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AFFINE STRUCTURE ON COMPLEX FOLIATED
MANIFOLDS

BY
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Abstract. In this paper the affine complex manifold notion is defined and some
local and global aspects on such a manifold: complex Liouville vector, semispray, complex
Lagrange structure, etc., are studied.

These notions are introduced here by analogy with the real case ([V1, V2, V3]), but
there exist specific particularities.
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1. Affine complex manifold. Let M be a complex foliated manifold
([V1]) with the same dimension and codimension n and u = (2*,7°)
complex coordinates in a local map (Uy, @a)-

i=1n

Definition 1.1. M is said to be an affine complex manifold if the local
changes (Un, 9a) — (Ug, pg) are given by
W azli

o i , j ti
(1.1) =2"(z) ; n —wn]+B (2)

where 2" and B are holomorphic functions on 2/ variables and det(gzj) #*
0.
The leafs of this manifold, denoted by V, are characterized by 2! = const.
Let J be the natural complex structure of the manifold and 7'M and
T" M = T' M be its holomorphic and antiholomorphic subbundles, respec-
tively. By TeM = T' M &T"” M we denote the complexified tangent bundle
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of M. From (1.1) it result the following changes for the natural local frames
on T, M:
o 09" 9 0%7" , OB" 9
D2k 92k 921 + (8zj82kn + ozk )877“
o 09" 0
o 0zF o'

(1.2)

By conjugation over all in (1.2) we obtain the change rules of the local
frames on 7,/ M, and then the behaviour of the J complex structure

(1.3)

0 .0 0 .0 0 .0 0 )
J(@)*ZﬁaJ(aink-)*zaink,a](ﬁ)f—lﬁ,J( _28777’“.

o) =

Note that inside of (1.1) we can take into account the more general affine
changes 7" = A ()’ + B"(2), where A’ are also holomorphic functions.

As well as in (1.1) we can consider the particular case B" = 0, when M
is identified with the holomorphic tangent bundle of a complex manifold,
M = T'M. In this last situation we will say that TcM is of holomorphic
vector type. _

However, the general discussion A;? #+ % limits the opportunity of
other significant structures on M be considered. Such important structure
for the geometry of To M, excluded by the general case, is

0 0 0 0 0 0
7):7; 5(7):0; S(i_k)zi_k; S(i_k)
0z an on 0z on on

Proposition 1.1. S is a global tangent structure acting on ToM.
Moreover, S is integrable.

(1.4)  S( ~0.

Proof. We easily check that S? = 0 and the (1.4) definition is preserved
at (1.2) changes. Since N4(X,Y) := [SX,SY] - S[SX,Y] - S[X,SY] +
S?2[X,Y] =0, for any X,Y € I'TcM, it follows that S is integrable. O

Proposition 1.2. (S,J,J oS = SoJ) determines a commutative and

integrable semiquaternionic structure ([Mul]) on ToM.
Consider T'V = span{ 8?;1'} C T'M, the vertical distribution, which in
view of (1.2) is an integrable one.

Let Ty, := 70’ 8?71' be the Liouville complex field, ([Mu2]), locally consid-

ered in the map (Uy, ¢n). Note that if ToM is of holomorphic vectorial
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type, then I'y glue up to a global defined vector field. Let us pay more
attention how other requests ensure the global existence of the Liouville
complex vector field. This is one important question in the following.

By .Ag,, (M, V) we denote the module of affine leafwise holomorpfic ver-
tical functions, namely {a;(z)n" +b(z)}, where a;,b € Q9 (M) are holomor-
phic functions on M. For the sheaf of corresponding germs we have the
following exact sequence

% p *
(1.5) 0— Q).(M) 5 A (M, V) 5 Q) (M)@T*V — 0

explicitly given by b = a;n' + b L q;dzt

We note that T'pg := I'g — Ty = (g’j;nj + B" — nz)% is a complex
vector field on U, N Uy with its coefficients in AY (M, V), and therefore
Iyp yields a cocicle, (61")asy = Fap — Lay + g, = 0; hence its class in
Céch cohomology, [I's], will be with coefficients in A9, (M, V). Thus [[o] €
H 1(M,.A2T(/\/1,V)), the first group of cohomology, and will be called the
complex linear obstruction. Clearly, if [[',] = 0, then the Liouville complex
field is globally defined on M and it will be simply denoted by I'. Moreover,
it results that Ty = I |, +Eq, where E, = E(z) a?f is a projectable vector
field on U,, called the Euler complex field.

In [P-M] we proved a Grothendieck-Dolbeault lemma on a complex man-
ifold endowed with a complex Finsler metric. We can consider here T'y, =
7k 8‘?7“ the conjugate Liouville complex vector and the differential operator
d = d'+d" on the affine complex manifold M. All the same, a Grothendieck-
Dolbeault lemma on an affine complex manifold (endowed possible with a
complex Finsler metric) seems to be a difficult problem. Hence d”, usually,
don’t determine a fine resolution and consequently to prove the classical
isomorphism between H'(M, A) (M,V)) and the 1—dimensional de Rham
group is not anyway possible. Remains for a further work to furnish some
examples for which we can do it.

Now with respect to I'y, as in the classical way (a bit generalized),
[M-A, Mu2, V3|, we will introduce the affine complex semispray.

Definition 1.2. An affine complex semispray in (Uy, q) is a complex
vector field Gy on T' M, for which S oG, — Ty, is projectable, i.e. SoG, =

[y + Al(2) 6?71-.
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By this definition it is easily deduced that G, have the following writing:

A 9 9
1. o=+ AN oGl 2
(1.6) Gor= (0 + A) 5 =265

where G*(z,7) are complex valued functions on M, called the coefficients
of the semispray.

If we consider (Ug, @) other local chart and G 3 an affine complex semis-
pray with locall coefficients given by G"(z’,n’), using (1.2) and (1.6), di-
rectly is obtained

A/i — Ak’ 8Z/i _ B/i,
(1.7) gzlf , ’ .y -
i k07" Lk k zt '
Gh=G 0zk 2(77 +4 )(aza‘azk" + 82’“)'

Now, let us make a useful remark. The affine character of the complex
semispray is related to the chosen local chart. If in (U,, ¢qo), we operate in
(1.1) the following translation for the coordinates: 2! = 2 and 7' = n* — A?,
then G, looses his affine character and, in a such atlas, G.3 := Gg — G,
has coefficients in the form a;;(2)n'n’ + a;(2)n" + b(z), which belongs to the
shaves of 2-jets vertical affine leafwise germs, denoted by J2A) (M, V).

It results that

Q0 (M) 5 A0 (M) E P2A (MV) S Q0 (M) @ (T M) — 0
0— Q. (M) = Ay (M, V) — or (M, V) = Qo (M) @ ( ): —

is an exact sequence.

Obviously, in the mentioned atlas, G,g defines a cocicle in the Céch
cohomology, its coefficients being in J2A) (M,V). Let [G4] be the coho-
mology class defined by Ga; [Ga] € H' (M, J2AY,(M,V)) and its vanishing
is a condition for the global existence of the complex semispray G, called
the second order obstruction.

The interest for the existence of a global complex semispray is major. It
is well known, [Mu2], that in our purpose of ”linearizing” for the geometry
of M, a special meaning plays the complex nonlinear connection (in brief
(c.n.c.)), which is intrinsically related to the notion of complex semispray.
Therefore, subsequently, let us analyze in which consist the obstructions for
globalization of a (c.n.c.).

Let T"H be a supplementary (transversal) distribution of 7"V in 7'M,

locally spanned in (Uy, ¢q) by {(sz% = a%k —N,g%}. From (1.2) and (1.4) it
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results S (6%) = a%k, and then the global existence of the tangent structure
S implies

J 92" §
(1.8) 2%

62k 9zk 521
Hence, at the local changes of the charts, we have the following rules of
change for the coefficients N} (z,7) of the (c.n.c.)

ai/l i _ laz/i _( 522" nj_|_aB/i)
D2k Fozl 0292k 9zk
Proposition 1.3. In the translated atlas {(3* = 2 ; 7' = n* — A},

in which Gog has coefficients in the shaves of 2-jets vertical affine leafwise
germs, NI = 0G7 JoiF determine the coefficients of a (c.n.c.).

(1.9)

Proof. By differentiate (1.7), in the mentioned atlas, yields

8G/i - . aglz B }( 82§,i _ N 8Blz> _1 822/1'
arm Mozl 2'9zigzmT T gim’  29zkazm

Since % = ggi N/, precisely the (1.9) rule of change results for the
coefficients of the (c.n.c.). O

It deduces that the global existence of G, that is [G,] = 0, is a sufficient
restriction for the global existence of a (c.n.c.).

We recall, [Mu2], that a (c.n.c.) can exist independently of a complex
semispray (for instance, the Chern-Finsler (c.n.c.) does not come anyway
from a semispray). From the definition of the adapted frames % and (1.9)
we may conclude that the obstructions for the existence of a (c.n.c.) are
linear but their coefficients are not always affine projectable functions.

We can continue our talk with the study of the global existence for
other geometric objects, related to a (c.n.c.), such as: d—complex linear
connection, their torsions and curvatures, etc. But these may be the topic

for a forthcoming paper.

2. Complex Lagrange structures. Let L, : M — R be a Lagrangian
function, defined on U, C M, domain of local chart.

Definition 2.1. We say that a family {M, Ly} is a local complez La-
grange structure on M, if there exists an atlas such that g;; = 0?Lo /OO’
glue up to a global Hermitian metric on M.
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If {M, Ly} defines a global Lagrange structure on M, by integration
of g;5, we obtain a Lagrangian L : M — R such L, = L [y, +la, where

«
lo is an affine real valued vertical form on M, i.e. there exist A; (z) and
B (2) € RT such that

(2.1) Lo=Llp, +A (0" +7)+ B.

On the intersection U, NUg we can define a cocycle, L being closed with
respect to differential (0L)ngy := Lag — Lay + Lgy = 0.

Proposition 2.1. Denote by [L,] the cohomology class defined by the
cocycle Lqg.

Then [Lo) € HY(M, A% (M,V +V)) and [L,] = 0 yields L is globally
defined.

Let us see when [L,] = 0. Certainly, generally the class [L,] is distinct
to [Ga-

By analogy with (1.5) we can construct an exact sequence over affine
real valued functions, without requesting their holomorphy,

0 — (M) 5 AQ (M, Ve V) 5 a0 (M) - o,

(63 . . o .
explici iven e correspondence §—>A¢ L)+ §—>Ai dn*.
plicitly given by th pond n'+1 n

This induces the following exact sequence of cohomology groups

—_ *

0 — H'(M,e%(M) 5 H' (M, AR(M, Ve V)T
HY (M, 0G0 (M) & HE(M, 250 (M) 2

Let be [La), = 7 [La] € HY(M, %% (M)). If Lo, = 0 then [Lo], €
ker m* = Im i* and therefore there exists [Lo], € H'(M, ®%(M)) such
that i* [La]y = [La) . Hence we can state

Proposition 2.2. [L,] =0 if and only if [La]; = [Lal, = 0.
These are the main obstructions to a global complex Lagrange structure
on M.
In a complex Lagrange space the Euler (1,0)—form plays a special rolé
[Mu2]). With respect to a local Lagrange structure L, the Euler form is

(
0o = ZLedzi. The diff Cop e 0y — O = {A; 22— A3dz defi
o = Fyrdz". The difference Cop := 05 — o = {4, o — i }dz" defines a
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cocycle and its cohomology class is in H*(M, @g’o) (M)). Then [L,]), =0
implies 6, is global defined and conversely. So, 6, glue up to a global
complex Euler form and L, differ from L |7, only by the term B.

On the other hand, for a fixed globally defined (c.n.c.) which spans the
distribution 7"H, we can consider the dual adapted base on' = dn’ + N; idz

and accordingly the following form w, := %67? o' = (L‘U‘*)(Sn + A on'.

Since 07" is globally defined, it results that 6, is globally deﬁned if and only
if w, is globally defined, too.
We note that

d""we = 6nlanjdz NP = g3 dz' A 67 = O.

Since g;; the metric tensor of a local complex Lagrange structure is
globally defined, then O is global too. Thus, in conclusion we obtain

Proposition 2.3. [L,],; = 0 if and only if © is a d"’—ezact form.
Let us obtain further a characterization condition for [Ls], = 0. Let us
assume that [L,]; = 0, namely © = d"’w is an exact form. Then 6, =

w |u, +&a, where &, :é (2)dz" is a foliated (1,0)—form on M. From (2.1)

_ B a B a ) . &
it results Mginfa) =& — &; that means Lg — Lo = (§ — &)(n' +7°)+ Of?,

B« ap
where (& — &)(z) and B (z) are real valued on U, N Ug.

After the change of the local complex structure, Lo = Lo— fl (' 47,
is obtained a cocycle Lag = Lg— L, which coincides with Lyg, but [Ly]; =0

implies Lo = L |y, + B .
(0% (0%
Obviously we have (d'V 4 d"") B= 0, because B depends only on z.

Theorem 2.1. The family {L,} defines a global complex Lagrange
structure on M if and only if, for a fived global horizontal distribution
T'H, the 2—form © is exact and there exist a family {IN/a} of local complex
Lagrangians such that {(d"” + d"")L a} define a 1—global form on M.

Finally we remark that the above discussion can be easily applied for
the case of complex Lagrange geometry, when M = T'M is endowed with
a local complex Lagrangian, intensively studied in [Mu2].
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