R? bounded by a simple closed C?-curve 05
and 0 < hg = const << diam S is the thickness. We assume that, in addi-
tion to mechanical loads, the plate is subject to an unknown temperature
distribution 7(x1, 9, x3,t) (¢ is the time variable) measured from a refer-
ence state of uniform temperature distribution 7y, at which temperature the
plate is free from thermal stresses and strains. It is further assumed that
the plate is elastically and thermally isotropic.

In the absence of the body forces and heat sources, the field equations
for the bending of a Mindlin-type thermoelastic plate are [4]

(2'1) hQ()‘ + N)up,pa + M(hQUOc,pp — Ua — u3,0¢) — Uqa = thilou
(2.2) 1(us,pp + Up,p) = plis,

1. 9 .
(2.3) U pp — Jo U4 — nah®(3X + 2p)t, , = 0.

Here we have
Uq = ua(a:p,t), usz = ’U,3({L’p,t),

(2.4) B\2u (% h2
=uy(x,y,t) = ——— z3erdrs , h? = -2,
ug = ug(Tp, t) I / 1y 3erdxs 19
A and p are the Lamé constants, £, denotes the thermal strain, « is the
coeflicient of thermal expansion,
3+ 2u) o A
(2.5) p= B 2an g o
Ao pc
p and c are, respectively, the mass density and specific heat of the plate, and
Ao > 0 is the (constant) coefficient of thermal conductivity. In accordance
with the plate assumptions [4] u, and us characterize displacement and wuy
the resultant ”thermal moment” on the plate’s middle surface. In what
follows we assume that

(2.6) p>0,¢c>0, a>0, u>0,3x+2u>0, 19> 0.
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We associate with the field equations (2.1) to (2.3) the following initial

conditions
@7) ui(x,,0) = u?(xp), Ui(x,,0) = u?($p),
. e(mpvo) = GO(LIJP), T = ($1>$2) € S’a

where u, 4 and 6° are prescribed functions.

Throughout in this paper we assume that S is the strip defined by
(2.8)  S= {(ml,@) €R?:z€0,L], 20 € [o,l]}, [>0,L>0.

We further assume that the lateral sides of the strip are clamped and ther-

mally insulated, that is we have
(% Il,o,t :O’ U4 331,0,75 :()7
g HEROD=0 w00
Ui(xl,l,t) :07 U4($1,l,t> :Oa 1 € [OaL]a te [0,00)

If the strip is finite, that is L < oo, then we adjoin the conditions that the
end located at 1 = L is clamped and thermally insulated, i.e.

(2.10) wi(L,x2,t) =0, wug(L,ze,t) =0, x9€]0,l], t€]0,00).

We suppose that all boundary terms on the end of strip located at z1 = 0
are separable with respect to space and time and that the time dependency
is periodic. Thus, we consider the following end boundary conditions

ur (0, x2,t) = Ur(x2) exp(—iwt),
o (0,2,t) = i ) exp( it
ug (0, w2, t) = ta(z2) exp(—iwt), x2 € [0,1],

where w € R is the prescribed angular frequency of oscillation and 4, and
4 are prescribed continuous functions.

It is easy to see that we can write
up(x,t) = Up(x,t) + v (x) exp(—iwt),

012) (@) = Uz, 1) + vr(a) )
ug(x,t) = Us(z,t) + va(x) exp(—iwt),

(—

(—
where [U,, Us, Uy absorbs the initial conditions (2.7) and satisfies the null
boundary conditions and the equations (2.1) to (2.3), while [v,, v3, v4] sat-
isfies the boundary value problem defined by the equations

(2.13) h2()\ + 1)V, pa + ,u(hzva,pp — Vg — U3,q) — V4o + ph?w?ve =0,
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(2.14) 1(V3 pp + Vpp) + pvz =0,

(2.15) Vg,pp + %m + iwnah2(3)\ +2u)v,, =0,
in S =[0,L] x [0,], and the boundary conditions
vi(21,0) =0, v4(z1,0) =0,

(2.16)

U’i(mla l) - 07 U4(.%'1, l) = 07 T c [0’ LL
and
(217) Ua(o,.%‘g) - ﬁa(m'g), 1}3(0,(132) = 17/3(1'2),

U4(O,$2) = 2~L4(l‘2), xo € [O, l]
If the strip is finite, then we have to adjoin the following conditions
(2.18) Va(L,z2) =0, ws(L,x2) =0, wvg(L,x2) =0, x9€]0,].

Physically the term [U,, Us, Uy] represents the transient part of the solution
and its spatial behaviour can be studied by using the procedure described in
[6]. As we can see the initial conditions influence the system only through
the transient part, while the boundary conditions are assigned to the forced
oscillation [vq, v3, v4] exp(—iwt) of the solution. If sufficient time has elapsed
for the transient part of any solution to (2.1) to (2.3) to have vanished, then
we can assume that the system has reached the steady state.

In this paper we are interested to study the spatial behaviour of the
amplitude [v,, v3,v4] of the steady thermoelastic oscillations with respect
to the distance z; to the excited end.

3. Spatial behaviour. Let us consider [va,vs,vs] be a solution of
the boundary value problem defined by the field equations (2.13) to (2.15)
and the boundary conditions (2.16) to (2.18). We proceed to study the
behaviour of the steady-state solution [vy, vs, v4] With respect to the distance
x1 to the excited end. In this aim we associate with [v,, v3, v4] the following
line-integral cross-sectional measure

I
D(z1) = _/ {hzﬂ(vp@p,ﬂr@pvp,l)+h2()‘+ﬂ)(Ulﬁﬂvﬂ +010p,p) +
0
(3.19) +[p(v1 + v3.1)03 + (01 + U31)v3] + 0(vaDa1 + Vava1)—

—(v401 + 1741)1)}d932, x1 € [0, L]



14 C. D’APICE 6

where the superposed bar denotes complex conjugate and J is a positive
parameter that will be specified later.

It is easy to see that we have
(3.20)

l l
D/(l‘l) = —2/ (h2;wp,177p71 + }M)37117371)dl‘2 — 25/ U47177471d332 — I(.’L‘l),
0 0

where
(3.21)

I(r) = /0 {hz(/\ + 1) (V1,10p,p + V1,1Vp,p + V1Up p1 + V10 p1)+
+h2(vp0p 11 + Vpvp11)+ + [(Ul,l + v3,11)03 + (V1,1 + U3,11)v3+
+(v103,1 + 171’03,1)} + 0(va0a01 + U4va11) — (V4,101 + V401 1+
+04101 + 174111,1)}dac2.

In view of the lateral boundary conditions (2.16), we can write the
relation (3.21) in the form

l
I(:Cl) = /0 {hQ(/\ + M)(’l)1711_)p7p -+ 1_)171’1)9";) — h2<)\ + M)('Ul,g’l_)gyl—i-

(3.22) +01 2021 )+ (V1031 + V1v3,1) — (V4,101 + V4011 +
+v4101 + 174?11,1)}(1@ + K(x1),

where

(3.23)

!
K(x1) = / {h2()\ + 2p) (01111 + D10111) + B2 (Ve 11 + Vava 11)+
0

+pfvg(U1,1 + 03,11) + U3(vi,1 + v311)] + 0(vala11 + 17404,11)}d$2-

Further, we use the field equations (2.13) to (2.15) and the lateral boundary
conditions (2.16) in order to obtain

l
/C(l’l) = / {2uh2v1,2171,2 + 2()\ + 2#)]12112’2%2,2 + 2,&1137253,2—1—
0

+26v49042 + (A + p)(v1,909,1 + 012021 + V11022 + V1,102.9)+
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(3.24)
+u [01(171 +v31) + U1(v1 + v3,1)+v2(V2 + U32) + V2(v2 + v32)—

—U3U22 — 17302,2] + (V1041 + D1v4,1 + V2Us2 + VoV 2)—
—2ph2w2vp17p—2pw2v3173+i5wnah2(3)\+2u)(v4z7p7p—174vp,p)}d:z:g.

If we substitute the relation (3.24) into (3.22), then we get
(3.25)

l
I(z1) = / {QALhQUp,zf)p,z + 2p(va + v3,0) (Vo + U3,0) — 2003103 1+
0
+2(\ + u)h20a7a697p+25v472®472 — 2ph2w20p17p — 2pwv3ts — [1—
—idwnah®(3\ + 2)vat, p—[1 + idwnah?® (3 + 2u)]174vp,p}dac2.

Now, we substitute the relation (3.25) into (3.20) so that we obtain
(3.26)

l
D'(zy) = — / {2uh2vp7a@p7a + 20(va + V3.0) (Vo + U3.0)+
0
+2004,404 o + 2(N + u)h%a,aﬁp,p—2ph2w2vpz7p — 2pwvslis — [1—
—idwnah? (3N + 21)|vat, ,—[1 + idwnah®(3\ + 2u)]174vp7p}dx2.

Let us now fix € € (0,1). Then we can write
(3.27)

l
D/(xl):—/ {2uh2vp7a@p7a+2u(va+v3,a)(@a+637a)+
0

+2(1 — &) (A + 10)h2va.aTp p+26 (A + p1)h2 [va,az—;,,,p—

1= idwnah?(3\ + 2u1) i 1+ idwnah?(3X + 2p)
2%e(\ + p)h? ““ew 2e(\ + p)h?

Vapp |+

+20v4 V4,0 — 2ph2w2vp17p - 2,0w2U3173}dx2,

and hence we have

!
D'(z1) = —/ {2uh2vp,az‘)p’a + 20(Ve + V3,0) (Vo + U3,0) + 2(1 — ) (A +
0
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(3.28)
~ 1 — idwnah?(3X + 2p) _
2 2
1) Va,aVp,p+26(A + p)h [Ua,a - 2e(\ + p)h? U4} [”pﬂp_
1+ idwnah?(3\ + 2u) _ 1+ 62wt (3X + 2p)%
- 2 U4:| - 2 U4U4+
2e(A+ p)h 2e(A+ p)h

+25v4,aﬁ47a—2ph2w20p@p - 2pw2v3173}dm2.

Since vi(x1,0) = 0, vg4(x1,0) = 0, vi(z1,l) = 0, vg(x1,l) = 0 for all
x1 € [0, L], we have

! 2 pl
(3.29) / Up 20y 2dxo > 7;2/ vpUpdxe T =1,2,3,4 (not summed on r).
0 0
We use now the relation (3.29) for » = 2 in order to deduce that

!
/ [h2112,2772,2 + (v2 +v32) (V2 + 173,2)} dro >
0

l 212

T

(3.30) > / [(ZT + 1)1}2’1_)2 + v2U32 + Vov3 2 + 113721_}3’21| dro >
0
l 212
T _ _
> mo/ [( 2 + 1)vave + U3,2’U3’2} dxs,

0

where
l

(3.31) mg=1— —— € [0, l].

VTR
We conclude from the relations (3.29) for » = 3 and (3.30) that we have

!
/ [h2v2,252,2 + (v2 + v3,2) (V2 + @3,2)] dxo >
0

(3.32) l
2 h? I
> myo [( 2 + 1) VU2 + ﬁv;;vg} dzs.
0

By using the relations (3.29) for r = 1,4, and (3.32) into the relation
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(3.28), we can get
(3.33)

l
—D'(x1)> / {2,uh2vp71@p,1 +2(1—¢) (A—{—u)h2va7aﬁp7p+25v47154,1+
0

2um?h?
+2p(v1 +v31)(T1 +03.1) + ( Wl; — 2ph2w2>v1@1+
2,2 9 2
+ {Q,umg (WIT + 1) — 2ph2w2} Voo + (% — 2pw2)123®3—|—
267?14 82wn2a?ht (3N +2u)2
{ 2 2eh?(\ + p) }U4U4}d$2.

At this stage of our analysis we choose the arbitrary parameter ¢ in our

measure D(z1) in such a way to have

l2
3.34 > ——5——.
(3:34) ” 4em2h2(X + p)

Moreover, we define

pmon?  46em?h2(\ + p) — 12 }
pl2 7 8212n2a2ht (3N + 2u)2 )
Throughout in the remainder of this paper we assume that the angular

frequency of the oscillation is lower than the critical value wy, defined by
the relation (3.35). That means that we assume that

(3.35) Wi = min{

(3.36) w < W
With these choices the relation (3.33) implies that
(3.37)

l
-D (.%'1) > / {Mlhzvfhl@p’l + Mghzvagﬂf;’p + M311471@471 + M4(Ul+
0

+v3.1) (U1 + 03,1) + Msv1071 + MevaUa + M7vst3 + Mgv4ﬁ4}dx2,

where
(3.38)
My =2p, My=2(1-¢)(A+p), Ms=26, My=2p,
212 h? w? w2h2 w2
M5 = l2 (]_ — a}gn), M6 = 2”7’)@0(712 + 1) (1 — u)%l)’
2umom? w? A6em?h2 (N + p) — 12 w?
[ w2, 2el?h?2(A + p) w2,
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It is worth to note that under the assumption (3.36), the relation (3.37)
implies that

(3.39) D (z1) <0, forall z; €]0,L],

and hence D(x1) is a non-increasing function with respect to .

On the other hand, by means of the Schwarz’s inequality and the arith-
metic - geometric mean inequality, from the relations (2.6) and (3.19), we
deduce that
(3.40)

l
|D(21)] < / {Mikh%pﬁp,l + M3 h*va,0Tp,p + M3 v41041+M7 (v1+
0

—H)371)(@1 + @371) + Mgvﬁl + Mg’Ug@Q + M;Ugﬁg —+ M§v4i4}d332,

where
A l ol
Mf:ila MQ*_( +Iu)7 Mék_*a MI_MJa
T T T l
(3:41) RPm(A+2u) 1 h? l 207
Mp="TATER L e = T e By = 20T
{ o l T l

By combining the relations (3.37) and (3.40), we get the following first-order
differential inequality

(342) o|D(w1)| + D'(x1) <0, = €[0,L],

where

(3.43) l:max{%f%z*%&f@%%%%}
’ o Ml’MQ’Mg’M4’M57M67M7’M8

The integration of the above first-order differential inequality furnishes
the spatial estimate describing the spatial decay of the amplitude [v,,, v3, V4]
measured by D(z1). Our analysis further considers separately the bounded
and unbounded plates.

Let us consider first the case when the middle surface section S of the
plate is a finite strip, that is we have L < co. Then by taking into account
the boundary conditions (2.18) and the relation (3.19), we deduce that

(3.44) D(L) = 0.
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Since D(z1) is a non-increasing function of z; it follows from (3.44) that
we have

(3.45) D(xz1) >0, forall 27 €0, L].
Then the relation (3.42) implies that

(3.46) oD(z1) + D'(x1) <0, =z €]0,L],
and hence we have

(3.47) [e”lD(:cl)]/ <0, z€[0,L]

By an integration of the relation (3.47), we obtain the following spatial
estimate of Saint-Venant type

(3.48) 0 < D(z1) < D(0)exp(—ox1), x1 € [0,L].

Let us now consider the case of a semi-infinite plate. Hence we have
L = oo and in order to integrate the first-order differential inequality (3.42)
we have to restrict the class of amplitudes. In this aim we introduce the
double-integral measure of the amplitude by
(3.49)

00 l
5({51) = / Cl?]/ {th2U971Up’1 + M;h2va7a597p + M§U471@471+
x1 0
+Mj - (v1 + v31)(V14+03,1)+M5 0101+ Mg va02+ M7 v3Us + M§U4U4}dl’2-

Then, in the class of steady-state oscillations whose amplitudes make
E(x1) to be bounded, we have

(3.50) D(o0) = lim D(z7) =0.

T1—00

Since D(z1) is a non-increasing function of xi, the relation (3.50) proves
that

(3.51) D(z1) >0, forall z; € [0,00).

Therefore, the first-order differential inequality (3.42) takes the form (3.47)
and hence, by an integration we deduce that

(3.52) 0 < D(z1) < D(0)exp(—oxy), for all z; € [0,00).
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We conclude that the relations (3.48) and (3.52) describe the spatial decay
of the amplitudes [vq, v3,v4] of the time-harmonic oscillations as measured
by D(z1), provided that the angular frequency w is lower than the critical
value wy, defined by the relation (3.35).

4. Concluding remarks. The decay properties presented in this
paper are in accord with the observations made by BOLEY [9] concerning a
dynamic version of the Saint-Venant principle and they are similar in nature
with the results established by FLAVIN and KNops [10] for the classical
elastodynamics.

There is no a general rule for obtaining an expression for the considered
measure D(z1). Various forms are used in the literature on the spatial
behaviour they depending on the considered context (a complete review
can be found by searching the references cited in [11]-[13]). Our measure
here is inspired by one introduced by CHIRITA [14] for the study of three-
dimensional thermoelastic steady-states. One can obtain an idea on how
it was chosen by combining the basic equations (2.13) to (2.15). In fact,
we multiply the relation (2.13) by 7, and the relation (2.14) by v3 and the
relation (2.15) by dv4 (6 > 0) and then add the results. Then we integrate
the result over [z, L] x [0, []. Thus, by using the integration by parts, D(z1)
appears like a quasi-work function, on the cross-section {z1} x [0,].

On the other hand, by integrating the relation (3.26) with respect to 1
and by taking into account the relations (3.44) and (3.50), we can write
(4.53)

D(zy) = / {2uh2fupvaq§p7a + 20(va + v3,0)(Ua + U3,0) + 20040 04,0+

1

+2(\ + u)h20a7a6p7p — 2ph2w2vp®p — 2pwv3lz—
—[1—idwnah®(3X\ + 2u)]vaD,, , — [1 + idwnah® (3N + 2#)]1741)p7p}da,

where Sz, = {y = (y1,92) € S, y1 > z1}. Under the restriction (3.36),
the relations (3.37) and (4.53) prove that D(x;) appears as an energeti-
cal measure associated with the domain S;, for the steady-state solution
[Vas U3, v4]. Then the estimates (3.48) and (3.52) proves an exponential spa-
tial decay of the energetical measure associated with the domain S,, with
respect to the same measure associated to the entire domain.

In view of the relation (3.19) it follows that D(z1) can be estimated in
terms of the end boundary data. Our analysis in the above proves that one
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can consider other types of end boundary conditions, provided that they
have to assure a useful estimate for D(x1) in terms of the given data.

Our spatial estimate is established under the condition (3.36) upon the
angular frequency. If the angular frequency w is greater than or equal to
the explicit value wy, defined by the relation (3.35), then D’(x1) should be
positive for all z; > 0 and hence D(z1) should be an increasing function
with respect to x1. In such a case it is not possible to have a spatial decay
for the amplitude of the harmonic vibration.

It is worth to mention it that the above results imply a uniqueness
theorem. In order to see this we first note that the considered boundary
value problem is linear and therefore, to prove uniqueness it suffices to
prove that the null end boundary conditions (u, = 0,74 = 0) imply that
the corresponding amplitude [v,, v3, v4] is vanishing. To prove this we note
that u, = 0,u4 = 0 implies that (see relation (3.19))

and hence the relations (3.48) and (3.52) give

D(x1) =0, forallz; €[0,L] (z1€]0,00)),
and therefore,

D'(z1) =0, forallzy €[0,L] (z1 € 0,00)).

If we use this into relation (3.37) we obtain that [v,,vs,v4] = 01in S. We
recall that such a result is possible under the assumption that the angular
frequency satisfies the relation (3.36). For an infinite plate we have to adjoin
that the uniqueness result is valid in the class of amplitudes making &£ (1)
to be bounded.
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